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Preface

The International Conference on Machine Learning and Data Mining (MLDM) is
the third meeting in a series of biennial events, which started in 1999, organized
by the Institute of Computer Vision and Applied Computer Sciences (IBaI) in
Leipzig. MLDM began as a workshop and is now a conference, and has brought
the topic of machine learning and data mining to the attention of the research
community.

Seventy-five papers were submitted to the conference this year. The program
committee worked hard to select the most progressive research in a fair and com-
petent review process which led to the acceptance of 33 papers for presentation
at the conference.

The 33 papers in these proceedings cover a wide variety of topics related
to machine learning and data mining. The two invited talks deal with learning
in case-based reasoning and with mining for structural data. The contributed
papers can be grouped into nine areas: support vector machines; pattern disco-
very; decision trees; clustering; classification and retrieval; case-based reasoning;
Bayesian models and methods; association rules; and applications.

We would like to express our appreciation to the reviewers for their precise
and highly professional work. We are grateful to the German Science Foundation
for its support of the Eastern European researchers. We appreciate the help and
understanding of the editorial staff at Springer Verlag, and in particular Alfred
Hofmann, who supported the publication of these proceedings in the LNAI series.

Last, but not least, we wish to thank all the speakers and participants who
contributed to the success of the conference.

July 2003 Petra Perner and Azriel Rosenfeld



VII

Co-chairs

Petra Perner Institute of Computer Vision and Applied
Computer Sciences IBaI Leipzig / Germany

Azriel Rosenfeld University of Maryland / USA

Program Committee

Agnar Aamodt NTNU / Norway
Horst Bunke University of Bern / Switzerland
Terri Caelli University of Alberta / Canada
Krzysztof Cios University of Colorado / USA
Susan Craw The Robert Gordon University / UK
Dragan Gamberger Rudjer Boskovic Institute / Croatia
Lothar Gierl University of Rostock /Germany
Howard J. Hamilton University of Regina / Canada
Thomas S. Huang University of Illinois / USA
Atsushi Imiya Chiba University /Japan
Horace Ip City University / Hong Kong
Brian Lovell University of Queensland /Australia
Herbert Jahn Aero Space Center / Germany
Donato Malerba University of Bari / Italy
Ryszard Michalski George Mason University / USA
Sethuraman Panch Arizona State University / USA
Maria Petrou University of Surrey / UK
Gabriella Sanniti di Baja Istituto di Cibernetica / Italy
Fabio Roli University of Cagliari / Italy
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Introspective Learning to Build Case-Based
Reasoning (CBR) Knowledge Containers

Susan Craw

School of Computing, The Robert Gordon University
Aberdeen, Scotland, UK
S.Craw@comp.rgu.ac.uk

http://www.comp.rgu.ac.uk

Abstract. Case Based Reasoning systems rely on competent case
knowledge for effective problem-solving. However, for many problem solv-
ing tasks, notably design, simple retrieval from the case-base in not suf-
ficient. Further knowledge is required to help effective retrieval and to
undertake adaptation of the retrieved solution to suit the new problem
better. This paper proposes methods to learn knowledge for the retrieval
and adaptation knowledge containers exploiting the knowledge already
captured in the case knowledge.

1 Introduction

Case Based Reasoning (CBR) systems solve new problems by re-using the so-
lutions to similar, previously solved problems. The main knowledge source for
a CBR system is a database of previously solved problems and their solutions;
the case knowledge. This retrieve-only approach is often suitable for classifica-
tion problems where all solutions have been applied in the past, and where a
sufficient sample of different problems with a given solution are easily available.
But even with retrieve-only systems more detailed knowledge of the relevance
of certain cases and the similarity of two problems may be needed. Retrieval
knowledge may be needed to identify which features should be considered when
determining relevance, what relative importances among features should be used
when determining similarity. Furthermore, retrieval may not be sufficient, and
the retrieved solution may need to be revised to reflect differences between the
new and retrieved problems. This is particularly necessary for design problems
where the database cannot contain all possible designs, and the re-used design is
only an initial draft, which should be adapted to suit the new specification. Adap-
tation knowledge is required to capture the adaptations that should be applied
and the circumstances in which they are needed. Case, retrieval and adaptation
knowledge are three CBR knowledge containers proposed by Richter [10].

This paper describes an introspective approach to learning where the re-
trieval and adaptation knowledge is learned from the cases in the case knowl-
edge. Such learning is knowledge-light since it does not demand further training
data [12]. Implicit knowledge captured in the cases is exploited by utilising the

P. Perner and A. Rosenfeld (Eds.): MLDM 2003, LNAI 2734, pp. 1–6, 2003.
c© Springer-Verlag Berlin Heidelberg 2003



2 S. Craw

case knowledge as a source of training data, assuming that the case knowledge is
a representative sample of the problem-solving domain. Smyth & McKenna [11]
apply a similar approach when estimating the competence of a CBR system;
competence is calculated from the individual cases in the case knowledge.

The following section briefly outlines relevant machine learning methods and
related work in CBR. Section 3 summarises the retrieval and adaptation knowl-
edge for case-based design and introduces our tablet formulation domain. Sec-
tion 4 describes our GA method to optimise the decision tree index and k-NN
retrieval by applying “leave-one-out” retrieval on the case knowledge data. This
introspective approach is re-developed in Sect. 5 to create adaptation training
data from which to learn various types of adaptation knowledge. Our findings
are summarised in Sect. 6.

2 Related Work

Feature selection and weighting are important aspects of retrieval knowledge.
These have been extensively studied in machine learning, with research for in-
stance based learning being most relevant for CBR (e.g. [13]). Both Oatley et
al. [9] and Bento & Gomez [4] use GAs to learn feature weighting for a CBR sys-
tem. Each faces the problem that training data must be provided by the domain
expert. We also use a GA but avoid the training data problem by generating it
from the case knowledge.

Acquiring adaptation knowledge is a challenging problem tackled by several
CBR researchers. Leake et al. [8] acquires adaptation cases from monitoring
manual adaptation or the use of a rule-based repair theory. Case-based adapta-
tion is applied where adaptation cases are retrieved and applied if possible, but
when this fails a new adaptation case is learned from the expert’s manual adap-
tation. This motivates our choice of CBR as one adaptation method. Hanney &
Keane [5] apply a knowledge light approach similar to ours in which adaptation
rules are induced from training data built from the case knowledge.

3 Learning Knowledge for Case-Based Design

Our knowledge acquisition tools are designed for a standard CBR model: a C4.5
decision tree index retrieves relevant cases from the case knowledge, a weighted
average of feature value differences determines the similarity for a k-nearest
neighbour retrieval, and some adaptation model seeks to recognise significant
differences. Figure 1 illustrates the knowledge needed to form a fully-fledged CBR
system and indicates that this is learned from the database of case knowledge.

Many of our experiments are based on the Tablet Formulation problem [1].
Given the physical and chemical properties of a drug and the dose to be delivered
in a tablet, the task is to identify (from sets of inert excipients) a filler, binder,
disintegrant, lubricant and surfactant, and the quantity of each, to enable the
manufacture of a viable tablet. Formulation is a difficult design task since the
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CBR System

Database
of cases

Similarity
Matching

Adaptation

Adaptation
rules

Index

Adaptation
Examples

CBRA

Fig. 1. From database to fully-fledged CBR system

excipients must balance the properties of the drug and are also constrained to
provide a stable mixture.

4 Learning Retrieval Knowledge

Our model of CBR retrieval applies a C4.5 decision tree initially to select relevant
cases. A leaf node does not predict the solution, but instead returns the training
data (case knowledge) that was assigned to this node for subsequent similar-
ity matching. The retrieval knowledge associated with indexing is the feature
selection offered to C4.5, the feature weightings used to calculate information
content, and the two pruning parameters for C4.5. The similarity knowledge is
the feature weightings and k used by k-NN.

A simple GA wrapper is applied which searches the space of possible fea-
ture selections/weightings and parameter settings. Binary-valued genes repre-
sent feature selections and real-valued genes are used for feature weightings and
parameter settings. The population of feature and parameter genes go through
a standard cycle of mutation, reproduction and selection. For selection, we re-
quire a fitness function that estimates the retrieval quality of the CBR system
with the particular feature selections/weightings and parameter settings. This
is achieved using an exhaustive “leave-one-out” testing, where the selected case
becomes the test problem and its desired solution, and the remaining cases form
the case knowledge for a reduced CBR system. The average retrieval accuracy
over all the case knowledge provides the fitness.

The advantage of this wrapper approach is that CBR retrieval as a whole is
optimised. Thus the index is implicitly evaluated on its ability to retrieve relevant
cases for the k-NN step, rather than its effectiveness in predicting a solution
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for the problem. Similarly, the similarity matching is optimised with respect to
its selection from the subset of relevant cases identified by the index, rather
than the nearest neighbour retrieval from the full dataset. Experiments showed
that the optimised CBR retrieval achieved more accurate predictions from the
retrieve-only stage than a CBR retrieval assembled from the separately optimised
decision tree index and k-NN algorithm [6]. Each of the three optimised methods
had improved predictions compared to the equivalent non-optimised version.

5 Learning Adaptation Knowledge

Retrieve-only CBR is only a first step towards tablet formulation. Differences
between the new drug/dose and those in the retrieved formulation indicate the
need to refine the retrieved formulation. Given the complexity of the task, even
the formulation refinement task is significant, and thus acquisition of this adap-
tation knowledge is demanding. Training examples capturing the adaptations
are generated in a similar fashion to the leave-one-out testing employed for the
GA fitness function. Rather than simply calculating accuracy, an adaptation
example is constructed from the differences between the problem part and solu-
tion of the test case and the retrieved case, together with the test problem. This
adaptation example captures the solution adaptation that is required, and the
differences from the retrieved case that triggered this refinement. Several adap-
tation examples can be generated for a selected leave-one-out test case, because
several retrieved cases can each be the basis for an adaptation case.

The knowledge captured in adaptation cases can be exploited in several ways
to generate useful adaptation knowledge. One approach in Fig. 1 is to build an
adaptation CBR system CBRA where CBR retrieval is applied to the adaptation
training examples as case knowledge. Tablet formulation experiments showed
that, for some components in the formulation task, CBRA improved the predic-
tions of retrieve-only formulation [7]. However, one of the important components
(filler) continued to be difficult, whilst other components achieved good predic-
tion with an optimised retrieve-only approach.

In a different approach in Fig. 1, CBRA’s retrieval was generalised by induc-
ing rules from the adaptation examples. In addition to C4.5 rule induction we
also applied an algorithm that combines induction and instance-based learning
Rise [2]. We extended both basic algorithms to incorporate boosting, a technique
that improves learning in tasks that exhibit varying degrees of difficulty [3]. The
adaptation training examples were expanded by considering different adapta-
tion actions to replace the labels in adaptation examples. Boosted C4.5 and
Rise were applied to each subset of adaptation examples, thereby generating
a set of adaptation “experts” each concentrating on a different type of adapta-
tion. These adaptation experts were applied as a committee where the predicted
adaptations entered a vote, and the winning adaptation was applied [14].

Tablet formulation has several problem-solving subtasks and each has slightly
different adaptation requirements. We found that a committee of experts works
well in general, but that some formulation subtasks are best adapted using
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boosted C4.5 experts, whilst Rise’s instance-based approach is better for oth-
ers. Nevertheless, the committee based approach was found to overcome the
shortcomings of the case-based adaptation for the demanding formulation tasks.

6 Conclusions

The importance of case knowledge is obvious, and part of the popularity of
CBR is that case knowledge is often reasonably straightforward to acquire. But
for some types of problem-solving, in particular design, effective retrieval and
adaptation knowledge is also essential. Knowledge acquisition is a hard, time-
consuming task in general. Therefore there is a need to provide tools to assist
with the acquisition for these other two CBR knowledge containers. This paper
has applied various techniques to learn additional knowledge, without further
training data, by utilising the knowledge already captured in the cases.

A standard GA-based feature selection and weighting and parameter setting
approach is used. Its novelty is in the use of the case knowledge to provide the
fitness. Its main contribution is that the full CBR retrieval is optimised, rather
than optimising the decision tree induction and nearest-neighbour retrieval sep-
arately.

Acquiring adaptation knowledge is a challenging task. Retrieved solutions
may be refined in many ways, and individual adaptations may interact. The case
knowledge again offers learning opportunities where similar cases can be adapted
to solve each other. A simple case-based adaptation suggested that this was
promising, but a committee-based approach offers the variety of adaptation and
provides the negotiated refinement that adaptation seems to need. Further work
is needed to recognise the circumstances in which particular experts (expertise
or learning) are more reliable.

Despite the apparent autonomy of our tools, the domain expert has a valuable
role to play in providing feedback on the contents of the various knowledge
containers. It is important that the knowledge learned is comprehensible and
allows manual refinement.

Acknowledgments. This research was supported by EPSRC grant
GR/L98015. I acknowledge the valuable work of Jacek Jarmulak and Nirmalie
Wiratunga who provided significant help in designing and developing the sys-
tem and in its evaluation. I also thank Ray Rowe, AstraZeneca for giving useful
feedback for the tablet formulation domain and for providing the formulation
data.
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Graph-Based Tools for Data Mining and
Machine Learning

Horst Bunke

Institut für Informatik und angewandte Mathematik
Universität Bern, Neubrückstrasse 10

CH-3012 Bern (Switzerland)
bunke@iam.unibe.ch

Abstract. Many powerful methods for intelligent data analysis have
become available in the fields of machine learning and data mining.
However, almost all of these methods are based on the assumption that
the objects under consideration are represented in terms of feature
vectors, or collections of attribute values. In the present paper we
argue that symbolic representations, such as strings, trees or graphs,
have a representational power that is significantly higher than the
representational power of feature vectors. On the other hand, operations
on these data structure that are typically needed in data mining and
machine learning are more involved than their counterparts on feature
vectors. However, recent progress in graph matching and related areas
has led to many new practical methods that seem to be very promising
for a wide range of applications.

Keywords: graph matching, graph edit distance, graph cluster-
ing, unique node labels, edit cost learning

1 Introduction

As data sets are continuously growing in size and number, there is a need to
extract useful information from collections of data. The disciplines of data min-
ing and machine learning are concerned with the application of methods such
as clustering, classification, rule induction, and others to potentially large data
repositories in order to extract relevant information and eventually convert data
and information into knowledge [1,2,3]. A large number of algorithms have be-
come available meanwhile that are suitable to solve these tasks. These methods
come from various disciplines, such as statistical decision theory, neural nets, soft
computing, and others. One serious limitation of almost all algorithms used in
data mining and machine learning is that they only deal with feature vectors or
lists of attribute-value pairs. That is, the objects subject to the data mining or
machine learning process are represented through a list of values, either numeric
or symbolic, of a certain number of predefined features.

In the discipline of structural pattern recognition, object representations in
terms of symbolic data structures, such as strings, trees and graphs have been

P. Perner and A. Rosenfeld (Eds.): MLDM 2003, LNAI 2734, pp. 7–19, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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proposed [4,5]. By means of such a representation, most of the limitations inher-
ent to feature vectors can be overcome. For example, the number of constituents,
such as symbols in a string, or nodes and edges in a graph, doesn’t need to be
predefined in a particular application domain and can vary from one object
to another. This is in contrast with feature vector representations, where the
dimensionality of the feature space is usually the same for all objects under con-
sideration. Moreover, symbolic data structures, in particular trees and graphs,
are able to explicitly model structural relationships that exist between parts or
components of the objects under consideration, while a feature vector captures
only a set of unary measurements.

On the other hand there exist some potential problems with the structural
approach. First, many operations on symbolic data structures, though concep-
tually simple, are computationally expensive. As an example, consider the com-
putation of the distance of a pair of objects, which is linear in the number of
data items in case of feature vectors [3], quadratic in case of strings [6], and
exponential for graphs [7]. Second, the repository of algorithmic procedures in
the symbolic domain is quite limited when compared to the tools available for
feature representations. Traditionally only procedures for measuring the similar-
ity or, equivalently, the distance of two data structures have been available in
the symbolic domain, restricting the repository of algorithmic tools to nearest
neighbor classification and simple clustering procedures that only need pair-wise
distances of the given objects. Obviously, there is no straightforward way to gen-
eralize more elaborate concepts from statistical decision theory, neural networks
and similar fields from the n-dimensional real space to the symbolic domain. A
third potential problem is distance computation in the symbolic domain itself.
In fact, some distance measures for strings, trees and graphs have been pro-
posed in the literature [5]. However, the most flexible and universally applicable
distance measure, which is edit distance [6,8], suffers from the lack of suitable
inference procedures to learn the costs of elementary edit operations from a set
of samples.

In the current paper we address the three aforementioned problems and dis-
cuss potential solutions that have been proposed in the literature recently. The
remainder of the paper is organized as follows. In the next section we introduce
our basic notation and terminology. Then, in Sect. 3, recent work in graph clus-
tering that uses the novel concepts of median and weighted mean of a set of
graphs will be reviewed. A special class of graphs will be introduced in Sect. 4.
This class of graphs is distinguished by the fact that some of the operations
commonly used in data mining and machine learning have a very low computa-
tional complexity when compared to general graphs. We’ll give two examples to
demonstrate that this class of graphs has enough representational power to deal
with real world applications. The problem of automatically learning the costs of
the edit operations for graph similarity computation will be addressed in Sect. 5.
Finally a summary and conclusions will be provided in Sect. 6.
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2 Basic Concepts in Graph Matching

In this paper we will assume that the objects under consideration are represented
by symbolic data structures rather than feature vectors. The most common
symbolic data structures for object representation are strings, trees, and graphs.
As both strings and trees is a special case of graphs, we’ll exclusively focus
on graphs in the remainder of this paper. In fact, even feature vectors can be
regarded as a special case of graphs.

In a graph, the nodes typically represent objects or parts of objects, while
the edges describe relations between objects or object parts. Formally, a graph
is a 4-tuple, g = (V,E, µ, ν), where V is the set of nodes, E ⊆ V ×V is the set of
edges, µ : V → LV is a function assigning labels to the nodes, and ν : E → LE
is a function assigning labels to the edges. In this definition, LV and LE is the
set of node and edge labels, respectively. These labels can be vectors of any
dimension, including numeric, symbolic, or mixed numeric/symbolic entities.

If we delete some nodes from a graph g, together with their incident edges,
we obtain a subgraph g′ ⊆ g. A graph isomorphism from a graph g to a graph
g′ is a bijective mapping from the nodes of g to the nodes of g′ that preserves
all labels and the structure of the edges [7]. Similarly, a subgraph isomorphism
from g′ to g is an isomorphism from g′ to a subgraph of g [7]. Another important
concept in graph matching is maximum common subgraph [9,10]. A maximum
common subgraph of two graphs, g and g′, is a graph g′′ that is a subgraph of
both g and g′ and has, among all possible subgraphs of g and g′, the maximum
number of nodes. Notice that the maximum common subgraph of two graphs
is usually not unique. Graph isomorphism is a useful concept to find out if two
objects are the same, up to invariance properties inherent to the underlying
graph representation. Similarly, subgraph isomorphism can be used to find out
if one object is part of another object, or if one object is present in a group
of objects. Maximum common subgraph can be used to measure the similarity
of objects even if there exists no graph or subgraph isomorphism between the
corresponding graphs. Clearly, the larger the maximum common subgraph of
two graphs is, the greater is their similarity [11,12,13].

Real world objects are usually affected by noise such that the graph repre-
sentation of identical objects may not exactly match. Therefore it is necessary to
integrate some degree of error tolerance into the graph matching process. A pow-
erful alternative to maximum common subgraph computation is error-tolerant
graph marching using graph edit distance. In its most general form, a graph edit
operation is either a deletion, insertion, or substitution (i.e. label change). Edit
operations can be applied to nodes as well as to edges. By means of edit op-
erations differences between two graphs are modeled. In order to enhance the
modeling capabilities, often a cost is assigned to each edit operation. The costs
are real numbers greater than or equal to zero. They are application dependent.
Typically, the more likely a certain distortion is to occur the lower is its costs.
Some theoretical considerations about the influence of the costs on graph edit
distance can be found in [14]. The edit distance, d(g1, g2), of two graphs is equal
to the minimum cost taken over all sequences of edit operations that transform
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graph g1 into g2. Formally,

d(g1, g2) = minS{c(S) | S is a sequence of edit operations
that transform g1into g2} .

(1)

Clearly, if g1 = g2 then no edit operation is needed and d(g1, g2) = 0. On the
other hand, the more g1 and g2 differ from each other, the more edit operations
are needed, and the larger is d(g1, g2).

Notice that the definitions given above don’t lend themselves directly to
algorithmic procedures for the computation of graph isomorphism, subgraph
isomorphism, maximum common subgraph, and graph edit distance. A large
variety of computational paradigms has been proposed and can be found in the
literature. Rather than listing theses approaches explicitly here, we refer to a
recent review that covers most computational procedures as well as applications
of graph matching in pattern recognition [15].

3 Recent Advances in Graph Clustering

Clustering plays a key role in data mining and machine learning. It is an in-
stance of unsupervised learning that aims at splitting a set of unlabeled data
items into groups, or clusters, such that similar objects become part of the same
cluster, while dissimilar objects are put into different clusters. A huge number of
clustering algorithms for object representation in terms of feature vectors have
been proposed in the literature. For a survey see [16]. But surprisingly little work
has been reported on graph clustering [17,18,19].1 In this section we review two
algorithmic concepts, viz. median of a set of graphs and weighted mean of a pair
of graphs, that have been proposed recently [21,22]. These concepts are poten-
tially useful to transfer some well known clustering-related algorithms from the
domain of feature vectors to the graph domain.

In median graph computation we are given a set of graphs, G = {g1, . . . gn},
and a distance function d(g1, g2), and aim at deriving a single graph g that
captures the essential information in set G well. In other words, we want to
find a representative of set G that is optimal in some sense. A straightforward
approach to capturing the essential information in set G is to find a graph g that
minimizes the average distance to all graphs in G, i.e.

g = arg min
g

1
n

n∑

i=1

d(g, gi) . (2)

1 There are some well-established algorithms that use graph theoretical concepts, for
example, minimum spanning tree, to organize the clustering process [20]. However,
these algorithms are not to be confused with the graph clustering procedures con-
sidered in this paper, which are characterized by the fact that graphs, rather than
feature vectors, are the objects to be clustered, regardless of how the clustering
process is internally organized.
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Let’s call graph g the median of G. If we constrain g to be a member of the
given set G, then the resultant graph

ĝ = arg min
g∈G

1
n

n∑

i=1

d(g, gi) . (3)

is called the set median of G.
Given set G, the computation of the set median is a straightforward task. It

requires just O(n2) distance computations. (Notice, however, that each of these
distance computations has a high computational complexity, in general.) But
the set median is restricted in the sense that it can’t really generalize from the
given patterns represented by set G. Therefore, median is the more powerful and
interesting concept. However, the actual computational procedure for finding a
median of a given set of graphs is no longer obvious.

It was theoretically shown that for particular costs of the edit operations and
the case where G consists of only two elements, any maximum common subgraph
of the two graphs under consideration is a median [23]. Further theoretical prop-
erties of the median have been derived in [21]. These properties are useful to
restrict the search space for median graph computation, which is known to be
exponential in the number of graphs in set G and their size.

In [21], also a practical procedure for median graph computation using a ge-
netic search algorithm was proposed. An interesting feature of this algorithm is
the chromosome representation. This representation encodes both, a generalized
median graph candidate, and the optimal mapping of the nodes of this candi-
date to the nodes of the given graphs. Hence, the computationally expensive
step of computing the optimal mapping for each candidate arising during the
genetic search is avoided. Nevertheless, it has to be mentioned that because of
the high computational complexity inherent to the problem, the applicability of
this procedure is still limited to graphs with a moderate number of nodes and
edges, and sets with a moderate number of graphs.

Median graph computation can be understood, from the abstract point of
view, as a procedure that synthesizes a graph that has some desired property.
A similar task is the computation of a weighted mean of a pair of graphs. A
weighted mean, g, of a pair of graphs, g1 and g2, is a graph that has given
degrees of similarity to both g1 and g2. Formally, we call graph g a weighted
mean of g1 and g2 if, for some real number α with 0 ≤ α ≤ d(g1, g2), the
following two conditions hold:

d(g1, g) = α, (4)
d(g1, g2) = α+ d(g, g2) . (5)

Clearly, if g1 and g2 are represented in terms of feature vectors, then weighted
mean computation can be easily solved by means of vector addition. In [22], a
procedure for the computation of weighted mean in the domain of graphs has
been proposed. This procedure can be derived, in a quite straightforward manner,
from classical graph edit distance computation using a tree search procedure. In



12 H. Bunke

other words, a weighted mean, g, of g1 and g2 can be obtained as a by-product
of computing d(g1, g2).

With the concepts of median graph and weighted mean graph at our disposal
it becomes possible to develop versions of the k-means clustering algorithm and
self-organizing map that work in the graph domain [24]. Moreover cluster vali-
dation indices can be used to find the optimal number of clusters automatical-
ly [25].

4 A Class of Graphs with Linear Matching Complexity

Symbolic representations, especially graphs, are attractive because of their flexi-
bility and powerful modeling capabilities. On the other hand, they suffer from a
high computational complexity when compared to vector representations. There
are two principal ways to overcome the computational complexity problem in
symbolic matching. First, one can resort to suboptimal algorithms. As a matter
of fact, a large number of such methods have been proposed in the literature.
They are based on various computational paradigms. For an overview see [15].
Alternatively, one can restrict the representation to special classes of graphs with
a lower inherent computational complexity. A well known example is the class of
planar graphs [26]. Other examples can be found in [27]. In this section we will
introduce a novel class of graphs for which many of the commonly used match-
ing algorithms, such as isomorphism, subgraph isomorphism, maximum common
subgraph and graph edit distance, have a complexity that is only quadratic in
the number of nodes of the larger of the two graphs involved in the matching
problem. Furthermore, in case of bounded valence graphs (i.e. graphs with an
upper bound on the number of incident edges for each node) the complexity
reduces to linear. This class of graphs has been analyzed in [28]. In the following
we briefly outline the main results presented in [28].

The class of graphs considered in this section is characterized by the existence
of unique node labels. Formally, we require that for any graph g and any pair
x, y ∈ V the condition µ(x) �= µ(y) holds if x �= y. Furthermore, we assume
that the underlying alphabet of node labels is an ordered set, for example, the
integers, i.e. LV = {1, 2, 3, . . .}. The uniqueness condition implies that, whenever
two graphs are being matched with each other, each node has at most one
candidate for possible assignment in the other graph. This candidate is uniquely
defined through its node label. Consequently, the most costly step in graph
matching, which is the exploration of all possible mappings between the nodes of
the two graphs under consideration, is no longer needed. Formally, because of the
uniqueness property, we may drop set V from the definition of a graph and just
maintain its ordered label set, L. Thus each node, x, can be represented through
its label µ (x). Now it is easy to show that in order to check two graphs, g1 and g2,
for isomorphism it is sufficient to test their node label, edge, and edge label sets
for identity. These operations can be performed in quadratic time with respect to
the number of nodes. In case of bounded valence graphs, the complexity reduces
to linear. Similarly to testing two graphs for isomorphism, the test for subgraph
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isomorphism as well as the computation of maximum common subgraph and
edit distance can be accomplished by means of elementary set operations, all of
which have the same complexity as the test for isomorphism.

If constraints are imposed on a class of graphs, we usually loose some rep-
resentational power. The class of graphs considered in this paper is restricted
by the requirement of each node label being unique. Despite of this restriction,
there exist some interesting applications for this class of graphs. From the general
point of view, graphs with unique node labels seem to be appropriate whenever
the objects from the problem domain, which are modeled through nodes, possess
properties that can be used to uniquely identify them. In the following we briefly
review two particular applications of this class of graphs.

The first application is computer network monitoring [29,30]. The consid-
ered task consists in detecting abnormal behavior of a computer network. For
this purpose, the network under consideration is formally represented through
a graph where the nodes correspond to the clients and servers in the network
and the edges represent physical connections between them. Snapshots of the
network are taken at regular points in time t = 1, 2, . . .. Thus we get a sequence
of graphs, g1, g2, . . .. The distance between two consecutive graphs in this se-
quence, d(gi, gi+1), is computed for i = 1, 2, . . .. and the change from time t = i
to t = i + 1 is considered abnormal if the distance d(gi, gi+1) exceeds a cer-
tain user defined threshold. This application fulfills, in a very natural way, the
condition of all nodes in the graph being uniquely labeled, because all servers
and clients in the network have unique names. Consequently the fast algorithms
mentioned above can be applied to this problem. On the other hand, it must be
mentioned that the monitoring of computer networks can be a quite demanding
task, because in the near future the need will arise to monitor networks consist-
ing of hundreds of thousands of nodes, or even more. Thus the availability of
fast graph matching algorithms is an essential requirement.

The second application involving graphs with unique node labels is document
classification and clustering [31,32]. With an increasing number of documents,
particularly documents on the World Wide Web, being produced every day in-
telligent document retrieval and analysis has become an important issue. Tra-
ditionally document information processing is based on vector representations,
where each term that can appear in a document becomes a feature (i.e. a dimen-
sion). The value assigned to each dimension indicates the number of occurrences
of that particular term in the considered document [33]. However, document
representation through feature vectors suffers from some drawbacks. First, it al-
ways assumes the same number of terms being used (i.e. the dimension of the
feature space is fixed). Secondly, a vector representation is not able to capture
any relational information, for example, information about the co-occurrence of
certain terms in a document. To overcome these drawbacks, a graph model for
document representation has been proposed in [31,32]. In the graph model, the
n most frequent terms in a document are represented through graph nodes, and
term adjacency is represented by means of the edges of the graph. Some varia-
tions of this scheme have been analyzed in [34]. The crucial observation is that
this representation lends itself to graphs with unique node labels, because the
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latest news

about machine learning

released

Fig. 1. Example of graph representation of a document

different terms occurring in a document are unique. As an example, consider the
document

Latest news.
News about machine learning:
Latest machine released.

The corresponding graph representation is shown in Fig. 1.
Based on a graph representation such as the one shown in Fig. 1, graph

clustering as discussed in Sect. 3, and nearest neighbor classification become
available. In [31,32,34] the traditional vector model has been compared to the
proposed graph model. The superiority of the graph over the vector model in
terms of classification and clustering accuracy was demonstrated in a number of
experiments. Thanks to the efficiency of the graph matching operations, which
is due to the unique node label property, the graph model was even faster than
the vector model in some instances. Although only documents from the World
Wide Web have been considered in [31,32,34], the methods are not restricted to
this kind of documents.

5 Learning Edit Costs for Graph Matching

One of the most powerful and flexible graph distance measures is edit distance.
It is based on the idea of editing one of the two given graphs so as to make
it identical (i.e. isomorphic) to the other graph, using elementary operations,
such as deletion, insertion, and substitution of nodes and edges. As mentioned
in Sect. 2, the edit distance, d(g1, g2), of two graphs, g1 and g2, is defined as
the cost of the cheapest sequence of edit operations that transform g1 into g2.
It is easy to see that the costs of the edit operations have a crucial impact on
d(g1, g2). For an example, see Fig. 2 where three graphs, g1, g2, and g3, are shown.
If we allow only one type of edit operation, namely node substitution, and define
the cost of substituting symbol a by b being smaller than substituting a by c,
then d(g1, g2) < d(g1, g3). Consequently, under a nearest neighbor classifier we
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Fig. 2. Illustration of the influence of the edit costs

would assign the unknown graph g1 to prototype g2 rather than to g3. However,
if the substitution of a by b has a cost larger than the substitution of a by c
then d(g1, g2) > d(g1, g3) and the unknown graph g1 gets assigned to prototype
g3. Despite the paramount importance of the costs of the edit operations, and
the increasing popularity of graph edit distance, the automatic inference of the
edit costs from a set of samples is still an open problem. While some potential
solutions have been proposed for the case of string edit distance [35,36,37], the
edit costs in graph matching are still manually set in a heuristic trial and error
procedure, exploiting problem specific knowledge as much as possible; for an
example see [38]. In this section we briefly outline a novel procedure for the
automatic learning of the costs of graph edit operations from a set of sample
graphs [39,40].

As one of the basic assumptions of the learning scheme proposed in [39,40],
graphs with labels from the n-dimensional real space are considered. That is,
each node label is a vector of fixed dimension consisting of n real numbers. Sim-
ilarly, edge labels consist of a vector of m real numbers. (Notice, however, that
there are no constraints imposed on the number of nodes and edges that may
appear in a graph.) The proposed scheme takes a sample set of graphs as input
and tries to minimize the average edit distance between a pair of graphs from
the sample set by suitably adjusting the costs of the underlying edit operations.
This is equivalent to minimizing the average intra-class distance of a given set
of graphs that all belong to the same class. The proposed scheme is based on
self-organizing map, SOM [41]. There is one SOM for each type of edit opera-
tion, i.e. for node deletion, node insertion, node substitution, edge deletion, edge
insertion, and edge substitution. For example, the map for node substitution is
an n-dimensional grid representing the space of node labels (i.e. n-dimensional
real vectors). The cost of a node label substitution is proportional to the Eu-
clidean distance between the two corresponding locations in the grid. The SOM
learning procedure starts with a non-deformed n-dimensional grid. It computes
the edit distance of a pair of graphs and moves each pair of grid points that
correspond to a substitution closer to each other. In this way, the Euclidean dis-
tance of a pair of labels that are often substituted one by another, is iteratively
minimized, which leads to a smaller overall graph edit distance between the two
involved graphs. An example is shown in Fig. 3. Here we assume that a node
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Fig. 3. SOM -based learning of substitution costs

label corresponds to a location in the 2-dimensional plane. Originally the SOM
is not deformed and reflects the standard Euclidean distance (Fig. 3, left). In the
course of the iterative learning procedure two areas have been identified where
node substitutions occur often. Consequently, these areas have been contracted,
and any two points within any of these contracted areas will have a smaller sub-
stitution cost after the learning process (Fig. 3, right). Hence the edit distance
of any pair of graphs involving substitutions from one of those two areas will
become smaller.

The proposed learning scheme has been successfully applied in a recogni-
tion experiment involving synthetically generated characters. In addition the
SOM -based learning method has been used for the identification of diatoms.
Here graphs derived from real images of diatoms were involved and with the
automatically derived costs a higher recognition accuracy than with manually
chosen costs was achieved [39].

6 Summary and Conclusions

Most of the algorithms commonly used in intelligent data analysis are based on
object representations in terms of feature vectors. This representation formal-
ism is advantageous in the sense that a rich repository of algorithmic tools is
available, including subspace projection techniques, methods for clustering and
classification, neural networks, and others. On the other hand feature vectors
are limited because they can represent only unary properties and usually as-
sume that the same number of attribute values being measured on each object.
Symbolic data structures, including strings, trees, and graphs, are very suitable
to overcome these limitations. However using such kind of object representation,
we are facing the problem of an often increased computational complexity and
the lack of suitable mathematical tools for a number of tasks. Yet recent work,
mainly in the field of structural pattern recognition, has led to a number of novel
algorithmic tools in the domain of graphs. These tools include a number of graph
distance measures, graph clustering algorithms, and learning procedures for the
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parameters of graph distance based classifiers. Furthermore, if the underlying
graphs fulfill some constraints very efficient algorithms exist.

There is no doubt that graph matching methodology and applications of
graph matching have significantly progressed during recent years. Nevertheless
there are many open questions. From the general point of view, in intelligent data
analysis there is still a wide gap between tools based on feature vectors and tools
based on structural representations. Bridging this gap, or making it smaller at
least, is surely a major challenge for future research. This includes in particular
the transfer, or adaptation, of many more tools from the n-dimensional real
space to the graph domain.

Another issue is the filtering of large databases of graphs. In many appli-
cations we are faced with the task of retrieving graphs from a database that
are similar to a given query graph. As the computation of graph isomorphism,
subgraph isomorphism, maximum common subgraph and graph edit distance
is computationally expensive in the general case, one cannot afford to match
each graph in the database sequentially with the query graph. In [42,43] first
attempts towards filtering procedures for graph retrieval from large databases
have been proposed. The aim of these filtering procedures is to use some char-
acteristic features of the given graphs, which can be quickly computed, in order
to rule out as many graphs as possible from the graph database from being
feasible match candidates. In [42,43] decision tree induction and traversal pro-
cedures have been proposed for this kind of database filtering. However many
more indexing mechanisms seem possible and there is a definite need for further
research.

From the practical point of view, there are many powerful software packages
available for data mining using feature vectors. There is no doubt that the avail-
ability of these tools promoted the application of the underlying methods. How-
ever, for structural representations, no comparable software tools are available
yet. But it can be expected that such tools could significantly contribute towards
the acceptance and proliferation of structural matching techniques. Hence the
development of such tools may be a worthwhile activity.
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Abstract. Model trees are tree-based regression models that associate leaves 
with linear regression models. A new method for the stepwise induction of 
model trees (SMOTI) has been developed. Its main characteristic is the con-
struction of trees with two types of nodes: regression nodes, which perform 
only straight-line regression, and splitting nodes, which partition the feature 
space. In this way, internal regression nodes contribute to the definition of mul-
tiple linear models and have a “global” e ffect, while straight-line regressions at 
leaves have only “local” effects. In this paper the problem of simplifying model 
trees with both regression and splitting nodes is faced. In particular two meth-
ods, named Reduced Error Pruning (REP) and Reduced Error Grafting (REG), 
are proposed. They are characterized by the use of an independent pruning set. 
The effect of the simplification on model trees induced with SMOTI is empiri-
cally investigated. Results are in favour of simplified trees in most cases. 

 1 Introduction 

In the classical regression setting, data is generated IID from an unknown distribution 
P on some domain X and labeled according to an unknown function g with range Y. 
The domain X is spanned by m independent (or predictor) random variables xi (both 
numerical and categorical), while Y is a subset of ℜ, that is, the dependent (or re-
sponse) variable y is continuous. A learning algorithm receives a training sample 
S={(x, y) ∈ X × Y | y=g(x) } and attempts to return a function f close to g on the do-
main X. Closeness of f to g can be measured in many ways, for instance, by means of 
the expected square error.  

Statisticians have traditionally approached this problem by means of standard 
(non-) linear regression techniques. More recently, trees have begun to play an impor-
tant role in statistical model building, especially in the context of regression problems. 
Methods for inducing or learning regression trees have been proposed by Breiman et 
al. [1]. A regression tree approximates the function g by means of a piecewise con-
stant function, that is it associates a constant to each leaf. A generalization of regres-
sion trees is represented by model trees which approximate the function g by a piece-
wise linear function, that is they associate leaves with multiple linear models.  

Some of the model tree induction systems developed are: M5 [12], RETIS [5], M5' 
[17], TSIR [6], and HTL [15,16]. Almost all these systems perform a top-down induc-
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tion of models trees (TDIMT) in two stages: the first builds the tree structure through 
recursive partitioning of the training set, while the second associates leaves with mod-
els. This dichotomy has an intrinsic weakness, since partitioning strategy does not 
consider the models that can be associated to the leaves [7]. RETIS, which operate 
differently, suffers from problems of efficiency and collinearity. SMOTI (Stepwise 
Model Tree Induction) is a new TDIMT method that constructs model trees stepwise, 
by adding, at each step, either a regression node or a splitting node. In this way, a 
multiple linear model can be associated to each node during tree-building, thus pre-
venting problems related to two-staged induction algorithms. The stepwise construc-
tion of the multiple linear models provides a solution to problems of efficiency and 
collinearity by selecting only a subset of variables [18]. Moreover, SMOTI potentially 
solves the problem of modeling phenomena where some variables have a global effect 
while others have only a local effect [8].  

Similarly to other TDIMT approaches, SMOTI may generate model trees that over-
fit training data. Almost all TDIMT systems use some simplifying techniques to de-
termine which nodes of the tree should be taken as leaves. These techniques are gen-
erally derived from those developed for decision trees [3]. In particular, RETIS bases 
its pruning algorithm on Niblett and Bratko's method [9], extended later by Cestnik & 
Bratko [2]. M5 uses a pessimistic-error-pruning-like strategy since it compares the 
error estimates obtained by pruning a node or not. The error estimates are based on 
the training cases and corrected in order to take into account the complexity of the 
model in the node. Similarly, in M5’ the pruning procedure makes use of an estimate, 
at each node, of the expected error for the test data. The estimate is the resubstitution 
error compensated by a factor that takes into account the number of training examples 
and the number of parameters in the linear model associated to the node [17]. A 
method à la  error-based-pruning is adopted in HTL, where the upper level of a confi-
dence interval of the resubstitution error estimate is taken as the most pessimistic 
estimate of the error node [16].  

In this paper, the a posteriori simplification (or pruning) of model trees induced by 
SMOTI has been investigated. In particular, after a brief introduction to SMOTI (next 
section), a framework for simplifying model trees with regression and splitting nodes 
is described. This framework is helpful to define two simplification methods and to 
investigate their theoretical properties (Secs. 4 and 5). Finally, experimental results 
are reported and discussed in Sect. 6. 

2 Stepwise Construction of Model Trees 

In SMOTI the top-down induction of models trees is performed by considering re-
gression steps and splitting tests at the same level. This means that there are two types 
of nodes in the tree: regression nodes and splitting nodes (Fig. 1). The former com-
pute straight-line regression, while the latter partition the feature space. They pass 
down observations to their children in two different ways. For a splitting node t, only 
a subgroup of the N(t) observations in t is passed to each child (left or right). No 
change is made on training cases. For a regression node t, all the observations are 
passed down to its only child, but the values of both the dependent and independent 
numeric variables not included in the multiple linear model associated to t are trans-
formed  in order to remove the linear effect of those variables already included.  Thus,  
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Fig. 1. A model tree with both a regression node (t) and a splitting note (t’) 
 

descendants of a regression node will operate on a modified training set. Indeed, ac-
cording to the statistical theory of linear regression, the incremental construction of a 
multiple linear model is made by removing the linear effect of introduced variables 
each time a new independent variable is added to the model. For instance, let us con-
sider the problem of building a multiple regression model with two independent vari-
ables through a sequence of straight-line regressions:  

Ŷ =a+bX1 + cX2 

We start regressing Y on X1, so that the model: 

Ŷ  = a1+b1X1 

is built. This fitted equation does not predict Y exactly. By adding the new variable 
X2, the prediction might improve. Instead of starting from scratch and building a 
model with both X1 and X2, we can build a linear model for X2 given X1: 

2X̂ = a2+b2X1 

then compute the residuals on X2 and Y: 

X'2 = X2 - (a2+b2X1) 
Y' = Y – (a 1+b1X1) 

and finally regress Y' on X'2 alone: 

Y ′ˆ = a3 + b3X'2. 

By substituting the equations of X'2 and Y' in the last equation we have: 
 

))(()( 122233111 XbaXbaXbaY +−+=+−  

  

Since  )(ˆ)( 111111 XbaYXbaY +−=+−  we have : 

Ŷ  = (a3 + a1 – a 2b3 ) + (b1-b2b3)X1+ b3X2. 

It can be proven that this last model coincides with the first model built,  that is  
a= a3+a1–a 2b3, b= b1-b2b3 and c=b3. Therefore, when the first regression line of Y on 
X1 is built we pass down both the residuals of Y and the residuals of the regression of 
X2 on X1. This means we remove the linear effect of the variables already included in 
the model (X1) from both the response variable (Y) and those variables to be selected 
for the next regression step (X2).  
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A more detailed explanation of SMOTI and a comparison with other TDIMT 
methods are reported in [7]. 

3 A Unifying Framework for Describing Simplification Methods  

Pruning methods have been initially proposed to solve the overfitting problem of 
induced decision trees. A unifying framework for their descriptions is reported in [4]. 
In this paper we follow the same idea and develop two methods for the simplification 
of model trees with both regression nodes and splitting nodes.1 The first method uses 
the classical pruning operator extended to regression nodes as well. The second 
method is based on a new grafting operator that replaces a splitting node with a sub-
tree. To formally define these simplification methods, some notations are introduced. 
We start with the formal definition of a SMOTI tree, that is a tree with regression and 
splitting nodes, then we define the pruning and grafting relations, the search spaces, 
and finally the operators. 

A (rooted) tree can be formally defined as a finite set of nodes, NT = {t0, t1,…, tn} 
and an associated relation  BT ⊆ NT ×NT for which the following properties hold:  

1. There exists exactly one node t0 in NT, named root, such that ∀ <ti,tj> ∈BT: 
tj≠t0; 

2. ∀tj ∈ NT, tj≠t0 there exists only one node ti ∈ NT such that <ti,tj>∈BT. 

The set NT can be partitioned into the set of internal nodes and the set of leaves T
~

. 
Given a set O of N observations Oi, each of which is described by m+1- dimensional 
feature vector, <X1,…,X m,Y>  it is possible to build a tree-structured model named 
SMOTI tree. This is a particular tree T in which:  

1. each node t is associated with a subset of O, O(t), possibly modified by re-
moving the linear effect of the variables added to the model; 

2. the root t0 is associated with O itself; 
3. every edge <ti,tj> ∈BT is labelled with LT(<ti,tj>); 

LT(<ti,tj>) can be: 

a) a straight-line regression function Y=a+bXk (regression label)2; 
b) a test on a numeric variable like Xk≤α (Xk>α) (continuous split label); 
c) a test on a discrete variable like Xk∈{xk1, …, x kl} (Xk∉ {xk1, …, x kl}) (discrete 

split label). 

An internal node  ti∈NT - T
~

is called regression (splitting) node iff there exists an 
edge <ti,tj>∈BT such that LT(<ti,tj>) is a regression (continuous/discrete split) label.  

                                                           
1  No simplification method was proposed in TSIR, the only other system that induces trees 

with two types of nodes. 
2  For the sake of simplicity, only original variables are reported in straight-line regression 

functions and in continuous splits. 
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Fig. 2. The model tree T' is obtained by pruning T in node 2, while T" is obtained by grafting 
the subtree rooted in node 4 onto the place of node 2 

 
If p is a path from the root t0 of a tree T to a leaf ti of T,  

p = <t0,t1>,<t1,t2>,…,< ti-1,ti> 

then the label associated to p, LT(p), is the sequence of labels:  

LT(p)=LT(<t0,t1>), LT(<t1,t2>),..., LT(<ti-1,ti>). 

Let T denote the set of all possible model trees that SMOTI can build from O. It is 
possible to define two distinct partial order relations on T, denoted ≤P and ≤G, which 
satisfy the properties of reflexivity, antisymmetry and transitivity. Let T and T' be two 
model trees in T. Then T' ≤P T  iff for each path p' from the root of  T' to a leaf in T', 
there exists a path p from the root of  T to a leaf of T such that LT'(p') is a prefix of 
LT(p). Moreover, T' ≤G T, iff for each path p' from the root of  T' to a leaf in T', there 
exists a path p from the root of T to a leaf of T, such that LT'(p')  is obtained from 
LT(p) by dropping some continuous/discrete split labels in the sequence.  

With reference to Figure 2, T' ≤P T and T" ≤G T, while the relations T" ≤P T and T' 
≤G T do not hold. 

Hence, given a SMOTI tree T, it is possible to define two sets of trees, namely: 
SP(T) ={T'∈T  T' ≤P T} 
SG(T) ={T'∈T  T' ≤G T} 

We observe that SP(T) ⊄ SG(T) and SG(T) ⊄ SP(T), since T' ≤P T does not imply T' 
≤G T and viceversa.  

The pruning operator is defined as the function:  
 πT: RT ∪ ST → T 

where RT and ST denote the sets of regression and splitting nodes, respectively. The 
operator associates each internal node t with the tree πT(t), which has all the nodes of 
T except the descendants of t.  

Analogously, the grafting operator is defined as the function: 
 γT: ST × NT → T 

that associates each couple of internal nodes <t,t’>∈ST×NT, with the tree γT (<t,t’>), 
which has all nodes of T except those in the branch between t and t’ . Intuitively, the 

0 
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pruning operator applied to a node of a tree T returns a tree T' ≤P T while the grafting 
operator returns a tree T' ≤G T (see Figure 2). 

The problem of simplifying a model tree can be cast as a search in a state space, 
where states are trees in either SP(T) or SG(T), and pruning and grafting are the only 
operators that can be applied to move from one state to another. 

In order to give a precise definition of a simplification method the goal of the 
search in the state space has to be defined. For this reason, a function f that estimates 
the goodness of a tree is introduced. It associates each tree in the space S(T) with a 
numerical value, namely:  

f : S(T)→ ℜ 
where ℜ is the set of real values. The goal of the search is to find the state in S(T) 
with the highest f value, so that pruning can be cast as a problem of function optimiza-
tion.  

Finally, the way in which the state space is explored also characterizes different 
simplification methods, which can be formally described by a 4-tuple: 

(Space, Operators, Evaluation function, Search strategy) 
where the Space represents the search space of pruning methods, Operators is a set of 
simplification (pruning or grafting) operators, Evaluation function associates each tree  
in the search space with a numerical value and the search strategy is the way in which 
the state space is explored in order to find the optimal state. This framework is used in 
the next sections to explain the two simplification methods. 

4 Reduced Error Pruning 

This method is based on the Reduced Error Pruning (REP) proposed by Quinlan for 
decision trees [11]. It uses a pruning set to evaluate the goodness of the subtrees of a 
model tree T. The pruning set is independent of the set of observations used to build 
the tree T, therefore, the training set must be partitioned into a growing set used to 
build the tree and a pruning set used to simplify T (Figure 3). 

Search is accomplished in the pruning state space, (SP(T), {πT}) by means of the 
first-better strategy, according to which we move from one state T to a state T' just 
generated if T' is better than T with respect to the evaluation function f. Differently 
from the hill-climbing search, there is no generation of all states directly reachable 
from T in order to select the best one. Moreover, the first better strategy differs from 
the well-known best first strategy in the storing of only one generated state. Obvi-
ously, in this search strategy, the order in which states are generated is of crucial im-
portance. It depends on:  

1. The traversal order: pre-order or post-order. 
2. The direction of pruning: bottom-up or top-down. 

In REP, the traversal is post-order and the direction is bottom-up. The evaluation 
function f is defined as follows: 

∑
∈

=
Tt

tRT
~

)()(f  
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Fig. 3. The original data set can be split into two subsets: the growing set and the pruning set. 
The union of the growing and pruning set is called the training set. Trees learned from the 
growing/training set are called grown/trained trees, respectively. Pruning trees can be obtained 
by pruning either grown trees or trained trees. In the former case, a pruning set is used 

where R(t) is the mean square error at leaf t. The search in the space moves from a 
state T1 to a state T2 ∈ )RS(

111 TTT ∪π  if   f (T1) ≥ f (T2). More precisely the algorithm 

analyzes the complete tree T and, for each internal node t, it compares the mean 
square error made on the pruning set when the subtree Tt is kept, with the mean 
square error made when Tt is pruned and the best regression function is associated to 
the leaf t. If the simplified tree has a better performance than the original one, it is 
advisable to prune Tt. This pruning operation is repeated on the simplified tree until 
further pruning increases the resubstitution error.  

As already observed in [14], Quinlan’s description of REP for decision trees does 
not specify how to choose the class associated to the pruned nodes. Following the 
majority class criterion, three alternatives are possible: the class is determined on the 
basis of the growing set, the pruning set or the training set. Analogously, in the case 
of model trees, the straight-line regression to be associated to a pruned node can be 
determined on the basis of one of the three sets: growing, pruning or training.  

The following optimality theorem can be proven: 
Theorem. Given a model tree T constructed on a set of observations O and a pruning 
set O', the REP version that determines the regression model on O returns the small-
est tree in SP(T) with the lowest error with respect to O'. 

The specification “the REP version that determines the regression model on O“ re-
fers to the fact that once a node t has been pruned, the model associated to t is deter-
mined on the basis of the same growing set O. Alternatively, it could be determined 
on the basis of either the pruning set or the whole training set. 
Proof . We prove the theorem by induction on the depth of T. 

Base Case. Let T be a root tree {t0}. Then T is the only tree in SP(T) and REP re-
turns T, since no pruning operation is possible. 

Inductive Step: The proof is based on the additive property of the resubstitution er-
ror for model trees, according to which a local optimization on each branch 

it
T  of t0 

leads to a global optimization on T. We assume the inductive hypothesis to be true for 
all model trees T' of depth d and we prove the theorem for the tree T of depth d+1, 
d≥0. Since T has a depth greater than 0, there are two possibilities: 

a. T is the tree rooted in t0, a regression node with a child t1, and the subtree 
1tT  

has depth d. 
b. T is the tree rooted in t0, a splitting node with two children t1 and t2, and both 

subtrees 
1tT ,

2tT have maximum depth d. 
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Case a. REP, which follows the bottom-up direction when pruning, first prunes 
1tT  

and then checks whether T should be pruned in t0. For the inductive hypothesis, REP 

finds the optimally pruned tree *
t1T for the tree rooted in t1. Let T' be the tree rooted in 

t0, whose subtree is *
t1T . Then according to the definition of f, )T()T( *

t1
ff =′ , since 

T' and *
t1T  have the same leaves. Moreover, for any tree T"∈SP(T) of depth greater 

than 0 we have f(T') ≤ f(T"), since )T()t(R)t(R)T(
''
1t

*
1t T

~
tT

~
t

′′∑ =≤∑=′
∈∈

ff . 

Therefore, if f({t0})≤ f(T') then REP prunes T in t0, and the returned tree is the best 
subtree of T, since R(t0) = f({t0}) ≤  f(T') ≤ f(T") for any tree T"∈SP(T) of depth greater 
than 0. On the contrary, if f({t0})>f(T') then REP does not prune T in t0 and the re-
turned tree is T', which is the smallest tree in SP(T) with the lowest error with respect 
to O'. 

Case b. Analogously, in the case of the splitting node, REP follows the bottom-up 
direction so that it first prunes 

1t
T  and 

2tT and then checks whether T should be 

pruned in t0. For the inductive hypothesis REP finds the optimally pruned tree *
t1

T for 

the tree rooted in t1 and *
t 2

T for the tree rooted in t2. Let T' be the tree rooted in t0, 

whose subtrees are *
t1

T  and *
t 2

T . Then )f)ff *
t

*
t 21

T(T()T( +=′ , since the leaves of T' 

are leaves of either *
t1

T  or *
t 2

T . Moreover, for any tree T"∈SP(T) of depth greater than 

0, we have f(T') ≤ f(T") since )T()t(R)t(R)t(R)t(R)T(
''
2t

''
1t

*
2t

*
1t T

~
tT

~
tT

~
tT

~
t

′′=∑+∑≤∑+∑=′
∈∈∈∈

ff . 

Therefore, if f({t0}) ≤ f(T') then REP prunes T in t0, and the returned tree is the best 
subtree of T, since R(t0) = f({t0}) ≤  f(T') ≤  f(T") for any tree T"∈SP(T) of depth 
greater than 0. On the contrary, if f({t0})>f(T') then REP does not prune T in t0 and the 
returned tree is T', which is the smallest tree in SP(T) with the lowest error with re-
spect to O'. 

 
Finally, the computational complexity of REP is linear in the number of internal 

nodes, since each node is visited only once to evaluate the opportunity of pruning it. 
 
 
5 Reduced Error Grafting 
 
The Reduced Error Grafting (REG) is conceptually similar to REP and uses a pruning 
set to evaluate the goodness of T', a subtree of T. However, the search is performed in 
the grafting state space, (SG(T), {γT}), according to a  first-better strategy with bottom-
up post-order traversal. The evaluation function is the same defined for REP. 

The search in SG(T) moves from a state T1 to a state T2∈ )S,S(
111 TTTγ  if the ine-

quality f(T1) ≥  f(T2) holds. More precisely the algorithm operates recursively. It ana-
lyzes the complete tree T and, for each split node t, it compares the resubstitution 
error made on the pruning set when the subtree Tt is kept, with the resubstitution error 
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made on the pruning set when Tt is turned into REG(
1t

T ) or REG(
2tT ), where t1 and t2 

are children of t. Sometimes, the simplified tree has a better performance than the 
original one. In this case, it appears convenient to replace t with its best simplified 
subtree (left of right). This grafting operation is repeated on the simplified tree until 
the resubstitution error increases. 

Fig. 4. Reduced error grafting algorithm 

This method (see Fig. 4) is theoretically favored with respect to REP, since it al-
lows the replacement of a subtree by one of its branches. In this way, it is possible to 
overcome a limit of those simplification strategies that make use of the pruning opera-
tor alone. Indeed, if t is a node that should be pruned according to some criterion, 
while t' is a child of t that should not be pruned according the same criterion, such 
simplification strategy either prunes and loses the accurate branch tT ′ or does not 
prune at all and keeps the inaccurate branch Tt. On the contrary, REG acts by grafting 

tT ′  onto the place of t, so saving the good sub-branch and deleting the useless node t.  
Similarly to REP, a theorem on the optimality of the tree returned by REG can be 

proven. 
Theorem. Given a model tree T constructed on a set of observations O and a pruning 
set O', the REG version that determines the regression model on O returns the small-
est tree in SG(T) with the lowest error with respect to O'. 
Proof. We prove the theorem by induction on the depth of T. 

REG(tree,pruningSet) 
begin 
 if |pruningSet|=0 then return 0 
 
 if the tree is a leaf then return ResubstitutionError(tree,pruningSet) 
 if the root is a splitting node then 
  partition pruningSet into pruningSet1 and pruningSet2 
  newLeftBranch= leftBranch 
  newRightBranch= rightBranch 
  sxError=REG(leftBranch, pruningSet1) 
  dxError=REG(rightBranch, pruningSet2) 
  sxErrorGrafted=REG(newLeftBranch, pruningSet) 
  dxErrorGrafted=REG (newRightBranch, pruningSet) 

if sxError+dxError<sxErrorGrafted AND  
   sxError+dxError<dxErrorGrafted then  

return sxError+dxError 
  if sxErrorGrafted>dxErrorGrafted then 
    tree= newRightBranch 
    return dxErrorGrafted 
   else 
    tree= newLeftBranch 
    return sxErrorGrafted 
 if the root is a Regression Node then 
  remove the effect of the regression from pruningSet into pruningSet1 
  sxError=REG (leftBranch, pruningSet1) 
  return sxError 
end 
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Base Case. Let T be a root tree {t0}. Then T is the only tree in SG(T) and REG re-
turns, T since no grafting operation is possible. 

 Inductive Step: we assume the inductive hypothesis to be true for all model trees T' 
of depth d and we prove the theorem for the tree T of depth d+1, d≥0. Since T has a 
depth greater than 0, there are two possibilities: 

a. T is the tree rooted in t0, a regression node with a child t1, and the subtree 
1tT  

has depth d. 
b. T is the tree rooted in t0, a splitting node with two children, t1 and t2, and both 

subtrees 
1tT  and 

2tT  have maximum depth d. 

Case a. REG, which follows the bottom-up direction first simplifies 
1tT . For the 

inductive hypothesis REG finds the optimally simplified tree *

t
T

1
for the tree 

1t
T .3 

Let T' be the tree rooted in t0, whose subtree is *

t
T

1
. Then, according to the defini-

tion of f, )
t

T()T( *

1

ff =′ , since T' and *

t
T

1
have the same leaves. Moreover, for any tree 

T"∈SG(T) of depth greater than 0 and rooted in t0 with child t", we have f(T')≤f(T"), 
since )T()t(R)t(R)T(

''
1t

*
t1

T
~

tT
~

t

′′∑ =≤∑=′
′′∈∈

ff . 

Therefore, REG returns T', which is the smallest tree in SG(T) with the lowest error 
with respect to O'. 

Case b. In the case of a splitting node, REG follows the bottom-up direction, sim-
plifies 

1t
T  and 

2tT with respect to O' and then checks whether one of the simplified 

subtrees should be grafted in t0. We denote the set of examples which fall in
1t

T (
2tT ) 

as O 1' (O 2'). Let *

t
T

1
( *

t
T

2
) be the subtree rooted in t1 (t2), returned by REG when 

pruned with respect to O 1' (O 2'). For the inductive hypothesis, *

t
T

1
( *

t
T

2
) is the opti-

mally grafted subtree rooted in t1 (t2) with respect to O 1' (O 2'), respectively, since the 

depth of  *

t
T

1
 ( *

t
T

2
) is not greater than d. Analogously, let *

ˆT
t 1

( *
ˆT
t 2

) be the subtree 

rooted in t1 (t2), returned by REG when pruned with respect to O'. For the inductive 

hypothesis, *
ˆT
t 1

 ( *
ˆT
t 2

) is the optimally grafted subtree rooted in t1 (t2) with respect to 

O '. 

                                                           
3  Note that the grafting operation applied to the tree 

1tT  may not produce a tree rooted in t1, so 

we denote it as *

t
T

1
.  
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Let T' be the tree rooted in t0 whose subtrees are *

t
T

1

 and *

t
T

2
. Then, for any tree 

T"∈SG(T) of depth greater than 0 and rooted in t0 with children 1t′  and 2t′ , we have 

f(T')≤f(T"), since )T()t(R)t(R)t(R)t(R)T(
''
2t

''
1t

*
t2

*
t1

T
~

tT
~

tT
~

tT
~

t

′′=∑+∑≤∑+∑=′
′′′′ ∈∈∈∈

ff .  

Therefore, if )'()(T*
ˆ Tff
t 1

≤  and )(T)(T **
ˆˆ tt 21

ff ≤ , where f( *
ˆT
t 1

) and f( *
ˆT
t 2

) are 

computed with respect to O', then REG replaces T' with *
ˆT
t 1

, which is the best sub-

tree of T, since  

• )''()'()T()R(T *
t̂

*
t̂ 11

TfTff ≤≤=  for any tree T"∈SG(T) rooted in t0 with 

depth greater than 0.  

• )''()T()R(T *
t̂

*
t̂ 11

Tff ≤= for any tree T"∈SG(T) not rooted in t0 (both *
ˆT
t 1

and 

T" have maximum depth d and the inductive hypothesis holds on O').  

Otherwise, if )'()(T*
ˆ Tff
t 2

≤  and )(T)(T **
ˆˆ tt 12

ff ≤ , REG replaces T' with *
ˆT
t 2

, 

which is the best subtree of T, since  

• )''()'()T()R(T *
t̂

*
t̂ 22

TfTff ≤≤=  for any tree T"∈SG(T) rooted in t0 with 

depth greater than 0.  

• )''()T()R(T *
t̂

*
t̂ 22

Tff ≤= for any tree T"∈SG(T) not rooted in t0 (both 

*
ˆT
t 2

and T" have maximum depth d and the inductive hypothesis holds on 

O').  

Finally, if both )'()(T*
ˆ Tff
t 1

>  and )'()T( *
ˆ Tff
t 2

>  then REG does not simplify T 

in t0 and the returned tree is T'. Obviously, T' is better than any tree T"∈SG(T) rooted 
in t0. Moreover, T' is better than any tree T"∈SG(T) not rooted in t0, since either 

T"∈SG(
1tT ) and )'()(T*

ˆ Tff)Tf(
t 1

>≥′′  or T"∈SG(
2tT ) and )'()(T*

ˆ Tff)Tf(
2t

>≥′′ . 

Therefore, the returned tree T' is the smallest tree in SG(T) with the lowest error with 
respect to O'. 

 
The complexity of REG is O(NTlog2NT), where NT is the number of nodes 

in T. 

6 Comments on Experimental Results 

The experiment aims at investigating the effect of simplification methods on the 
predictive accuracy of the model trees. Reduced Error Pruning and Reduced Error 
Grafting were implemented as a module of KDB2000 
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(http://www.di.uniba.it/~malerba/software/kdb2000/) and has been empirically evaluated on 
ten datasets, taken from either the UCI Machine Learning Repository 
(http://www.ics.uci.edu/~mlearn/MLRepository.html), the site of the system HTL 
(http://www.ncc.up.pt/~ltorgo/Regression/DataSets.html) or the site of WEKA 
(http://www.cs.waikato.ac.nz/ml/weka/index.html). They are listed in Table 1 and 
have a continuous variable to be predicted. They have been used as benchmarks in 
related studies on regression trees and model trees. 

Table 1. Ten datasets used in the empirical evaluation of SMOTI 

Dataset No. 
Cases 

No.  
Attributes Continuous Discrete Goal 

Abalone 4177 10 9 1 
Predicting the age of 
abalone from physical 
measurements 

Auto-Mpg 392 8 5 3 
Predicting  the city-cycle  
fuel consumption 

Auto-Price 159 27 17 10 Predicting auto price 

Bank8FM 4499 9 9 0 

Predicting the fraction of 
bank customers who 
leave the bank because 
of full queues 

Cleveland 297 14 7 7 
Predicting the heart 
disease  in a patient. 

Housing 506 14 14 0 
Predicting housing val-
ues in areas of Boston 

Machine 
CPU 209 10 8 2 

Predicting relative CPU 
performance 

Pyrimidines 74 28 28 0 

Predicting the activity 
(QSARs) from the de-
scriptive structural at-
tributes 

Triazines 74 61 61 0 

Predicting the structure 
(QSARs) from the de-
scriptive structural at-
tributes 

Wisconsin 
Cancer 186 33 33 0 

Predicting the time to recur 
for a breast cancer case 

 
 
Each dataset is analyzed by means of a 10-fold cross-validation. For every trial, the 

data set is partitioned so that 90% of cases are left in the training set and 10% are put 
aside for the independent test set. The training set is, in turn, partitioned into growing 
(70%) and pruning set (30%). SMOTI is trained on the growing set, pruned on the 
pruning set and tested on the test set. Comparison is based on the average mean 
square error (Avg.MSE) made on the test sets: 
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where k is the number of folds and R(Ti) is the resubstitution  error of the i-th cross-
validated tree computed on the corresponding testing set. 

Experimental results are listed in Table 2. The table reports the average MSE of 
(un-pruned/pruned) SMOTI trees built on training/growing set. For comparison pur-
poses, results obtained on the M5’, which is implemented in the public available sys-
tem WEKA, are reported as well. Results show that pruning is generally beneficial 
since REP and REG decrease the Avg.MSE of SMOTI trees built on the growing set 
in nine out of ten data sets. Moreover, the pruning method implemented in M5’ prun-
ing method outperforms both REP and REG in most data sets. However, the poorer 
performance of REP and REG can be justified if we consider that M5’ pruned a 
model tree, which was originally more accurate than that pruned by REP and REG 
because of the full use of the cases in the training set. This result is similar to that 
reported in [3] for decision trees. Even in that case, it was observed that methods 
requiring an independent pruning set are at a disadvantage. This is due to the fact that 
the set of pre-classified cases is limited and, if part of the set is put aside for pruning, 
it cannot be used to grow a more accurate tree. 

A different view of results is offered in Table 3, which reports a percentage of the 
avg. MSE made by pruned trees on the test sets with respect to the avg. MSE made by 
un-pruned trees on the same testing sets. The table emphasizes the gain of the use of 
pruning. In particular, pruning is beneficial when the value is less than 100%, while it 
is not when the value is grather than 100%. Results reported confirm that pruning is 
beneficial for nine out of ten datasets. Moreover, the absolute difference of Avg. MSE 
for REP and REG is below 5% in seven datasets. Finally, it is worthwhile to notice 
that the gain of REP and REG is better than the corresponding gain of M5' pruning 
method in six datasets. This induces to hypothesize that the better absolute perform-
ances of M5' are mainly due to the fact that the tree to be pruned is more accurate 
because of the full use of training cases.  

Table 2. Tree predictive accuracy for the pruning of two different systems: SMOTI, M5' 

 SMOTI un-pruned SMOTI pruned M5' 

 
Avg trained 

MSE  
Avg  

grown MSE 
Avg REP 

MSE 
Avg REG 

MSE 

Avg not 
pruned 
MSE 

Avg Pruned 
MSE 

Abalone 2,5364 6,7244 2,1851 2,1797 2,77242 2,12669 

AutoMpg 3,14938 4,48666 3,56337 3,74361 3,20106 2,83555 

Auto Price 2246,03 2481,74 2746,32 2890,42 2358,81 2390,12 

Bank8FM 0,0383 0,0427 0,0358 0,0342 0,04099 0,03198 

Cleveland 1,3160 1,5215 0,9148 0,9349 1,24963 0,90286 

Housing 3,58 5,7176 4,0803 3,9120 4,27927 3,8159 

Machine CPU 55,3148 71,6991 70,9533 69,1451 57,3527 58,3412 

Pyrimidines 0,10566 0,18727 0,10343 0,13527 0,09279 0,08640 

Triazines 0,2017 0,1820 0,1559 0,2290 0,15503 0,1318 

Wisconsin Cancer 51,4138 72,3762 33,4649 37,4556 45,4064 34,3972 
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 Table 3. Average percentage of the MSE for pruned trees w.r.t. the MSE of un-pruned trees. 
MSE is computed on the testing set. Best values are in bold 

Data Set 
REP/un-pruned 

SMOTI  on growing 
set 

REG/un-pruned 
SMOTI on growing 

set  

Pruned M5' /un-pruned 
M5’ 

Abalone 32.49% 32.42% 76.71% 

AutoMpg 79.42% 83.44% 88.58% 

Auto Price 110.66% 116.47% 101.33% 
Bank8FM 83.84% 80.09% 78.02% 
Cleveland 60.12% 61.44% 72.25% 

Housing 71.36% 68.42% 89.17% 

Machine CPU 98.95% 96.43% 101.72% 

Pyrimidines 55.23% 72.23% 93.11% 

Triazines 85.65% 125.82% 85.02% 
Wisconsin  

Cancer 46.23% 51.75% 75.75% 

7 Conclusions 

SMOTI is a TDIMT method which integrates the partitioning phase and the labeling 
phase. Similar to many decision tree induction algorithms, SMOTI may generate 
model trees that overfit training data. In this paper, the a posteriori simplification (or 
pruning) of model trees has been investigated in order to solve this problem. Specifi-
cally, we developed a unifying framework for the a posteriori simplification of model 
trees with both regression nodes and splitting nodes. Two methods, named REP and 
REG, have been defined on the basis of this framework, which is general enough to 
formulate other pruning methods. Some experimental results have been reported on 
the pruning methods and show that pruning is improves the average mean square error 
in most of datasets. Moreover, the comparison with another well-known TDIMT 
method, namely M5', which uses the training data both for growing and for pruning 
the tree, induces to hypothesize that putting aside some data for pruning can lead to 
worse results. 

As future work, we plan to extend this comparison to other TDIMT systems (e.g. 
HTL and RETIS). Moreover, we intend to implement a new simplification method 
based on both pruning and grafting operators and to eventually extend MDL-based 
pruning strategies developed for regression [13] trees to the case of SMOTI trees. 
This extension should overcome problems we observed for small datasets since the 
new pruning algorithm will not require an independent pruning set.  
 
Acknowledgments. The work presented in this paper is in partial fulfillment of the 
research objectives set by the MIUR COFIN-2001 project on “Methods for the extrac-
tion, validation and representation of statistical information in a decision context”. 
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Abstract. Multi-label decision procedures are the target of the super-
vised learning algorithm we propose in this paper. Multi-label decision
procedures map examples to a finite set of labels. Our learning algorithm
extends Schapire and Singer’s Adaboost.MH and produces sets of rules
that can be viewed as trees like Alternating Decision Trees (invented
by Freund and Mason). Experiments show that we take advantage of
both performance and readability using boosting techniques as well as
tree representations of large set of rules. Moreover, a key feature of our
algorithm is the ability to handle heterogenous input data: discrete and
continuous values and text data.

Keywords: boosting, alternating decision trees, text mining, multi-label
problems

1 Introduction

When a patient spends more than 3 days in center X, measures of albu-
minuri as well as proteinuri are made. But if the patient is in center Y,
then only measures of albuminuri are made.

These sentences can be viewed as a multi-label classification procedure because
more than one label among {albuminuri , proteinuri} may be assigned to a given
description of a situation. That is to say we are faced a categorization task for
which the categories are not mutually exclusive. This work is originally moti-
vated by a practical problem in medicine where each patient may be described
by continuous-valued attributes (e.g. measures), nominal attributes (e.g. sex,
smoker, . . . ) and text data (e.g. descriptions, comments, . . . ). It was impor-
tant to produce rules that can be interpreted by physicians and also rules that
reveal correlations between labels predictions. These requirements have lead to
the realization of the algorithm presented in this paper1.
� Partially supported by project DATADIAB: “ACI télémédecine et technologies pour

la santé” and project TACT/TIC Feder & CPER Région-Nord Pas de Calais.
1 The algorithm and a graphical user interface are available from
http://www.grappa.univ-lille3.fr/grappa/index.php3?info=logiciels

P. Perner and A. Rosenfeld (Eds.): MLDM 2003, LNAI 2734, pp. 35–49, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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Multi-label classification problems are ubiquitous in real world problems.
Learning algorithms that can hold multi-label problems are therefore valuable.
Of course there are many strategies to apply a combination of many binary clas-
sifiers to solve multi-label problems ([ASS00]). But most of them ignore correla-
tions between the different labels. AdaBoost.MH algorithm proposed by Schapire
and Singer ([SS00]) efficiently handles multi-label problems. For a given exam-
ple, it also provides a real value as an outcome for each label. For practical
applications, these values are important because they can be interpreted as a
confidence rate about the decision for the considered label. AdaBoost.MH im-
plements boosting techniques that are theoretically proved to transform a weak
learner – called base classifier – into a strong one. The main idea of boosting
is to combine many simple and moderately inaccurate rules built by the base
classifier into a single highly accurate rule. The combination is a weighted majo-
rity vote over all simple rules. Boosting has been extensively studied and many
authors have shown that it performs well on standard machine learning tasks
([Bre98,FS96,FS97]). Unfortunately, as pointed by Freund and Mason an others
authors, the rule ultimately produced by a boosting algorithm may be difficult
to understand and to interpret.

In [FM99], Freund and Mason introduce Alternating Decision Trees
(ADTrees). The motivation of Freund and Mason was to obtain intelligible classi-
fication models when applying boosting methods. ADTrees are classification mo-
dels inspired by both decision trees and option trees ([KK97]). ADTrees provide
a symbolic representation of a classification procedure and give together with
classification a measure of confidence. Freund and Mason also propose an alter-
nating decision tree learning algorithm called ADTBoost in [FM99]. ADTBoost
algorithm originates from two ideas: first, decision tree learning algorithms may
be analyzed as boosting algorithms (see [DKM96,KM96]); second, boosting al-
gorithms could be used because ADTrees generalize both voted decision stumps
and voted decision trees. Recently, the ADTree formalism has been extended to
the multiclass case ([HPK+02]).

We propose in this paper to extend ADTrees formalism to handle multi-
label decision procedure. Decision procedures are learned from data described
by nominal, continuous and text data. Our algorithm can be understood as an
extension of AdaBoost.MH that permits a better readability of the classification
rule ultimately produced as well as an extension to ADTBoost in order to handle
multi-label classification problems. The multi-label ADTree formalism gives an
intelligible set of rules viewable as a tree. Moreover, rules allow to combine atomic
tests. In our implementation, we can handle test on (continuous or discrete) ta-
bular data as well as tests on text data. This is particularly valuable in medicine
where descriptions of patients combine diagnostic analysis, comments, dosages,
measures, and so on. For instance, a rule can be built on both temperature
and diagnostic, if temperature > 37.5 and diagnostic contains “Cardiovascular”
then .... This kind of combination in a unique rule is not considered by others
algorithms like Boostexter which implements AdaBoost.MH. We expect the al-
gorithm to find more concise set of rules thanks to such combinations. We are
convinced that rules with several tests in their premises provide useful informa-
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tions that can be interpreted by experts. In this paper, we only present results
on freely available data sets. We compare our algorithm ADTBoost.MH with
AdaBoost.MH on two data sets: the reuters collection and a new data set built
from news articles2.

In Sect. 2, we define multi-label problems and we recall AdaBoost.MH’s func-
tioning. Alternating Decision Trees are presented in Sect. 3. We define multi-label
ADTrees which generalize ADTrees to the multi-label case in Sect. 4. An exam-
ple is given in Fig. 3. A Multi-label ADTree is an easily readable representation
of both different ADTrees (one ADTree per label) and of many decision stumps
(one per boosting round). We propose a multi-label ADTree learning algorithm
ADTboost.MH based on both ADTboost and Adaboost.MH [SS98]. Experiments
are given in Sect. 5. They show that our algorithm reaches the performance of
well tuned algorithms like Boostexter.

2 Boosting and Multi-label Problems

Most of supervised learning algorithms deal with binary or multiclass classi-
fication tasks. In such a case, an instance belongs to one class and the goal of
learning algorithms is to find an hypothesis which minimizes the probability that
an instance is misclassified by the hypothesis. Even when a learning algorithm
do not apply to the multiclass case, there exist several methods that can com-
bine binary decision procedures in order to solve multiclass problems ([DB95,
ASS00]). In this paper, we consider the more general problem, called multi-label
classification problem, in which an example may belong to any number of classes.
Formally, let X be the universe and let us consider a set of labels Y = {1, . . . , k}.
The goal is to find with input a sample S = {(xi, Yi) | xi ∈ X , Yi ⊆ Y, 1 ≤ i ≤ m}
an hypothesis h : X �→ 2Y with low error. It is unclear to define the error in
the multi-label case because different definitions are possible, depending on the
application we are faced with. In this paper, we only consider the Hamming
error.

Hamming error: The goal is to predict the set of labels associated with an
example. Therefore, one takes into account prediction errors (an incorrect label
is predicted) and missing errors (a label is not predicted). Let us consider a
target function c : X �→ 2Y and an hypothesis h : X �→ 2Y , the Hamming error
of h is defined by:

EH(h) =
1
k

k∑

l=1

D({x ∈ X | (l ∈ h(x) ∧ l �∈ c(x)) ∨ (l �∈ h(x) ∧ l ∈ c(x))}). (1)

2 Data sets and perl scripts are available on
http://www.grappa.univ-lille3.fr/recherche/datasets.
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The factor 1
k normalizes the error in the interval [0, 1]. The training error over

a sample S is:

EH(h, S) =
1
km

∑

i,l

(‖ (l ∈ h(xi) ∧ l �∈ Yi ‖ + ‖ l �∈ h(xi) ∧ l ∈ Yi ‖) (2)

where ‖ a ‖ equals 1 if a holds and 0 otherwise.
In the rest of the paper, we will consider learning algorithms that output map-

pings h from X × Y into R. The real value h(x, l) can be viewed as a prediction
value for the label l for the instance x. Given h, we define a multi-label interpreta-
tion hm of h: hm is a mapping X → 2Y such that hm(x) = {l ∈ Y | h(x, l) > 0}.

AdaBoost.MH

Schapire and Singer introduce AdaBoost.MH in [SS00]. Originally, the algorithm
supposes a weak learner from X × Y to R. In this section we focus on boosting
decision stumps. We are given a set of conditions C. Weak hypotheses are there-
fore rules of the form if c then (al)l∈Y else (bl)l∈Y where c ∈ C and al, bl are real
values for each label l. Weak hypotheses therefore make their predictions based
on a partitioning of the domain X .

The AdaBoost.MH learning algorithm is given in Algorithm 1. Multi-label
data are firstly transformed into binary data. Given a set of labels Y ⊆ Y, let
us define Y [l] to be +1 if l ∈ Y and to be −1 if l �∈ Y . Given an input sample
of m examples, the main idea is to replace each training example (xi, Yi) by k
examples ((xi, l), Yi[l]) for l ∈ Y. AdaBoost.MH maintains a distribution over
X × Y. It re-weights the sample at each boosting step. Basically, examples that
were misclassified by the hypothesis in the previous round have an higher weight
in the current round. It is proved in [SS98] that the normalization factor Zt
induced by the re-weighting realizes a bound on the empirical Hamming loss
of the current hypothesis. Therefore, this bound is used to guide the choice of
the weak hypothesis at each step. AdaBoost.MH tries to minimize error while
minimizing the normalization factor denoted by Zt at each step.

Let us denote W l
+(c) (resp. W l

−(c)) the sum of weights of the positive (resp.
negative) examples that satisfies condition c and have label l.

W l
+(c) =

i=m∑

i=1

Dt(i, l) ‖ xi satisfies c ∧ Yi[l] = +1 ‖

W l
−(c) =

i=m∑

i=1

Dt(i, l) ‖ xi satisfies c ∧ Yi[l] = −1 ‖

Therefore, one can prove analytically that the the best prediction values al
and bl which minimize Zt at each step are:

al =
1
2
ln
W l

+(c)
W l−(c)

; bl =
1
2
ln
W l

+(c)
W l−(c)

(3)



Learning Multi-label Alternating Decision Trees from Texts and Data 39

leading to a normalization factor Zt :

Zt(c) = 2
l=k∑

l=1

√
W l

+(c)W l−(c) (4)

Algorithm 1 AdaBoost.MH(T ) where T is the number of boosting rounds
Input: a sample S = {(x1, Y1), . . . , (xm, Ym) | xi ∈ X , Yi ⊆ Y = {1, . . . , k}}; C is a

set of base conditions
1: Transform S into Sk = {((xi, l), Yi[l]) | 1 ≤ i ≤ m, l ∈ Y} ⊆ (X × Y) × {−1,+1}
2: Initialize the weights: 1 ≤ i ≤ m, l ∈ Y, w1(i, l) = 1
3: for t = 1..T do
4: choose c which minimize Zt(c) according to Equation 4

5: build the rule rt : if c then 1
2 ln

W l
+(c)

W l
−(c)

else 1
2 ln

W l
+(c)

W l
−(c)

6: Update weights : wt+1(i, l) = wt(i, l)e−Yi[l]rt(xi,l)

7: end for
Output: f(x, l) =

∑T
t=1 rt(x, l).

3 Alternating Decision Trees

Alternating Decision Trees (ADTrees) are introduced by Freund and Mason
in [FM99]. They are similar to option trees developed by Kohavi et al [KK97].
An important motivation of Freund and Mason was to obtain intelligible clas-
sification models when applying boosting methods. Alternating decision trees
contain splitter nodes and prediction nodes. A splitter node is associated with a
test, a prediction node is associated with a real value. An example of ADTree
is given in Fig. 1. It is composed of four splitter nodes and nine prediction
nodes. An instance defines a set of paths in an ADTree. The classification which
is associated with an instance is the sign of the sum of the predictions along
the paths in the set defined by this instance. Consider the ADTree in Fig. 1
and the instance x = (color = red, year = 1989, . . . ), the sum of predictions
is +0.2 + 0.2 + 0.6 + 0.4 + 0.6 = +2, thus the classification is +1 with high
confidence. For the instance x = (color = red, year = 1999, . . . ), the sum of pre-
dictions is +0.4 and the classification is +1 with low confidence. For the instance
x = (color = white, year = 1999, . . . ), the sum of predictions is −0.7 and the
classification is −1 with medium confidence.

ADTree depicted in Fig. 1 can also be viewed as consisting of a root prediction
node and four units of three nodes each. Each unit is a decision rule and is
composed of a splitter node and two prediction nodes that are its children. It
is easy to give another description of ADTrees using sets of rules. For instance,
the ADTree in Fig. 1 is described by the set of rules:
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year < 1998 colour = white

Y NY N

year > 1995colour = red

Y NY N

+0.2

+0.2 −0.4 −0.5 +0.6

+0.4−0.2−0.1+0.6

Fig. 1. an example of ADTree; bold prediction nodes define the set of nodes associated
with the instance x = (color = red, year = 1989, . . . )

If TRUE then (if TRUE then +0.2 else 0 ) else 0
If TRUE then (if year < 1998 then +0.2 else -0.4 ) else 0
If year < 1998 then (if colour = red then +0.6 else -0.1 ) else 0
If year < 1998 then (if year > 1995 then -0.2 else +0.4 ) else 0
If TRUE then (if colour = white then -0.5 else +0.6 ) else 0

ADTBoost

Rules in an ADTree are similar to decision stumps. Consequently, one can apply
boosting methods in order to design an ADTree learning algorithm. The algo-
rithm proposed by Freund and Mason [FM99] is based on this idea. It relies
on Schapire and Singer [SS98] study of boosting methods. A rule in an ADTree
defines a partition of the instance space into three blocks defined by C1 ∧ c2,
C1 ∧ ¬c2 and ¬C1. Following this observation, Freund and Mason apply a va-
riant of Adaboost proposed in [SS98] for domain-partitioning weak hypotheses.
Basically, the learning algorithm builds an ADTree with a top down strategy.
At every boosting step, it selects and adds a new rule or equivalently a new unit
consisting of a splitter node and two prediction nodes. Contrary to the case of
decision trees, the reader should note that a new rule can be added below any
prediction node in the current ADTree.

Freund and Mason’s algorithm ADTboost is given as Algorithm 2. Similarly
to Adaboost algorithm, ADTboost updates weights at each step (line 8). The
quantity Zt(C1, c2) is a normalization coefficient. It is defined by

Zt(C1, c2) = 2
(√

W+(C1 ∧ c2)W−(C1 ∧ c2) +
√
W+(C1 ∧ ¬c2)W+(C1 ∧ ¬c2)

)

+W (¬C1) (5)
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where W+(C) (resp. W−(C)) is the sum of the weights of the positive (resp.
negative) examples that satisfy condition C. It has been shown that the product
of all such coefficients gives an upper bound of the training error. Therefore,
ADTboost selects a precondition C1 and a condition c2 that minimize Zt(C1, c2)
(line 5) in order to minimize the training error. The prediction values a and b
(line 6) are chosen according to results in [SS98].

ADTboost is competitive with boosting decision tree learning algorithms
such as C5 + Boost. Moreover, the size of the ADTree generated by ADTboost is
often smaller than the model generated by other methods. These two points have
strongly motivated our choices although ADTboost suffers from some drawbacks
e.g. the choice of the number of boosting rounds is difficult and overfitting occurs.
We discuss these problems in the conclusion.

Algorithm 2 ADTboost(T ) where T is the number of boosting rounds
Input: a sample S = {(x1, y1), . . . , (xm, ym) | xi ∈ X , yi ∈ {−1,+1}}; a set of base

conditions C.
1: Initialize the weights: 1 ≤ i ≤ m, wi,1 = 1
2: Initialize the ADTree: R1 = {r1 : (if T then (if T then 1

2 ln W+(T )
W−(T ) ) else 0) else 0)}

3: Initialize the set of preconditions: P1 = {T }
4: for t = 1..T do
5: Choose C1 ∈ Pt and c2 ∈ C which minimize Zt(C1, c2) according to Equation 5
6: Rt+1 = Rt ∪ {rt+1: (if C1 then (if c2 then 1

2 ln W+(C1∧c2)
W−(C1∧c2) ) else 1

2 ln W+(C1∧¬c2)
W−(C1∧¬c2) )

else 0)}
7: Pt+1 = Pt ∪ {C1 ∧ c2, C1 ∧ ¬c2}
8: update weights: wi,t+1(i) = wi,t(i)e−yirt(xi)

9: end for
Output: ADTree RT+1

4 Multi-label Alternating Decision Trees

Multi-label ADTrees

We generalize ADTrees to the case of multi-label problems. A prediction node is
now associated with a set of real values, one for each label. An example of such
an ADTree is given in Fig. 3.

Let X be the universe, the conjunction is denoted by ∧, the negation is
denoted by ¬, and let T be the True condition. Let (0)l∈Y be a vector of l zeros.

Definition 1. Let C be a set of base conditions where a base condition is a boo-
lean predicate over instances. A precondition is a conjunction of base conditions
and negations of base conditions. A rule in an ADTree is defined by a precondi-
tion C1, a condition c2 and two vectors of real numbers (al)l∈Y and (bl)l∈Y :

if C1 then (if c2 then (al)l∈Y else (bl)l∈Y) else (0)l∈Y ,
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A multi-label alternating decision tree (multi-label ADTree) is a set R of such
rules satisfying properties (i) and (ii):

(i) the set R must include an initial rule for which the precondition C1 is T ,
the condition c2 is T , and b equals (0)l∈Y ;

(ii) whenever the set R contains a rule with a precondition C ′
1, R also contains

another rule with precondition C1 and there is a base condition c2 such that
either C ′

1 = C1 ∧ c2 or C ′
1 = C1 ∧ ¬c2.

A multi-label ADTree maps each instance to a vector of real number in the
following way:

Definition 2. A rule r: if C1 then (if c2 then (al)l∈Y else (bl)l∈Y ) else (0)l∈Y
associates a real value r(x, l) with any (x, l) ∈ X ×Y. If (x, l) satisfies C = C1∧c2
then r(x, l) equals al; if (x, l) satisfies C = C1 ∧ ¬c2 then r(x, l) equals bl;
otherwise, r(x, l) equals 0.

An ADTree R = {ri}i∈I associates a prediction value R(x, l) =
∑
i∈I ri(x, l)

with any (x, l) ∈ X ×Y. A multi-label classification hypothesis is associated with
H defined by H(x, l) = sign(R(x, l)) and the real number |R(x, l)| is interpreted
as the confidence assigned to H(x, l), i.e. the confidence assigned to the label l
for the instance x.

ADTBoost.MH

Our multi-label alternating decision tree learning algorithm is derived from both
ADTboost and AdaBoost.MH algorithms. Following [SS98], we now make precise
the calculation of the prediction values and the value of the normalization factor
Zt(C1, c2). The reader should note that we consider partitions over X × Y.

On round t, let us denote the current distribution over X × Y by Dt, and
let us consider W l

+(C) (resp. W l
−(C)) as the sum of the weights of the positive

(resp. negative) examples that satisfy condition C and have label l:

W l
+(C) =

i=m∑

i=1

Dt(i, l) ‖ xi satisfies C ∧ Yi[l] = +1 ‖

W l
−(C) =

i=m∑

i=1

Dt(i, l) ‖ xi satisfies C ∧ Yi[l] = −1 ‖

W l(C) =
i=m∑

i=1

Dt(i, l) ‖ xi satisfies C ‖

It is easy to prove that the normalization factor Zt and the best prediction
values al and bl are:
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al =
1
2
ln
W l

+(C1 ∧ c2)
W l−(C1 ∧ c2)

; bl =
1
2
ln
W l

+(C1 ∧ ¬c2)
W l−(C1 ∧ ¬c2)

(6)

Zt(C1, c2) = 2
l=k∑

l=1

[√
W l

+(C1 ∧ c2)W l−(C1 ∧ c2)

+
√
W l

+(C1 ∧ ¬c2)W l−(C1 ∧ ¬c2)
]

+W (¬C1) (7)

The algorithm ADTboost.MH is given as Algorithm 3. In order to avoid
extrem values for confidence values, we use the following formulas:

al =
1
2
ln
W l

+1(C1 ∧ c2) + ε

W l
−1(C1 ∧ c2) + ε

; bl =
1
2
ln
W l

+1(C1 ∧ ¬c2) + ε

W l
−1(C1 ∧ ¬c2) + ε

(8)

with ε = 1
2mk .

Algorithm 3 ADTboost.MH(T ) where T is the number of boosting rounds
Input: a sample S = {(x1, Y1), . . . , (xm, Ym) | xi ∈ X , Yi ⊆ Y = {1, . . . , k}}; C is a

set of base conditions
1: Transform S into Sk = {((xi, l), Yi[l]) | 1 ≤ i ≤ m, l ∈ Y} ⊆ (X × Y) × {−1,+1}
2: Initialize the weights: 1 ≤ i ≤ m, l ∈ Y, w1(i, l) = 1
3: Initialize the multi-label ADTree:

R1 = {r1 : (if T then (if T then (al = 1
2 ln

W l
+(T )

W l
−(T )

)l∈Y) else (bl = 0)l∈Y) else 0)}.

4: Initialize the set of preconditions: P1 = {T }.
5: for t = 1..T do
6: choose C1 ∈ Pt and c2 ∈ C which minimize Zt(C1, c2) according to Equation 7

7: Rt+1 = Rt ∪ {rt+1 : (if C1 then (if c2 then (al = 1
2 ln

W l
+(C1∧c2)

W l
−(C1∧c2)

)l∈Y) else (bl =

1
2 ln

W l
+(C1∧¬c2)

W l
−(C1∧¬c2)

)l∈Y) else 0)}
8: Pt+1 = Pt ∪ {C1 ∧ c2, C1 ∧ ¬c2}
9: Update weights : wt+1(i, l) = wt(i, l)e−Yi[l]rt(xi,l)

10: end for
Output: multi-label ADTree RT+1

Relations with Other Formalisms

Multi-label ADTrees trivially extends several common formalisms in machine
learning.

Voted decision stumps produced for instance by AdaBoost.MH presented as Al-
gorithm 1 are obviously multi-label ADTrees where each rule has T as a pre-
condition. These “flat” multi-label ADTrees can be the output of ADTBoost.MH
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if we impose a very simple control. Line 6 of Algorithm 3, we choose c2 in C
which minimize Zt(T , c2) according to Equation 7. Thus, AdaBoost.MH can be
considered as a parameterization of ADTBoost.MH.

(Multi-label) decision trees: A (multi-label) decision tree is an ADTree with the
following restrictions: any inner prediction node contains 0; there is at most one
splitter node below every prediction node; prediction nodes at a leaf position
contain values that can be interpreted as classes (using for instance the sign
function in the binary case).

Weighted vote of (multi-label) decision trees: Voted decision trees t1, . . . , tk as-
sociated with weights w1, . . . , wk are also simply transformed into ADTrees. One
needs to add prediction nodes containing the weight wi at every leaf of the tree
ti and graft all trees at the root of an ADTree.

5 Experiments

In this section, we describe the experiments we conduct with ADTBoost.MH.
We mainly argue that we can obtain both accurate and readable classifiers over
tabular and text data using multi-label alternating decision trees.

Implementation

Our implementation of ADTBoost.MH supports items descriptions that include
discrete attributes, continuous attributes and texts. In the case of a discrete
attribute A whose domain is {v1, . . . , vn}, the set of base conditions are binary
conditions of the form A = vi, A �= vi. In the case of a continuous attribute A, we
consider binary conditions of the form A < vi. Finally, in the case of text-valued
attributes over a vocabulary V , base conditions are of the form m occurs in A
where m belongs to V .

Missing values are handled in ADTBoost.MH as in Quinlan’s C4.5 software
([Qui93]). Let us consider an ADTree R, a position p in R associated with con-
dition c based on an attribute A and an instance for which the value of A is
missing. We estimate probabilities for the assertions c to be true or false, based
on the observation of the training set. The obtained values are assigned to the
missing value of this instance and then propagated below p.

Data Sets

The Reuters collection is the most commonly-used collection for text classifica-
tion. We use a formatted version of Reuters version 2 (also called Reuters-21450)
prepared by Y. Yang and colleagues3. Documents are labeled to belong to at least
one of the 135 possible categories. A “sub-category” relation governs categories.
3 available at http://moscow.mt.cs.cmu.edu:8081/reuters_21450/parc/
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Nine of them constitute the top level of this hierarchy. Because most of the
articles in the whole Reuters data set belong to exactly one category, in the ex-
periments we select categories and articles for which overlaps between categories
are more significant.

News collection: We prepare a new data set from newsgroups archi-
ves in order to build a multilabel classification problem where cases
are described by texts, continuous and nominal values. We obtain from
ftp://ftp.cs.cmu.edu/user/ai/pubs/news/comp.ai/ news articles posted in
the comp.ai newsgroup in july 1997. Some articles in this forum have been cross
posted in several newsgroups. The classification task consists in finding in which
newsgroup a news has been cross posted.

Each news is described by seven attributes. Two of them are textual data:
the subject and the text of the news. Four attributes are continuous (natural
numbers): the number of lines in the text of the news, the number of referen-
ces (that is the number of parents in the thread discussion), the number of
capitalized words and the number of words in the text of the news. One attri-
bute is discrete: the top level domain of sender’s email address. We have dro-
ped small words, less than three letters, and non purely alphabetic words (e.g.
R2D2)4. There are 524 articles and we keep only the five most frequent cross
posted newsgroups as labels. The five newsgroups are: misc.writing (61 posts),
sci.space.shuttle (68 posts), sci.cognitive (70 posts), rec.arts.sf.written (70 posts)
and comp.ai.philosophy (73 posts). Only 171 articles were cross posted to at least
one of these five newsgroups (60 in one, 51 in two, 60 in three).

Results

We first train our algorithm on the Reuters dataset in order to evaluate it against
Boostexter (Available implementation of AdaBoost.MH 5). Reuters dataset con-
sists in a train set and a test set. But following the protocol explained in [SS00],
we merge these two sets and we focused on the nine topics constituting the top
hierarchy. We then select the subsets of the k classes with the largest number
of articles for k = 3 . . . 9. Results were computed on a 3-fold cross-validation.
The number of boosting steps being set to 30. We report in table 1 one-error,
coverage and average precision for Boostexter and ADTBoost.MH.

In the news classification problem, ranks of labels are less relevant. We only
report the hamming error. Our algorithm ADTBoost.MH builds rules that may
have large preconditions. This feature allows to partition the space in a very fine
way and the training error can decrease very quickly. This can be observed on
the news data set. After 30 boosting steps, the training error is 0 for the model
generated by ADTBoost.MH. This is achieved by Boostexter after 230 boosting
steps. On the one hand, smaller models can be generated by ADTBoost.MH. On
4 Data sets and perl scripts are available on
http://www.grappa.univ-lille3.fr/recherche/datasets.

5 http://www.cs.princeton.edu/˜schapire/boostexter.html
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Table 1. Comparing Boostexter and ADTree on the Reuters data set. The number k
is the number of labels in the multi-label classification problem

ADTree Boostexter
k Error Cover Prec Error Cover Prec
3 6.01% 0.07 0.97 6.48% 0.08 0.97
4 7.03% 0.10 0.96 7.93% 0.11 0.96
5 8.31% 0.12 0.95 8.99% 0.14 0.95
6 12.70% 0.24 0.92 12.34% 0.24 0.92
7 14.72% 0.31 0.91 14.32% 0.30 0.91
8 16.01% 0.34 0.91 15.90% 0.35 0.90
9 16.77% 0.40 0.89 16.60% 0.39 0.89

Table 2. Hamming error of ADTBoost.MH and Boostexter on the cross posted news
data set

Boosting steps ADTBoost.MH Boostexter
10 0.024 0.022
30 0.023 0.019
50 0.017 0.017
100 0.017 0.014

the other hand, both ADTBoost.MH and ADTBoost tend to overspecialize and
this phenomenon seems to occur more quickly for ADTBoost.MH.

Table 2 reports the hamming error on the cross posted news data set com-
puted with a ten-fold cross validation. Note that the hamming error of the pro-
cedure that associate the empty set of label to each case is 0.306.

Figure 2 shows an example of rules produced by ADTBoost.MH on this data
set and its graphical representation is depicted in Fig. 3. Both representations
allow to interpret the model generated by ADTBoost.MH. For instance, accor-
ding to the weights computed in the five first rules, one may say that when an
article is cross posted in sci.space.shuttle it is not in sci.cognitive. On the con-
trary rec.arts.sf.written seems to be correlated with sci.space.shuttle. Below is
an example of a rule with conditions that mix tests over textual data and tests
over continuous data.

If subject (not contains Birthday) and (subject not contains Clarke)
and (subject not contains Secrets)

Class : misc_w sci_sp sci_co comp_a rec_ar
If #lines >= 22.50 then -0.37 -3.24 0.24 0.17 0.08
If #lines < 22.50 then -0.12 -2.88 -3.51 -0.41 -5.07

Else 0

6 Conclusion

We have proposed a learning algorithm ADTBoost.MH that can handle multi-label
problems and produce intelligible models. It is based on boosting methods and seems
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Rule 0
if TRUE
Class : misc_w sci_sp sci_co comp_a rec_ar

If TRUE then -1.01 -0.95 -0.93 -0.91 -0.93
Else 0
-------------------------
Rule 1
if TRUE

Class : misc_w sci_sp sci_co comp_a rec_ar
If subject Contains Birthday then 1.71 1.50 -6.35 -6.35 1.71
If subject not contains Birthday then -7.35 -2.02 -0.86 -0.84 -1.96

Else 0
-------------------------
Rule 2
If subject not contains Birthday

Class : misc_w sci_sp sci_co comp_a rec_ar
If subject Contains Emotional then -2.93 -5.59 7.03 2.65 -5.62
If subject not contains Emotional then -4.12 0.05 -0.41 -0.37 0.05

Else 0
-------------------------
Rule 3
If subject not contains Birthday

Class : misc_w sci_sp sci_co comp_a rec_ar
If subject Contains Clarke then -0.46 6.92 -5.30 -5.33 6.89
If subject not contains Clarke then -2.31 -6.92 0.01 0.01 -1.10

Else 0
-------------------------
Rule 4
If subject not contains Birthday
If subject not contains Clarke

Class : misc_w sci_sp sci_co comp_a rec_ar
If subject Contains Secrets then -0.17 -1.99 2.61 -5.83 -4.92
If subject not contains Secrets then -1.32 -3.59 -0.33 0.02 0.02

Else 0

Fig. 2. Output of ADTBoost.MH on the news data set

to reach the performance of well tuned algorithms like AdaBoost.MH. Further works
concern a closer analysis of the overspecialization phenomenon.

The number of rules in a multi-label ADTree is related to the number of boosting
rounds in boosting algorithms like AdaBoost.MH. Readability of multi-label ADTree
is clearly altered when the number of rules becomes large. But, this possibly large
set of rules depicted as a tree comes with weights and with an ordering that permits
“stratified” interpretations. Indeed, due to the algorithmic bias in the algorithm, rules
that are firstly generated contribute to reduce the most the training error. Nonetheless,
navigation tools and high quality user interfaces should be built to improve readability.
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misc_writing=-1.013 (61.00)
 sci_space_shuttle=-0.951 (68.00)

 sci_cognitive=-0.935 (70.00)
 comp_ai_philosophy=-0.911 (73.00)
 rec_arts_sf_written=-0.935 (70.00)

 (items : 524)

sujet
 (items : 524.00)

Rule 1

misc_writing=1.709 (61.00)
 sci_space_shuttle=1.498 (60.00)

 sci_cognitive=-6.354 (0.00)
 comp_ai_philosophy=-6.354 (0.00)
 rec_arts_sf_written=1.709 (61.00)

 (items : 63.00)

Contains  Birthday

misc_writing=-7.349 (0.00)
 sci_space_shuttle=-2.018 (8.00)

 sci_cognitive=-0.860 (70.00)
 comp_ai_philosophy=-0.835 (73.00)

 rec_arts_sf_written=-1.958 (9.00)
 (items : 461.00)

 Contains no  Birthday

sujet
 (items : 461.00)

Rule 2

sujet
 (items : 461.00)

Rule 3

misc_writing=-2.929 (0.00)
 sci_space_shuttle=-5.593 (0.00)

 sci_cognitive=7.032 (39.00)
 comp_ai_philosophy=2.654 (38.00)
 rec_arts_sf_written=-5.623 (0.00)

 (items : 39.00)

Contains  Emotional

misc_writing=-4.118 (0.00)
 sci_space_shuttle=0.045 (8.00)
 sci_cognitive=-0.407 (31.00)

 comp_ai_philosophy=-0.366 (35.00)
 rec_arts_sf_written=0.045 (9.00)

 (items : 422.00)

 Contains no  Emotional

misc_writing=-0.455 (0.00)
 sci_space_shuttle=6.918 (8.00)

 sci_cognitive=-5.298 (0.00)
 comp_ai_philosophy=-5.331 (0.00)

 rec_arts_sf_written=6.888 (8.00)
 (items : 8.00)

Contains  Clarke

misc_writing=-2.311 (0.00)
 sci_space_shuttle=-6.918 (0.00)

 sci_cognitive=0.011 (70.00)
 comp_ai_philosophy=0.010 (73.00)
 rec_arts_sf_written=-1.099 (1.00)

 (items : 453.00)

 Contains no  Clarke

sujet
 (items : 453.00)

Rule 4

misc_writing=-0.168 (0.00)
 sci_space_shuttle=-1.992 (0.00)

 sci_cognitive=2.611 (15.00)
 comp_ai_philosophy=-5.833 (0.00)
 rec_arts_sf_written=-4.923 (0.00)

 (items : 16.00)

Contains  Secrets

misc_writing=-1.323 (0.00)
 sci_space_shuttle=-3.590 (0.00)

 sci_cognitive=-0.329 (55.00)
 comp_ai_philosophy=0.020 (73.00)

 rec_arts_sf_written=0.020 (1.00)
 (items : 437.00)

 Contains no  Secrets
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Abstract. In supervised machine learning, some algorithms are restricted to 
discrete data and need to discretize continuous attributes. The Khiops* discreti-
zation method, based on chi-square statistics, optimizes the chi-square criterion 
in a global manner on the whole discretization domain. In this paper, we pro-
pose a major evolution of the Khiops algorithm, that provides guarantees 
against overfitting and thus significantly improve the robustness of the discreti-
zations. This enhancement is based on a statistical modeling of the Khiops algo-
rithm, derived from the study of the variations of the chi-square value during 
the discretization process. This modeling, experimentally checked, allows to 
modify the algorithm and to bring a true control of overfitting. Extensive ex-
periments demonstrate the validity of the approach and show that the Khiops 
method builds high quality discretizations, both in terms of accuracy and of 
small interval number. 

1   Introduction 

Discretization of continuous attributes is a problem that has been studied extensively 
in the past [5,9,10,13]. Many induction algorithms rely on discrete attributes and need 
to discretize continuous attributes, i.e. to slice their domain into a finite number of 
intervals. For example, decision tree algorithms exploit a discretization method to 
handle continuous attributes. C4.5 [11] uses the information gain based on Shannon 
entropy. CART [4] applies the Gini criterion (a measure of the impurity of the inter-
vals). CHAID [7] relies on a discretization method close to ChiMerge [8]. SIPINA 
takes advantage of the Fusinter criterion [12] based on measures of uncertainty that 
are sensitive to sample size. The Minimum Description Length Principle [6] is an 
original approach that attempts to minimize the total quantity of information both 
contained in the model and in the exceptions to the model. 

The Khiops discretization method [2] is a bottom-up method based on the global 
optimization of chi-square. The Khiops method starts the discretization from the ele-
mentary single value intervals. It evaluates all merges between adjacent intervals and 
selects the best one according to the chi-square criterion applied to the whole set of 
intervals. The stopping rule is based on the confidence level computed with chi-
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square statistics. The method automatically stops merging intervals as soon as the 
confidence level, related to the chi-square test of independence between the discre-
tized attribute and the class attribute, does not decrease anymore. The Khiops method 
optimizes a global criterion which evaluates the entire partition of the domain into 
intervals and not a local criterion applied to two neighboring intervals as in the 
ChiSplit top down method or the ChiMerge bottom-up method. 

The set of intervals resulting from a discretization provides an elementary univari-
ate classifier, which predicts the local majority class in each learned interval. A dis-
cretization method can be considered as an inductive algorithm, therefore subject to 
overfitting. This overfitting problem has not yet been deeply analyzed in the field of 
discretization. The initial Khiops discretization uses a heuristic control of overfitting 
by constraining the frequency of the intervals to be greater than the square root of the 
sample size. In this paper, we introduce a significant improvement of the Khiops 
algorithm which brings a true control of overfitting. The principle is to analyze the 
behavior of the algorithm during the discretization of an explanatory attribute inde-
pendent from the class attribute. We study the statistics of the variations of the chi-
square values during the merge of intervals and propose a modeling of the maximum 
of these variations in a complete discretization process. The algorithm is then modi-
fied in order to force any merge whose variation of chi-square value is below the 
maximum variation predicted by our statistical modeling. This change in the algo-
rithm yields the interesting probabilistic guarantee that any independent attribute will 
be discretized within a single terminal attribute and that any attribute whose discreti-
zation consists of at least two intervals truly contains predictive information upon the 
class attribute. 

The remainder of the document is organized as follows. Section 2 briefly intro-
duces the initial Khiops algorithm. Section 3 presents the statistical modeling of the 
algorithm and its evolution. Section 4 proceeds with an extensive experimental 
evaluation. 

2   The Initial Khiops Discretization Method 

In this section, we recall the principles of the chi-square test and present the Khiops 
algorithm, whose detailed description and analysis can be found in [3]. 

2.1   The Chi-Square Test: Principles and Notations 

Let us consider an explanatory attribute and a class attribute and determine whether 
they are independent. First, all instances are summarized in a contingency table, 
where the instances are counted for each value pair of explanatory and class attrib-
utes. The chi-square value is computed from the contingency table, based on Table 1 
notations. 

Let eij = ni..n.j / N, stand for the expected frequency for cell (i, j) if the explanatory 
and class attributes are independent. The chi-square value is a measure on the whole 
contingency table of the difference between observed frequencies and expected fre-
quencies. It can be interpreted as a distance to the hypothesis of independence be-
tween attributes. 
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Table 1. Contingency table used to compute the chi-square value 

nij: Observed frequency for ith explanatory value A B C Total 
   and jth class value a n11 n12 n13 n1. 
ni.: Total observed frequency for ith explanatory value b n21 n22 n23 n2. 
n.j: Total observed frequency for jth class value c n31 n32 n33 n3. 
N: Total observed frequency d n41 n42 n43 n4. 
I: Number of explanatory attribute values e n51 n52 n53 n5. 
J: Number of class values Total n.1 n.2 n.3 N 
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Within the null hypothesis of independence, the chi-square value is subject to chi-
square statistics with (I-1).(J-1) degrees of freedom. This is the basis for a statistical 
test which allows to reject the hypothesis of independence; the higher the chi-square 
value, the smaller the confidence level. 

2.2   Algorithm 

The chi-square value depends on the local observed frequencies in each individual 
row and on the global observed frequencies in the whole contingency table. This is a 
good candidate criterion for a discretization method. The chi-square statistics is pa-
rameterized by the number of explanatory values (related to the degrees of freedom). 
In order to compare two discretizations with different interval numbers, we use the 
confidence level instead of the chi-square value. 

The principle of Khiops algorithm is to minimize the confidence level between the 
discretized explanatory attribute and the class attribute by the means of chi-square 
statistics. The chi-square value is not reliable to test the hypothesis of independence if 
the expected frequency in any cell of the contingency table falls below some mini-
mum value. The algorithm copes with this constraint. 

The Khiops method is based on a greedy bottom-up algorithm. It starts with initial 
single value intervals and then searches for the best merge between adjacent intervals. 
Two different types of merges are encountered. First, merges with at least one interval 
that does not meet the constraint and second, merges with both intervals fulfilling the 
constraint. The best merge candidate (with the highest chi-square value) is chosen in 
priority among the first type of merges (in which case the merge is accepted uncondi-
tionally), and otherwise, if all minimum frequency constraints are respected, it is 
selected among the second type of merges (in which case the merge is accepted under 
the condition of improvement of the confidence level). The algorithm is reiterated 
until both all minimum frequency constraints are respected and no further merge can 
decrease the confidence level. 

The computational complexity of the algorithm can be reduced to O(N log(N)) with 
some optimizations [3]. 
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2.3   Minimum Frequency per Interval 

In order to be reliable, the chi-square test requires that every cell of the contingency 
table have an expected value of at least 5. This is equivalent to a minimum frequency 
constraint for each interval of the discretization. Furthermore, to prevent overfitting, 
the initial Khiops algorithm heuristically increases the minimum frequency per inter-
val constraint up to the square root of the sample size. In this paper, we show how to 
replace this heuristic solution by a method with theoretical foundations to avoid over-
fitting. 

3   Statistical Analysis of the Algorithm 

The Khiops algorithm chooses the best merge among all possible merges of intervals 
and iterates this process until the stopping rule is met. When the explanatory attribute 
and the class attribute are independent, the resulting discretization should be com-
posed of a single interval, meaning that there is no predictive information in the ex-
planatory attribute. In the following, we study the statistical behavior of the initial 
Khiops algorithm. 

In the case of two independent attributes, the chi-square value is subject to chi-
square statistics, with known expectation and variance. We study the DeltaChi2 law 
(variation of the chi-square value after the merge of two intervals) in the case of two 
independent attributes. During a discretization process, a large number of merges are 
evaluated, and at each step, the Khiops algorithm chooses the merge that maximizes 
the chi-square value; i.e. the merge that minimizes the DeltaChi2 value since the chi-
square value before the merge is fixed. The stopping rule is met when the best Del-
taChi2 value is too large. However, in the case of two independent attributes, the 
merging process should continue until the discretization reaches a single terminal 
interval. The largest DeltaChi2 value encountered during the algorithm merging deci-
sion steps must then be accepted. We will try to estimate this MaxDeltaChi2 value in 
the case of two independent attributes and modify the algorithm in order to force the 
merges as long as this bound is not reached. 

3.1   The DeltaChi2 Law 

The expectation and the variance of chi-square statistics with k degrees of freedom 
and a sample of size N are: 

( ) kChiE =2  , 

( ) 
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Let us focus on two rows r and r’  of the contingency table, with frequencies n and 
n’ , and row probabilities of the class values p1, p2, … pJ and p’1, p’2, … p’J. 
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 Total 
 … … … … …
 … … … …

row r p1 n p2 n … p J n n 
row r’  p’1 n’ p’ 2 n’ … p’ J n’ n’ 

 … … … …  
 … … … …  

Total P1 N P2 N … P J N N 
 
Owing to the additivity of the chi-square criterion, the variation of the chi-square 

value is based on the row contribution of the two rows before and after the merge. 
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This variation of the chi-square value is always negative and is equal to zero only 
when the two rows hold exactly the same proportions of class values. The chi-square 
value of a contingency table can only decrease when two rows are merged. In the 
following, we define the DeltaChi2 value with the absolute value of the variation of 
the chi-square value for ease of use. 
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We proved in [3] that in the case of an explanatory attribute independent from a 
class attribute with J class values, the DeltaChi2 value resulting from the merge of 
two rows with the same frequencies is asymptotically distributed as the chi-square 
statistics with J-1 degrees of freedom. Under these assumptions, we can derive the 
following properties of the DeltaChi2 statistics. 

                                       ( ) ( )xChipxDeltaChip JJ ≥≥ −12~2  . 

                                       ( ) 1~2 −JDeltaChiE J  . 

                                       ( ) ( )12~2 −JDeltaChiV J  . 

3.2   Statistics of the Merges of the Khiops Algorithm 

During the complete discretization process toward a single terminal interval, the 
number of merges is equal to the sample size. A straightforward modeling of the 
Khiops algorithm is that all these merges are equi-distributed, independent and that 
they follow the theoretical DeltaChi2 statistics. This is an approximate modeling, 
mainly for the following reasons: 

- the merges are not independent, 
- the DeltaChi2 statistics is valid only asymptotically and for intervals with the 

same frequency, 
- the Khiops algorithms uses a minimum frequency constraint that induces a hier-

archy among the possible merges, 
- at each step, the completed merge is the best one among all possible merges. 
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In order to evaluate this statistical modeling of the Khiops algorithm, we proceed 
with an experimental study. This experiment consists in discretizing an explanatory 
continuous attribute independent of a class attribute whose two class values are equi-
distributed. In order to draw their repartition function, all the DeltaChi2 values asso-
ciated with the completed merges are collected until one terminal interval is built. 
This process is applied on samples of sizes 100, 1000 and 10000. The resulting em-
pirical repartition functions of the DeltaChi2 values are displayed on Fig. 1 and com-
pared with the theoretical DeltaChi2 repartition function. 
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Fig. 1. Repartition functions of the DeltaChi2 values of the merges completed by the Khiops 
algorithm during the discretization of an explanatory attribute independent of the class attribute 

The experiment shows that the DeltaChi2 empirical law is independent of the sam-
ple size and fits well the theoretical DeltaChi2 law, especially above the value p~0.85. 

3.3   Statistics of the MaxDeltaChi2 Values of the Khiops Algorithm 

The purpose is to settle a MaxDeltaChi2 threshold for the Khiops algorithm, so that in 
the case of two independent attributes, the algorithm converges toward a single termi-
nal interval with a given probability p (p=0.95 for instance). All evaluated merges 
must be accepted as long as their DeltaChi2 value is below the MaxDeltaChi2 value. 
Based on the previous modeling where all the merges are independent, the probability 
that all the merges are accepted is equal to the probability that one merge is accepted, 
to the power N. 

The MaxDeltaChi2 value is given by: 

                                  ( ) piMaxDeltaChDeltaChiP N
I ≥≤ 22  . 

Using the theoretical DeltaChi2 law: 

                                     ( ) N
J piMaxDeltaKhChiP 1

1 22 ≥≤−  . 

                  ( )N
J pprobInvChiiMaxDeltaCh 1

122 ≥= −  . (3) 
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In order to validate this modeling of the MaxDeltaChi2 statistics, we proceed with 
a new experiment and collect the MaxDeltaChi2 value instead of all the DeltaChi2 
values encountered during the algorithm. The experiment is applied on the same two 
independent attributes, on samples of sizes 100, 1000, 10000 and 100000. In order to 
gather many MaxDeltaChi2 values, it is repeated 1000 times for each sample size. 
The empirical MaxDeltaChi2 repartition functions are drawn on figure 2 and com-
pared with the theoretical repartition functions derived from equation 3. 
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Fig. 2. Empirical and theoretical repartition function of the MaxDeltaChi2 values 

The empirical and theoretical repartition functions have very similar shapes for 
each sample size. The theoretical values are upper bounds of the empirical values, 
with a moderate margin. We must keep in mind that these theoretical values result 
from an approximate statistical modeling of the Khiops algorithm. Their behavior as 
upper bounds is not proved but merely empirically observed. 

3.4   The Robust Khiops Algorithm 

The Khiops algorithm performs the merges of intervals as long as the confidence level 
of the chi-square test decreases. We keep the constraint of minimum frequency of 5 in 
each cell of the contingency table to ensure the reliability of the chi-square test, but 
we replace the former heuristic minimum frequency constraint used to prevent over-
fitting by a new method based on the study of the MaxDeltaChi2 statistics. 

In the case of two independent attributes, the discretization should result in a single 
terminal interval. For a given probability p, the statistical modeling of the Khiops 
algorithms provides a theoretical value MaxDeltaChi2(p) that will be greater than all 
the DeltaChi2 values of the merges completed during the discretization, with prob-
ability p (probability higher than p according to the experimental study). The Khiops 
algorithm is then modified in order to force all the merges whose DeltaChi2 value is 
smaller than MaxDeltaChi2(p). This ensures the expected behavior of the algorithm 
with probability p. In the case of two attributes with unknown dependency relation-
ship, this enhancement of the algorithm guarantees that when the discretized attribute 
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consists of at least two intervals, the explanatory attribute truly holds information 
concerning the class attribute with probability higher than p. We suggest to set 
p=0.95, in order to ensure reliable discretization results. 

 
Algorithm Robust Khiops 
1. Initialization 

1.1 Compute the MaxDeltaChi2 value with formula 3 
1.2 Sort the explanatory attribute values 
1.3 Create an elementary interval for each value 

2. Optimization of the discretization: repeat the following steps 
2.1 Evaluate all possible merges between adjacent intervals 
2.2 Search for the best merge 
2.3 Merge and continue as long as one of the following conditions is rele-

vant 
- At least one interval does not respect the minimum frequency constraint 
- The confidence level of the discretization decreases after the merge 
- The DeltaChi2 value of the best merge is below the MaxDeltaChi2 value 

 
The impact on the initial Khiops algorithm is restricted to the evaluation of the 

stopping rule and keeps the supra-linear computational complexity of the optimized 
version of the algorithm. 

3.5   Post-optimization of the Discretizations 

The Khiops method is a greedy bottom-up algorithm that allows identifying fine grain 
structures within efficient computation time. We propose a very simple post-
processing of the discretizations in order to refine the boundaries of the intervals. For 
each pair of adjacent intervals, the post processing searches for the best boundary 
between the two intervals. This local optimization step is reiterated on all the pairs of 
intervals of the whole discretization, until no more improvement can be found. Ex-
periments showed that this elementary post-optimization of the discretizations repeat-
edly brought slight improvements. 

4   Experiments 

In our experimental study, we compare the Khiops method with other supervised and 
unsupervised discretization algorithms. In order to evaluate the intrinsic performance 
of the discretization methods and eliminate the bias of the choice of a specific induc-
tion algorithm, we use a protocol similar as [13], where each discretization method is 
considered as an elementary inductive method, that predicts the local majority class in 
each learned interval. The discretizations are evaluated for two criteria: accuracy and 
interval number. 

We gathered 15 datasets from U.C. Irvine repository [1], each dataset has at least 
one continuous attribute and at least a few tenths of instances for each class value. 
Table 2 describes the datasets; the last column corresponds to the accuracy of the 
majority class.  
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Table 2. Datasets 

Dataset Continuous Nominal Size Class Majority 
 Attributes Attributes  Values Accuracy 
Adult 7 8 48842 2 76.07 
Australian 6 8 690 2 55.51 
Breast 10 0 699 2 65.52 
Crx 6 9 690 2 55.51 
German 24 0 1000 2 70.00 
Heart 10 3 270 2 55.56 
Hepatitis 6 13 155 2 79.35 
Hypothyroid 7 18 3163 2 95.23 
Ionosphere 34 0 351 2 64.10 
Iris 4 0 150 3 33.33 
Pima 8 0 768 2 65.10 
SickEuthyroid 7 18 3163 2 90.74 
Vehicle 18 0 846 4 25.77 
Waveform 21 0 5000 3 33.92 
Wine 13 0 178 3 39.89 

 
The discretization methods studied in the comparison are: 
- Khiops: the method described in this paper, 
- Initial Khiops: the previous version of the method, described in section 2, 
- MDLPC: Minimum Description Length Principal Cut [6], 
- ChiMerge: bottom-up method based on chi-square [8], 
- ChiSplit: top-down method based on chi-square, 
- Equal Width, 
- Equal Frequency. 
 
The MDLPC and initial Khiops methods have an automatic stopping rule and do 

not require any parameter setting. For the ChiMerge and ChiSplit methods, the sig-
nificance level is set to 0.95 for chi-square threshold. For the Equal Width and Equal 
Frequency unsupervised discretization methods, the interval number is set to 10. We 
have re-implemented these alternative discretization approaches in order to eliminate 
any variance resulting from different cross-validation splits. The discretizations are 
performed on the 181 single continuous attributes of the datasets, using a stratified 
tenfold cross-validation. In order to determine whether the performances are signifi-
cantly different between the Khiops method and the alternative methods, the t-
statistics of the difference of the results is computed. Under the null hypothesis, this 
value has a Student’s distribution with 9 degrees of freedom. The confidence level is 
set to 5% and a two-tailed test is performed to reject the null hypothesis. 

4.1   Accuracy of Discretizations 

The whole result tables are too large to be printed in this paper. The accuracy results 
are summarized in Table 3, which reports for each dataset the mean of the dataset 
attribute accuracies and the number of significant Khiops wins (+) and losses (-) of 



Khiops: A Discretization Method of Continuous Attributes         59 

 

the elementary attribute classifiers for each method comparison. The results show that 
the supervised methods (except ChiMerge) perform clearly better than the unsuper-
vised methods. The ChiMerge method is slightly better than the EqualWidth method, 
but not as good as the EqualFrequency method. The MDLPC method is clearly better 
than the EqualFrequency, ChiMerge and EqualWidth methods. The modified Khiops 
method outperforms the initial Khiops method. The Khiops and the ChiSplit methods 
obtain the best results of the experiment. 

 

Table 3. Means of accuracies, number of significant wins and losses per dataset, for the ele-
mentary attribute classifiers 

Dataset Khiops Init. Khiops MDLPC ChiMerge ChiSplit Eq. Width Eq. Freq. 
+ - + - + - + - + - + - 

Adult 77.3 77.2 2 1 77.3 0 2 75.7 2 2 77.3 0 2 76.8 2 1 76.6 2 1
Australian 64.8 64.5 1 0 65.0 0 0 64.7 0 0 65.1 0 0 61.4 3 0 65.7 0 0
Breast 85.8 86.0 0 1 86.1 0 1 85.6 0 1 85.9 0 1 86.0 0 1 85.7 1 1
Crx 65.0 64.5 0 0 65.2 0 0 63.8 2 0 65.3 0 0 61.1 3 0 65.6 0 1
German 70.1 70.0 0 0 70.0 0 0 70.0 0 0 70.1 0 0 70.1 0 2 70.0 0 0
Heart 64.4 63.8 0 0 64.0 0 0 64.0 0 0 63.8 0 0 63.9 2 0 64.5 1 0
Hepatitis 79.6 79.4 0 0 79.3 0 0 77.8 3 0 79.3 0 0 79.8 0 0 79.9 0 0
Hypothyroid 96.1 96.0 0 1 96.1 0 1 96.0 3 0 96.1 1 0 95.4 3 1 95.2 3 1
Ionosphere 79.7 78.7 5 0 77.6 10 2 75.7 21 0 79.5 4 3 73.9 19 1 75.0 22 0
Iris 78.8 77.7 0 0 75.5 1 0 77.0 0 0 78.8 0 0 76.5 1 0 76.3 0 0
Pima 66.3 66.8 1 1 66.1 0 0 65.6 2 0 66.5 0 0 66.8 0 1 66.3 0 1
SickEuthy-
roid 

91.3 91.4 0 0 91.3 0 0 91.3 1 0 91.3 0 0 90.7 2 0 91.0 1 0

Vehicle 41.5 40.9 3 1 40.5 4 0 41.4 2 1 42.1 0 3 40.8 3 0 40.3 3 0
Waveform 49.3 49.1 2 0 49.3 0 0 48.7 6 0 49.1 4 0 49.2 3 3 49.5 1 4
Wine 60.0 62.0 1 3 60.1 0 1 59.6 1 0 60.4 0 1 61.4 2 2 60.8 1 2

Synthesis 68.6 68.4 15 8 68.0 15 7 67.4 43 4 68.6 9 10 67.2 43 12 67.6 35 11

 
 
A close look at Table 3 indicates a special behaviour of the ionosphere dataset, 

where the Khiops and ChiSplit methods largely dominate the other methods. An in-
spection of the discretizations performed by the Khiops algorithm reveals unbalanced 
sets of intervals and non-monotonic distributions. The unsupervised methods cannot 
match the changes in the distributions since they cannot adjust the boundaries of the 
intervals. Furthermore, the discretizations present a frequent pattern consisting of an 
interesting interval nested between two regular intervals. This kind of pattern, easily 
detected by the Khiops bottom-up approach, is harder to discover for the MDLPC 
top-down algorithm since it requires two successive splits with the first one not very 
significant. The ChiSplit top-down method, which produces twice the interval number 
of the MDLPC method, manages to detect the interesting patterns at the expense of 
some unnecessary intervals. The ChiMerge method generates far too many intervals 
and over-learns the attributes. 

All in all, the differences of accuracy may seem unimportant, but they are signifi-
cant and must be compared to the average accuracy of the majority class classifier, 



60         M. Boullé 
 

 

which is 57.4%. Furthermore, the performances are averaged on a large variety of 
explanatory continuous attributes. It is interesting to analyze the differences of accu-
racy for the 181 attributes in more details. Figure 3 shows the repartition function of 
the differences of accuracy between the Khiops methods and the other discretization 
methods. 
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Fig. 3. Repartition function of the differences of accuracy between the Khiops method and the 
other discretization methods 

On the left of the figure, the Khiops method is dominated by the other methods 
and, on the right, it outperforms the other algorithms. For about 40% of the attributes 
(between x-coordinates 20 and 60), all the discretization methods obtain equivalent 
results. Compared to the MDLPC method, the Khiops method is between 0 and 3% 
less accurate in about 10% of the discretizations, but is between 3 and 10% more 
accurate in about 10% of the discretizations. The average difference of 0.6% is thus 
significant and reflects potential large differences of accuracy on individual attributes. 

The accuracy criterion suggests the following ranking of the tested methods: 

1. Khiops, ChiSplit 
2. Initial Khiops, MDLPC 
3. EqualFrequency, ChiMerge 
4. EqualWidth 

4.2   Interval Number of Discretizations 

The interval number results are summarized in Table 4. The EqualWidth and 
EqualFrequency methods do not always reach the 10 required intervals, for reasons of 
lack of distinct explanatory values. The Khiops and MDLPC methods produce small 
size discretizations and are not significantly different for this criterion. The modified 
Khiops method generates almost half the interval number of the initial Khiops 
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method. The ChiSplit method builds discretization with more than twice the interval 
number of the Khiops method. The ChiMerge method generates considerable interval 
numbers, especially for the larger samples. 

Table 4. Means of interval numbers, number of significant wins and losses per dataset, for the 
elementary attribute classifiers 

Dataset Khiops Init. Khiops MDLPC ChiMerge ChiSplit Eq. Width Eq. Freq. 
+ - + - + - + - + - + - 

Adult 8.5 20.8 2 4 8.8 2 3 1264 0 7 28.2 0 6 9.4 2 4 6.6 4 2
Australian 2.1 5.3 0 6 2.0 0 0 16.1 0 6 5.2 0 6 8.1 0 6 8.8 0 6
Breast 2.6 3.7 0 5 2.9 0 5 11.6 0 9 4.9 0 9 9.2 0 10 5.9 0 10
Crx 2.1 5.3 0 6 2.1 0 0 15.8 0 6 5.1 0 6 8.2 0 6 8.7 0 6
German 1.3 2.6 0 20 1.2 2 0 2.4 0 12 2.0 0 12 3.8 0 23 3.4 0 21
Heart 1.7 3.1 0 6 1.7 0 0 5.0 0 5 2.5 0 5 5.9 0 8 6.1 0 8
Hepatitis 1.7 2.6 1 4 1.4 1 0 6.4 0 6 2.8 0 5 8.6 0 6 9.2 0 6
Hypothyroid 3.5 4.3 3 3 3.1 3 0 15.3 0 7 6.0 0 7 9.6 0 7 8.3 0 7
Ionosphere 4.3 5.1 3 21 3.9 11 6 30.0 0 32 8.0 0 30 9.4 0 32 8.9 0 32
Iris 2.8 3.3 0 2 2.8 1 0 3.7 0 3 3.6 0 3 9.7 0 4 9.5 0 4
Pima 2.3 4.5 0 8 2.1 2 1 13.2 0 8 5.0 0 8 9.5 0 8 9.3 0 8
SickEuthyroid 3.4 7.7 0 6 3.0 3 0 17.2 0 6 5.8 0 5 9.6 0 7 8.3 0 6
Vehicle 4.0 5.8 0 16 3.9 3 3 9.7 0 18 8.0 0 18 9.6 0 18 9.6 0 18
Waveform 4.5 9.4 1 19 4.9 1 9 49.0 0 21 13.6 0 21 10.0 0 21 10.0 0 21
Wine 2.6 3.5 0 11 2.8 1 3 6.7 0 13 4.8 0 12 9.8 0 13 10.0 0 13

Synthesis 3.3 5.6 10137 3.2 30 30 66.1 0159 7.2 0153 8.5 2173 8.0 4 168 

 
The interval number criterion suggests the following ranking of the tested super-

vised methods: 
1. Khiops, MDLPC 
2. Initial Khiops 
3. ChiSplit 
4. ChiMerge 

4.3   Multi-criteria Analysis of the Performances 

The preceding results allow the ranking of the tested discretization methods on each 
criterion. It is interesting to use multi-criteria methodology to better understand the 
relations between accuracy and interval number. Let us recall some principles of 
multi-criteria analysis. A solution dominates (or is non-inferior to) another one if it is 
better for all criteria. A solution that cannot be dominated is Pareto optimal: any im-
provement on one of the criteria causes deterioration on another criterion. The Pareto 
surface (Pareto curve for two criteria) is the set of all the Pareto optimal solutions. 

In order to study the importance of the parameters, we proceed with the previous 
experiments, using a wide range of parameters for each method. Figure 4 summarizes 
all the results on a two-criteria plan with the accuracy on the x-coordinate and the 
interval number on the y-coordinate. 
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Fig. 4. Bi-criteria evaluation of the discretization methods for the accuracy and the interval 
number. The curves show the impact of the parameters on the performances for each method. 
The default parameters are located on the large size symbols 

 
The unsupervised EqualWidth and EqualFrequency methods are largely dominated 

by the supervised methods. The ChiMerge method is the least performant among the 
supervised methods, especially for the interval number criterion. With its parameter 
set to 0.95, it produces 66 intervals on average. The MDLPC method builds very few 
intervals, but it is outperformed on accuracy by the other supervised methods, princi-
pally the Khiops and ChiSplit methods, since their parameter can be tuned. The 
ChiSplit method exhibits high level performances on both criteria, but it is extremely 
sensitive to its parameter. Its top accuracy reaches that of the Khiops method, but it 
always needs significantly more intervals to obtain the same level of accuracy. 

The Khiops method obtains the best results for both criteria and its curve corre-
sponds to the Pareto curve for all the tested methods. For example, with Khiops pa-
rameter set to 0.95, the MDLPC methods constructs a similar interval number but is 
significantly outperformed on accuracy, whereas the ChiSplit method (with best pa-
rameter 0.99) achieves the same level of accuracy with a notably greater interval 
number. Compared to the initial Khiops method, the changes in the robust version of 
the algorithm bring notable enhancements on both criteria.  

The ChiMerge and ChiSplit methods display similar curves on the two-criteria 
plan. With very strict parameters (probability almost equal to 1), they produce few 
intervals at the expense of a low accuracy. The interval number and the accuracy 
increase when the parameter is slightly relaxed, until a maximum is reached (with 
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parameter 0.99 for ChiSplit and 0.999 for ChiMerge). Beyond this parameter thresh-
old, the two methods are clearly subject to overfitting and display an increasing inter-
val number associated with a deteriorating accuracy. 

The Khiops method displays a steady behavior in the range of parameters between 
0.95 and 0.5. With conservative parameters (probability almost equal to 1), it pro-
duces few intervals with poor accuracy. When the parameter moves to the “reason-
able” range around 0.95, the accuracy quickly  improves with a marginal increase of 
the interval number. After a maximum around parameter 0.5, the decrease of the pa-
rameter involves an increasing interval number, but surprisingly no decay in accuracy. 
An analysis of this behavior shows that the new intervals correspond to small statisti-
cal fluctuations whose cumulated effect on accuracy is not meaningful. 

To conclude, the Khiops method demonstrates the best trade off between accuracy 
and interval number and has a stable behavior concerning its parameter. On the range 
of parameters between 0.95 and 0.5, the Khiops method dominates all the other tested 
discretization methods whatever the choice of the parameter. 

5   Conclusion 

The principle of the Khiops discretization method is to minimize the confidence level 
related to the test of independence between the discretized explanatory attribute and 
the class attribute. During the bottom-up process of the algorithm, numerous merges 
between intervals are performed that produce variations of the chi-square value of the 
contingency table. Owing to a statistical modeling of these variations when the ex-
planatory attribute is independent of the class attribute, we enhanced the Khiops algo-
rithm in order to guarantee that the discretizations of independent attributes are re-
duced to a single interval. This attested resistance to overfitting is an interesting alter-
native to the classical cross-validation approach. 

Extensive comparative experiments show that the Khiops method outperforms the 
other tested discretization methods. A multi-criteria analysis of the results in terms of 
accuracy and interval number is very instructive and reveals an interesting behavior of 
the Khiops algorithm, whose accuracy does not decrease even when the choice of its 
parameter might cause over-learning. 

The Khiops method is an original approach that incorporates struggle against over-
fitting in its algorithm and exhibits both a high accuracy and small size discretiza-
tions. 
 
Acknowledgment. I wish to thank Fabrice Clérot  and Jean-Emmanuel Viallet for 
many insightful discussions and careful proof reading of the manuscript. 
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Abstract. We discuss some estimates for the misclassification rate of
a classification tree in terms of the size of the learning set, following
some ideas introduced in [3]. We develop some mathematical ideas of
[3], extending the analysis to the case with an arbitrary finite number of
classes.

1 Introduction

Classification trees [3,1,2] are one of the most widely used tool in the field of
data mining (see [9] for a general introduction to the subject). Their efficience is
largely higher than that of traditional statistical methods and it is comparable
to that of other widely used methods that have become available with the devel-
opments of powerful computers. In many applications they are chosen because
of their higher perspicuity that makes them understandable by experts in the
fields of application and give to the users the possibility of intervening in their
construction and adapting them according to their experience, even if the more
complex and effective procedures developed in [1] and [2] have the drawback of
reducing their perspicuity.

In mathematical terms we assume that we have a potentially infinite se-
quence of cases given by independent identically distributed random vectors
(X1, Y1), (X2, Y2), . . . defined on a probability space endowed with a probability
measure IP. Here the Xi’s take values in the Euclidean space IRM whereas the
Yi’s take values in some finite set of classes. The goal of a classification tree is to
attribute cases to the classes on the basis of the knowledge of the X-component.
The tree performs this duty by a sequence of binary splits based on inequali-
ties on the components of the X-vector. The tree is built by a fixed procedure
from the observation of a finite number N of cases; this set of cases is called the
learning set. We do not deal here with the details of the procedure by which a
classification tree is built. If one used the classical statistical point of view, one
would use the learning set to make inference on the distribution IP and then
starting from this inference one would determine a classification procedure. In
building the classification tree one skips the inference part and takes a more
� Partly supported by a grant of the University of Rome “La Sapienza”
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practical attitude: as what is important at last is the classification procedure,
one simply chooses among a given set of procedures which one performs best
on the learning set in terms of quantities like the misclassification cost or the
misclassification rate. This kind of procedures have of course become feasible
since powerful and fast computing instruments exist.

When a classification tree is built, two factors compete in the determination
of the misclassification rate in terms of the size of the learning set. They are
commonly called bias and variance and appear in all classification procedures
(see [3,5,6,7,8] for a discussion of bias and variance in various classification meth-
ods). In [3] a simple model and some ideas were introduced to clarify the role
played by these two factors. Here we generalize slightly the model and develop
some of those ideas in order to obtain some results on the misclassification rate
as a function of the size of the tree. Let S denote the set of states by which every
case is classified. In general one defines a misclassification cost by introducings
a loss function l(s, s′) defined on S × S. The simplest loss function is

l(s, s′) =
{

0 if s = s′

1 otherwise

If one adopts this loss function the misclassification cost is equal to the misclas-
sification rate.

We consider two cases when S is finite but with an arbitrary number of
elements, whereas in [3] the case where S consists of two elements. The true
misclassification rate is given by IP(d∗(X) �= Y ) where d∗ is the chassification
given by the tree that we are considering and X and Y are respectively the
attributes and the true classification of a given case which is assumed to be
extracted from the probability distribution IP.

2 Misclassification Rate

We assume that the attributes of the individuals are of the continuous type. This
is crucial for the derivation of the results. However also in the discrete case, when
the number of categories is large one can obtain similar results at least if the
size of the learning set and of the classification tree is suitably bounded. More
precisely let us assume that the attributes take values in the M -dimensional
Euclidean space IRM and let fj(x), for x ∈ IRM be the conditional probability
density for individuals in the j-th class. We assume that the probability densities
have compact supports, are smooth and satisfy some genericity assumption with
respect to the rectangle partition induced by the tree. We shall mostly follow
the same notation used in [3].

A decision tree induces a partition of the space of attributes into a finite
number of rectangles S1, . . . , SL. The rectangle are induced by the binary splits
operated at the nodes of a classification tree corresponding to inequalities with
respect to single coordinates.
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The true misclassification rate is given by

R∗(L) =
L∑

l=1

IP(X ∈ Sl, Y �= yl), (1)

where yl is the classification that the tree attributes to the rectangle Sl. This
can also be expressed as

1 −
L∑

l=1

IP(X ∈ Sl, Y = yl) (2)

or also

1 −
L∑

l=1

L∑

j=1

χ(yl = j)IP(Y ∈ Sl, Y = j). (3)

Let π(1), π(2), . . . , π(m) be the probabilities for an individual taken from the
probability distribution IP. These probabilities are also called a priori prob-
abilities and correspond in practice to the percentages of individuals in class
1, 2, . . . ,m over the whole population. The Bayes optimal misclassification rate
is the minimum rate that can be achieved by any classification procedure. It is
given by

R∗ = 1 −
∫

max
j

(πj(x)fj(x))dx. (4)

In order to test a given classification tree one can therefore investigate how
well it performs in comparison with such an optimal rate. Following [3] let yl
be the classification given by the tree to the individuals that are in the rectan-
gle Sl. The true misclassification rate is the probability that an individual be
misclassified by the tree. We can express it in the following way

R∗(L) =
∑

l

IP(X ∈ Sl, Y �= yl) =

∑

l

(IP(X ∈ Sl) − IP(X ∈ Sl, Y = yl)) =

1 −
∑

l

IP(X ∈ Sl, Y = yl) = (5)

1 −
∑

l

∑

j

χ(yl = j)IP(X = Sl, Y = yj)

Let us define

y∗
l =

{
j if IP(X ∈ Sl, Y = j) > IP(X ∈ Sl, Y = k) for k �= j
1 if the is no index j with the above property (6)

(the second case in the generic case has 0 probability, so it does not matter which
value is attributed to y∗

l and the value 1 is just an arbitrary choice).
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Then the misclassification rate can be expressed as

R∗(L) = 1 −
∑

max
j

IP(X ∈ Sl, Y = j) + (7)
∑

l

χ(yl �= y∗
l )|IP(X ∈ Sl, Y = yl) − IP(X ∈ Sl, Y = y∗

l )|.

In order to separate the two factors, bias and variance, following [3] one
defines a rate

R∗
1(L) = 1 −

∑

l

max
j

IP(X ∈ Sl, Y = j). (8)

This rate can be seen as an approximation of the Bayes rate

R∗ = 1 −
∫

max
j

(πj(x)fj(x))dx

obtained by taking the averages of the densities over the rectangles of the par-
titions and taking the maximum after averaging. The part of misclassification
due to bias is defined as

B(L) = R∗
1(L) −R∗. (9)

The remainder term corresponds to variance: it receives contributions from
those rectangles that have a majority of cases in the learning set belonging to
some class different from the class that has the largest probability w. r. t. the
probability measure IP.

3 Estimate for the Bias Part of the Misclassification
Rate

The estimate of the bias part can be carried through as indicated in [3] with no
essencial extra complication with respect to the case with only two classes. We
expose it briefly using the same notation for completeness and in order to make
explicit some mathematical points that were hinted at in [3].

We assume that the probability density functions fj(x) are smooth and that
they satisfy some genericity conditions. Both hypotheses will be stated more
explicitly in the following. The bias contribution B(L) can be expressed as

B(L) =
∑

L

[∫

Sl
max
j

(π(j)fj(x))dx− max
j

(∫

Sl
π(j)fj(x)dx

)]
. (10)

If in a rectangle Sl for some i we have that π(i)fi(x) > π(j)fj(x) ∀x ∈ Sl,
we have that the term corresponding to l in the sum (10) is 0. So the only
contributions to B(L) come from rectangles Sl’s for which there are i and j and
two points z ∈ Sl, z′ ∈ Sl such that

π(i)fi(z) > π(j)fj(z)
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π(i)fi(z′) > π(j)fj(z′)

(of course this is a necessary but not sufficient condition for a rectangle to give a
contribution). Since the density are assumed to be continuous, this implies that
there must be a point x ∈ Sl such that

π(i)fi(x) = π(j)fj(x).

Therefore in order to estimate the bias part of the misclassification rate, one
is led to consider the hypersurfaces Hi,j defined by

{x |π(i)fi(x) = π(j)fj(x)}. (11)

for each pair of distinct classes i, j. Given that we have L rectangles and that we
are in the M -dimensional Euclidean space, the sides of rectangles will decrease
like L−1/M . We assume that the densities are supported in a bounded region of
IRM . Therefore the relevant size of each of the hypersurfaces Hi,j will have a
bounded M −1-dimensional volume. Now we for each i, j and each rectangle we
can choose a coordinate system such that the hypersurface is described in the
rectangle by the points where one of the coordinates, say xm is 0 and evaluate
the corresponding integrals in (10) in such a coordinate system. The difference
of the two terms appearing in (10) can be written as an integral of the form

∫

Sl
((π(i)fi(x) − π(j)fj(x)) ∨ 0) dx. (12)

In the given coordinate system the function in the integral is 0 for xm = 0 and by
genericity assumption we can assume that it is 0 on one side of the hypersurface
and will behave as |xm| on the other side of the hypersuface. The integral on
the xm coordinate will extend on an interval of length of the order L−1/M which
is the order of the sides of the rectangles. The integral with respect to the xm
coordinate on Sl will therefore be of the order L−2/M . By patching together all
the integral with respect to the other coordinates we get the M − 1-dimensional
volume of the relevant part of the hypersurface Hi,j which is a bounded term.
We get a bound for B(L) by summing over all pairs of distinct indices i and j,
i. e. a finite number of terms.

The final result is that
B(L) ≤ CL−2/M , (13)

as stated in [3].
This part of the misclassification rate decreases with L as a power with an

exponent which is sensible to the number of attributes M .

4 Estimate for the Variance Part of the Misclassification
Rate

We want now to consider the behaviour of the second term. Let

pl = max
j

IP(Y = j|X ∈ Sl), ql = 1 − pl. (14)
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One observes that if the number of rectangles is large, then one can apply to
the sum appearing on the r. h. s. the law of large numbers. In this way the
indicator function can be replaced by its expectation and the second term can
be approximated by

∑

l

IP(yl �= y∗
l )|IP(X ∈ Sl, Y = yl) − IP(X ∈ Sl, Y = y∗

l )|. (15)

Let us consider a single term of the sum corresponding to the rectangle R.
For j = 1, 2, . . . , k let

sj = IP(Y = j|X ∈ R). (16)

Assume that i is such that si > sj for all i �= j. Let n be the number of cases
in the learning set with spacial coordinate in R, and let n1, n2, . . . , nk with
n1 +n2 + . . .+nk = n be the number of cases in class 1, 2, . . . , k respectively. We
want to estimate the probability that ni > nj for some j �= i or, equivalently,
the probability of the complementary event.

We will use the estimate given by the following theorem that was suggested
without proof in [3].

Theorem 4.1. For every i and j with si > sj we have

(si − sj)IP(nj ≥ ni) ≤ 1
n

(17)

Proof. Let us fix an j, j �= i. We have

IP(nj ≥ ni) = IP(nj − ni ≥ 0) ≤ (18)
E(exp(u(nj − ni)) = (1 + sje

usj + sie
−usi + 1 − si − sj)n,

for any u ∈ IR, u > 0, where we have exploited the represtation of ni −nj as the
sum of n independent variables that take the values 1,−1, 0 with probabilities
sj , si, 1 − si − sj respectively and we have applied Markov inequality (see e. g.
[4]). By Taylor expanding the logarithm of 1 + sje

usj + sie
−usi + 1 − si − sj one

gets easily that

1 + sje
usj + sie

−usi + 1 − si − sj ≤ exp(u(sj − si) + e
u2

2
). (19)

By inserting the bound (19) into (18) we get

IP(nj ≥ ni) ≤ exp(nu(sj − si) + ne
u2

2
). (20)

By taking u = si − sj
e we get

IP(nj ≥ ni) ≤ exp(−n(si − sj)2

2e
) ≤ 1√

n(si − sj)
, (21)

where in the last inequality we have used that xe− x2
2 ≤ 1√

e
. �	



On the Size of a Classification Tree 71

Let us now go back to the approximate form of the variance term given by
(15). We can decompose and bound it as

∑

l

∑

j �=i(l)

IP(yl = j)|IP(X ∈ Sl, Y = i(l)) − IP(X ∈ Sl, Y = j)| ≤ (22)

∑

l

∑

n

∑

j �=i(l)

IP(n(l) = n)IP(n(l)
j ≥ n

(l)
i |n(l) = n)|(s(l)i − s

(l)
j )IP(X ∈ Sl),

where we denoted by n(l) the number of cases in the learning set the fall into
the rectangle Sl, by n

(l)
j the number of those that fall in class j and by s

(l)
j

the probability ¶(Y = j|X ∈ Sl). By the law of large numbers, assuming that
the number N of cases in the learning set is sufficiently large with respect to
the number L of rectangle, we have that with large probability n(l) is close to
N¶(X ∈ Sl) and that this quantity will increase as NL .

Therefore using (17) we obtain that the variance term in the misclassification

rate decreases as
√
L
N .

The variance part for N fixed increases as the square root of the number of
rectangles L, which is the number of nodes of the classification tree. This goes
in the opposite direction of the bias part (see (12)).

5 Final Remarks

The arguments that we have used to obtain bounds on the bias part and the
variance part of the misclassification rate are non-rigorous. The only rigorous
result is the theorem proved in the second section. Considerable extra work is
probably required for making rigorous even only some parts of the arguments in
order to show that the bounds that are shown here are indeed the true behaviour
of this important quantity.

A final point to be noted is that we have considered a partition in rectangles
corresponding to a given classification tree but we have not taken account of
the way it is obtained by means of some particular procedure starting from the
learning set. The behaviour of the misclassification rate is conjectured to have
still the stated behaviour, but this introduces some extra problems for a rigorous
derivation.
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Abstract. With the electricity market liberalization, the distribution and retail 
companies are looking for better market strategies based on adequate informa-
tion upon the consumption patterns of its electricity customers. A fair insight on 
the customers’ behavior will permit the definition of specific contract aspects 
based on the different consumption patterns. In this paper, we propose a KDD 
project applied to electricity consumption data from a utility client’s database. 
To form the different customers’ classes, and find a set of representative con-
sumption patterns, a comparative analysis of the performance of the K-means, 
Kohonen Self-Organized Maps (SOM) and a Two-Level approach is made. 
Each customer class will be represented by its load profile obtained with the 
algorithm with best performance  in the data set used. 

 

1    Introduction 

The major consequence of electricity markets liberalization is the freedom that all 
costumers will have on the choice of their electricity supplier. This new scenario will 
create an unstable environment where all costumers have access to the market. The 
competitive environment will include the small low voltage (LV) consumers and new 
competitive retail companies will enter in the market. These companies will need 
strategies for approaching customers based on cost leadership or differentiation by 
additional value services. For suppliers who choose a differentiation strategy the 
knowledge of the needs of their costumers is very important to develop products to 
suit their preferences. To achieve success in the deregulated market, companies must 
learn to segment the market and target these segments with the most effective types of 
marketing methods [1]. One possible method of differentiation is the development of 
tailored contracts defined according to customer consumption patterns.      

The consumption pattern of an electricity consumer is defined for his daily load 
diagram. These diagrams represent the evolution of the power consumed during the 
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period of a day. The load diagram evolution can be affected for several load factors 
that influence the way each consumer uses electricity. These factors can be external, 
like the weather condition, the day of the week or related with the type of consumer (a 
domestic consumer does not have the same pattern as an industrial consumer). The 
influence of these factors must be considered in any study related with the consumers’ 
electrical behavior. To study the electricity consumption patterns the development of 
load research projects is essential. 

In a load research project a sample population is defined, real time meters are in-
stalled in these clients and the data collected in these meters during the period in study 
is treated and analyzed to create tools to support companies. Load research projects 
were developed in many countries [2,3]. One of the important tools defined in these 
projects are the load profiles for different consumers classes. A Load Profile can be 
defined as a pattern of electricity demand for a consumer, or group of consumers, 
over a given period of time. The accurate classification of consumer classes and the 
association of a load profile are essential to support marketing strategies.  

To move from profiling in abstract to profiling in practice a number of decisions is 
required and the most important and critical are the number and coverage of the pro-
files. Each load profile should represent a relatively homogeneous group of consum-
ers and must be distinctly different from the others. The number of profiles should be 
big enough to represent the different consumption patterns but small enough to be 
used on the definition of market strategies. 

This paper is organized as follows: in Sect. 2 we briefly resume each one of the 
clustering methods used: K-means, Self-Organized Maps (SOM) and a Two-Level 
Approach. In the next section we present our case study – a sample of low voltage 
consumers from a Portuguese Distribution Company, next a comparison between the 
different results obtained are performed, and finally, in last section, some conclusions 
and future work are presented. 

2   Clustering Algorithms 

When trying to discover knowledge from data one of the first arising tasks is to iden-
tify groups of similar objects that is to carry out cluster analysis for obtaining data 
partitions. There are several clustering methods that can be used for cluster analysis. 
Yet for a given data set, each clustering method may identify groups whose member 
objects are different. Thus a decision must be taken for choosing the clustering 
method that produces the best data partition for a given data collection. In order to 
support such a decision, we will use indexes for measuring the quality of the data 
partition. To choose the optimal clustering schema, we will follow two proposed 
criteria: 

 
Compactness: members of each cluster should be as close to each other as possible; 
Separation: the clusters should be widely spaced from each other. 
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2.1    K-Means 

The K-means algorithm [4] is the most widely used clustering algorithm. The name 
comes from representing each of the k clusters by the mean, or weighted average, of 
its points, the so-called cluster center. It requires the initialization of the number of 
clusters and starts by assigning k cluster centers randomly selected from the pattern 
set. Then it proceeds by assigning each pattern from the initial set to the nearest clus-
ter center and recomputes the center using the current cluster memberships, until the 
convergence criterion is met. Typically the convergence criterions are: no patterns are 
reassigned to a new cluster center or minimal decrease square error is reached. This 
algorithm has the advantage of clear geometrical and statistical meaning, but works 
conveniently only with numerical attributes. It is also sensible to outliers.  

2.2    Kohonen Self-Organized Maps (SOM) 

Kohonen Networks are a specific kind of neuronal network that performs clustering 
analysis of the input data. The basic units are the neurons, and these are usually or-
ganized in a two dimensional layers: the input layer, and the output layer, which is 
often referred to as the output map. All the input neurons are connected to all the 
output neurons, and these connections have “strengths” associated with them.  

Input data is presented to the input layer and the values are propagated to the out-
put layer. Each output neuron then gives a response. The output neuron with the 
strongest response is said to be the winner, and is the answer for that input. Initially 
all weights are random. In order to train, an input pattern is shown and the winner 
adjusts its weights in such a way that it reacts even more strongly next time it sees 
that (or a very similar) record. Also, its neighbors (those neurons surrounding it) ad-
just their weights so they also react more positively. All the input records are shown 
and weights updated accordingly. This process is repeated many times until the 
changes being made are very small. 

The most attractive feature of the Kohonen Self-Organized Maps (SOM) [5] is 
that, once trained, the map represents the projection of the data set belonging to an N-
dimensional space into a bi-dimensional one.  

2.3    Two-Level Approach 

If SOM is used as a clustering algorithm each map unit define a small cluster consist-
ing of the samples in its Voronoi set. The prototype vector of each unit represents the 
cluster center. Because of the neighborhood relations, neighboring prototypes are 
pulled to the same direction, and thus prototype vectors of neighboring units resemble 
each other. However, the optimal situation in the SOM is not when the number of 
prototypes equals the number of clusters. Instead, the number of units in the output 
grid must be much bigger then the expected number of clusters. It is possible, accord-
ing to the definition of the neighborhood function, to drawn neighboring units to-
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gether, and thus neighbor units reflect the properties of the same cluster. The transi-
tion from one cluster to another on the map takes place over several map units. If a 
small number of clusters is desired, to avoid the reduction of the grid to a small one, 
the SOM units must be clustered [6]. The SOM can be used as an intermediate step 
and make the clustering a two level approach, improving the quality of the final re-
sults. In the first level the SOM implements an ordered dimensionality redution, map-
ping the data set to the output grid, reducing the computational load. The prototype 
units of the output layer can be clustered using either a partitive or a hierarchical 
method. The clustering task is now easier because is performed in a smaller number 
of samples. In the second level the prototypes can be directly clustered or some spe-
cific features of the SOM can be used.  

3   Adequacy Measures of Clustering Outcomes 

The load diagram grouping is performed using the K-means, SOM and a Two-Level 
Approach in a comparative analysis. To assess the efficiency of each clustering proc-
ess a measure of adequacy should be employed. For this goal we use the indices pro-
posed in [7]. These indices are based in distances computed with the multi- dimen-
sional vectors used to represent the load diagrams of each consumer and the load 
profile of each class. They are adequate to perform a comparative evaluation between 
different algorithms used to obtain the same number of clusters. 

To assist the formulation of the adequacy measures the following distances are 
defined: 

 
a)  Distance between two load diagrams  
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Using the distances (1) and (2) it is possible to define performance measures to evalu-
ate the clustering tools. A good clustering tool is able to determine, well-separated 
classes of load diagrams and assure that the load diagrams assigned to the same class 
are very similar. Considering a set of X load diagrams separated in K classes with k= 
1,…,K and each class is formed by a subset C (k) of load diagrams, where r(k) is a pat-
tern assigned to cluster k, the following performance measures are defined: 
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Mean Index Adequacy (MIA) 

The Mean Index Adequacy (MIA) directly used the Euclidian Distance Measure and 
depends on the average of the mean distances between each pattern assigned to the 
cluster and its center.  
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Clustering Dispersion Indicator (CDI) 

The Clustering Dispersion Indicator (CDI) depends on the distance between the 
load diagrams in the same cluster and (inversely) on the distance between the class 
representative load diagrams. In (4) R is the set of the class representative load 
diagrams.  
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The clustering algorithm that produces the smaller MIA and CDI values prevails over 
the others in terms of performance. 

All experiments that will be described in the following sections were conducted 
using Clementine version 7.1 [8]. This is an integrated DM toolkit, which uses a vis-
ual-programming interface, and supports all KDD stages. 

4    Finding Customer Load Profiles by Clustering 

Broadly speaking, the KDD process consists of three phases, namely pre-processing, 
data mining and post-processing [9]. These phases can be overlapped and the results 
produced in previous iterations can be used to improve the following iterations of the 
process. The pre-processing phase includes three broad sub-phases, namely data se-
lection, data cleaning and data transformation (not necessarily in this order).  
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4.1    Data Selection 

Our case study is based on a set X = 165 LV consumers from a Portuguese utility. In-
formation on the customer consumption has been gathered by measurement campaigns 
carried out by EDP Distribuição - Portuguese Distribution Company. These campaigns 
were based on a load research project where the previous definition of a sample popula-
tion, type of consumers (MV, LV), where meters were installed, sampling cadence (15, 
30 minutes...) and total duration (months, years...) of data collection were defined. The 
instant power consumption for each customer was collected with a cadence of 15 min-
utes, which gives 96 values a day for each client. The measurement campaigns were 
made during a period of 3 months in summer and another 3 months in winter for work-
ing days and weekends in each costumer of a sample population of LV consumers. 
There is also available for this population the commercial data related with the monthly 
energy consumption, the activity code and the hired power.  

4.2  Data Pre-processing 

There are always problems with data. That explains why previous to any DM process 
it is indispensable a data-cleaning phase to detect and correct bad data, and a data-
treatment phase to derive data accordingly to DM algorithms that will be used [10]. In 
the data-cleaning phase we have filled missing values of measures by linear regres-
sion. There were also some values of activity type and hired power missing which 
were computed using logistic regression because these are categorical attributes. With 
this data completion the errors of the metered load curves were attenuated without 
making big changes in the real measures. 

After this data completion we prepare data for clustering. Each customer is repre-
sented by its representative daily load curve resulting from elaborating the data from 
the measurement campaign. For each customer, the representative load diagram has 
been built by averaging the load diagrams related to each customer [11]. A different 
representative load diagram is created to each one of the loading conditions defined: 
winter, summer, working days and weekends. Each customer is now defined for a 
representative daily load curve for each of the loading conditions to be studied sepa-
rately. We present the study performed for weekends during the winter period. 
The representative daily load diagram of the mth consumer is the vector l(m) = {lh

(m)} 
with h = 1,...,H where H = 96 representing the 15 minutes interval. 
The diagrams were computed using the field-measurements values, so they need to be 
brought together to a similar scale for the purpose of their pattern comparison. This is 
achieved through normalization. For each consumer the vector l(m) was normalized to 
the [0-1] range by using the peak power of its representative load diagram. This kind 
of normalization permits maintaining the shape of the curve to compare the consump-
tion patterns. 

At this point each customer is represented by a group H of data consisting on val-
ues for 15 minutes intervals which gives a set of 96 values in the range [0,1]. 
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4.3    Data Mining Operations 

A clustering procedure based on Kohonen Networks (SOM) has been used to group 
the load patterns on the basis of their distinguishing features. If the number of clusters 
is unknown the clustering can be repeated for a set of different values between 2 

and X , where X is the number of patterns in the pattern set. As the goal of our 
clustering is finding a set of load profiles to study tariff offers, the number of clus-
ters must be small enough to allow the definition of different tariff structures to 
each class. Based on information from the electricity company we fixed a minimum 
number of 6 and a maximum number of 9 clusters. The Kohonen network performs 
the projection of the H–dimensional space, containing the X vectors representing 
the load diagrams, into a bi-dimensional space. To each client are assigned two 
coordinates $KX and $KY representing the Kohonen net attributes.   

To perform this clustering operation we trained a network with the following 
arquitecture: Input layer - 96 units and Output layer - 16 units. When applied to this 
set of patterns the network performs a projection of the input values in a bi-
dimensional space with 9 different sets of coordinates representing 9 different clus-
ters (Fig. 1). 
 
 

 

 
 

Fig. 1. Clusters formation with the Kohonen network 
 
 

In order to perform a comparative analysis, to select the most suitable clustering 
algorithm, we perform another clustering operation using the K-means algorithm. 
This algorithm requires the initialization of the number of clusters that we set to 9 
to keep the same number obtained with the Kohonen network. (Fig. 2). 
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Fig. 2. Clusters obtained with K-means 
 

From the results obtained we conclude that the K-means algorithm has a better perform-
ance with this data set. This can be explained because to obtain a small number of clus-
ters the dimension of the SOM’s grid has a number of units close to the expected num-
ber of clusters. To obtain best performances the number of units in the output layer must 
be much bigger then the expected number of clusters. After several experiments we 
conclude that is not possible to obtain 9 clusters with a number of units bigger then 16, 
as used in the previous approach. To improve these results we experimented a Two-
Level approach. In the first level the SOM was used to reduce the dimension of the data 
set. In the second level the prototype vectors of the SOM units are clustered using K-
means to obtain 9 clusters. The SOM used in the first level has the following architec-
ture: Input layer - 96 units; Output layer - 70 units (rectangular grid 10×7). When ap-
plied to this data set the network performs a projection of the input values in a bi-
dimensional space with 55 different sets of coordinates (Fig. 3) representing a reduction 
of the initial data set from the dimension 165 to 55 instances. 
 

 
 

Fig. 3.  Clusters formation with the Kohonen network 
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In the second level, the K-means algorithm is used to perform the clustering of the 
SOM units and obtain the expected 9 clusters (Fig. 4). 

 
 

 
 

Fig. 4.  Clusters formation with the Two-Level Approach 
 

 
After the second level we have the initial data set grouped into 9 different clusters, 
which can be used to create the different load profiles.  

To evaluate the different algorithms we compute the MIA and CDI indexes with 
the results obtained with each algorithm (Table 1). From the results obtained we con-
clude that the Two-Level Approach has a better performance with this data set.  

Table 1. MIA AND CDI obtained for 9 clusters with K-means, SOM and Two-Level Approach  

 K-means SOM Two-Level Approach 
MIA 0,1694 0,1950     0,1622 
CDI 0,5890 0,9358 0,5860 

 

A significant improvement has been obtained using the Two-Level Approach when 
compared with the performance of the SOM. This can be explained by the increase of 
the output layer used in this approach that is much bigger than the expected number of 
clusters. However, when compared with K-means the better performance of this ap-
proach is not so significant because the data set used, mainly composed by numeric 
attributes, is adequate to K-means algorithm. 

We also performed different clustering exercises using different numbers of clus-
ters, to evaluate the evolution of the indexes with the number of clusters. As it can be 
seen from Fig. 5 we can conclude that, as expected, the indexes decrease as the num-
ber of clusters increases. 
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Fig. 5.  MIA and CDI evolution with the number of clusters 
 

With the resulting clusters obtained with Two-Level Approach we obtained the repre-
sentative diagram for each cluster for weekends in the winter period by averaging the 
load diagrams of the clients assigned to the same cluster. (Fig. 6, Fig. 7). The next two 
figures show the representative load diagram obtained for each cluster. Each curve 
represents the load profile of the corresponding costumer class.   
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Fig. 6. Representative Load Profile for consumers with non typical behavior 
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Fig. 7. Representative Load Profile for consumers with typical behavior 

 
 

 
From the representative load diagrams obtained to each cluster it is possible to see 
that the clustering method used has well separated the client population, creating 
representative load diagrams with distinct load shapes. The method used has suc-
cessfully isolated non-typical representative load diagrams what is proved by the 
load profiles represented in Fig. 6. 

For the characterization of the customer classes a first trial was made to search 
for an association between the clusters and the components of the contractual data. 
From Figs. 8 and 9 we conclude that a poor correlation exists between the main 
clusters and the contractual data. These results show that the contractual data is 
highly ineffective from the viewpoint of the characterization of the electrical behav-
ior of the costumers.  

Further work is needed in order to produce global shape indices able to capture 
relevant information on the costumer’s consumption behavior. To obtain more rele-
vant information to describe the consumption patterns of each cluster population we 
intend to use a rule-based modeling technique (C5.0 algorithm [12]), to analyze 
those clusters, and to obtain their descriptions based on a set of indices derived 
from the daily load curves. 
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Fig. 8. Number of costumers of different hired power (PC) within each weekend cluster 
 

 
 

 
 

Fig. 9. Number of costumers of different activity types (USOS) within each weekend cluster 

5    Conclusion and Further Work 

This paper deals with the clustering of the electricity consumers based on their measured 
daily load curves. To obtain the clusters for the different consumer classes three algo-
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rithms were used: K-means, SOM and a Two-Level Approach. The K-means algorithm 
presented a better performance than the Kohonen network. However, the Two-Level Ap-
proach presents the best performance, which indicates this combination is a good practice 
to improve the performance of SOM as a clustering algorithm.  

The results obtained so far point out that the contractual parameters are poorly con-
nected to the load profiles, and that further work is needed in order to produce global 
shape indices able to capture relevant information on the costumers consuming behavior.  

As further work we intend to extend the attributes space with contractual data, such as, 
categorical attributes in order to obtain load profiles related with contractual data.  

After the division of the customers into classes, this will be achieved by the charac-
terization of each cluster.  
It is also our aim to develop a decision support system for assisting the managers in prop-
erly fixing the best tariff structure for each customer class. This one must be sufficiently 
flexible to follow the variations in the load patterns of the customers. 
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Abstract. Hidden Markov models constitute a widely employed tool for
sequential data modelling; nevertheless, their use in the clustering con-
text has been poorly investigated. In this paper a novel scheme for HMM-
based sequential data clustering is proposed, inspired on the similarity-
based paradigm recently introduced in the supervised learning context.
With this approach, a new representation space is built, in which each
object is described by the vector of its similarities with respect to a pre-
determinate set of other objects. These similarities are determined using
hidden Markov models. Clustering is then performed in such a space.
By way of this, the difficult problem of clustering of sequences is thus
transposed to a more manageable format, the clustering of points (vec-
tors of features). Experimental evaluation on synthetic and real data
shows that the proposed approach largely outperforms standard HMM
clustering schemes.

1 Introduction

Unsupervised classification (or clustering) of data [1] is undoubtedly an inter-
esting and challenging research area: it could be defined as the organization of a
collection of patterns into groups, based on similarity. It is well known that data
clustering is inherently a more difficult task if compared to supervised classifica-
tion, in which classes are already identified, so that a system can be adequately
trained. This intrinsic difficulty worsens if sequential data are considered: the
structure of the underlying process is often difficult to infer, and typically differ-
ent length sequences have to be dealt with. Clustering of sequences has assumed
an increasing importance in recent years, due to its wide applicability in emer-
gent contexts like data mining and DNA genome modelling and analysis.

Sequential data clustering methods could be generally classified into three
categories: proximity-based methods, feature-based methods and model-based
methods. In the proximity-based approaches, the main effort of the clustering
process is in devising similarity or distance measures between sequences. With
such measures, any standard distance-based method (as agglomerative cluster-
ing) can be applied. Feature-based methods extract a set of features from each
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individual data sequence that captures temporal information. The problem of
sequence clustering is thus reduced to a more addressable point (vector of fea-
tures) clustering. Finally, model-based approaches assume an analytical model
for each cluster, and the aim of clustering is to find a set of such models that
best fit the data. Examples of models that can be employed include time series
models, spectral models, and finite state automata, as hidden Markov models
(HMM) [2]. HMMs are a widely used tool for sequence modelling, whose impor-
tance has rapidly grown in the last decade. In the context of sequence clustering,
HMMs have not been extensively used, and only a few papers can be found in
the literature: the corresponding state of the art is presented in Sect. 2. The pro-
posed approaches mainly fall into the first (proximity-based) and in the third
(model-based) categories. In this paper, an alternative HMM clustering scheme
is proposed, classifiable as belonging to the feature-based class, that extends the
similarity-based paradigm [3,4,5,6,7,8]. This paradigm, which has been intro-
duced recently for supervised classification purposes, differs from typical pat-
tern recognition approaches where objects are represented by sets (vectors) of
features. In the similarity-based paradigm, objects are described using pairwise
(dis)similarities, i.e., distances from other objects in the data set. The state of
the art of the similarity-based paradigm is reviewed in Sect. 2.

In this paper, we propose to extend this paradigm to the problem of clustering
sequences, using a new feature space, where each sequence is characterized by
its similarity to all other sequences. The problem is to find a suitable metric for
measuring (dis)similarities between sequences, and, as shown in [9,10], HMMs
are a suitable tool for that purpose. In that space, clustering is then performed
using some standard techniques: the difficult task of sequence clustering is thus
transposed to a more manageable format, that of clustering points (vectors of
features). Experimental evaluation on synthetic and real data shows that this
approach largely outperforms standard HMM clustering schemes.

The rest of the paper is organized as follows: Sect. 2 summarizes the state
of the art in HMM-based clustering of sequences and reviews the similarity-
based paradigm. Section 3 reviews the fundamentals of hidden Markov models,
while Sect. 4 details the proposed strategy. Experimental results are reported
in Sect. 5. Finally, Sect. 6 is devoted to presenting conclusions and future work
directions.

2 State of the Art

2.1 HMM-Based Sequence Clustering

HMMs have not been extensively employed for clustering sequences, with only
a few papers exploring this direction. More specifically, early approaches related
to speech recognition were presented in [11,12,13]. All these methods belong to
the proximity-based clustering class. HMMs were employed to compute similari-
ties between sequences, using different approaches (see for example [10,14]), and
standard pairwise distance matrix-based approaches (as agglomerative hierar-
chical) were then used to obtain clustering. This strategy, which is considered
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the standard method for HMM-based clustering of sequences, is better detailed
in Sect. 3.1.

The first approach not directly linked to speech was presented by Smyth
[9] (see also the more general and more recent [15]). This approach consists in
two steps: first, it devises a pairwise distance between observed sequences, by
computing a symmetrized similarity. This similarity is obtained by training an
HMM for each sequence, so that the log-likelihood (LL) of each model, given
each sequence, can be computed. This information is used to build an LL matrix
which is then used to cluster the sequences in K groups, using a hierarchical
algorithm. In the second step, one HMM is trained for each cluster; the resulting
K models are then merged into a “composite” global HMM, where each HMM
is used to design a disjoint part of this “composite” model. This initial estimate
is then refined using the standard Baum-Welch procedure. As a result, a global
HMM modelling all the data is obtained. The number of clusters is selected using
a cross-validation method. With respect to the above mentioned taxonomy, this
approach can be classified as belonging to both the proximity-based class (a
pairwise distance is derived to initialize the model) and the model-based class
(a model for clustering data is finally obtained).

An example of an HMM-based method for sequence clustering is the one
proposed in [16], where HMMs are used as cluster prototypes. The clustering
is obtained by employing the rival penalized competitive learning (RPCL) algo-
rithm [17] (a method originally developed for point clustering) together with a
state merging strategy, aimed at finding smaller HMMs.

A relevant contribution to the model-based HMM clustering methodology
was made by Li and Biswas [18,19,20,21,22]). Basically, in their approach [18],
the clustering problem is addressed by focusing on the model selection issue,
i.e. the search for the HMM topology best representing data, and the clustering
structure issue, i.e. finding the most likely number of clusters. In [19], the former
issue is addressed using the Bayesian information criterion [23], and extending
to the continuous case the Bayesian model merging approach [24]. Regarding
the latter issue, the sequence-to-HMM likelihood measure is used to enforce the
within-group similarity criterion. The optimal number of clusters is then deter-
mined maximizing the partition mutual information (PMI), which is a measure
of the inter-cluster distances. In [20], the same problems are addressed in terms
of Bayesian model selection, using BIC [23], and the Cheesman-Stutz (CS) ap-
proximation [25]. A more comprehensive version of this paper has appeared in
[22], where the method is also tested on real world ecological data. These cluster-
ing methodologies have been applied to specific domains, as physiology, ecology
and social science, where the dynamic model structure is not readily available.
Obtained results have been published in [21].

2.2 Similarity-Based Classification

The literature on similarity-based classification is not vast. Jain and Zongker [3]
have obtained a dissimilarity measure, for a handwritten digit recognition prob-
lem, based on deformable templates; a multidimensional scaling approach was
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then used to project this dissimilarity space onto a low-dimensional space, where
a 1-nearest-neighbor (1-NN) classifier was employed to classify new objects. In
[4], Graepel et al investigate the problem of learning a classifier based on data
represented in terms of their pairwise proximities, using an approach based on
Vapnik’s structural risk minimization [26]. Jacobs and Weinshall [5] have stud-
ied distance-based classification with non-metric distance functions (i.e., that do
not verify the triangle inequality). Duin and Pekalska are very active authors in
this area1 having recently produced several papers [6,7,8]. Motivation and basic
features of similarity-based methods were first described in [6]; it was shown,
by experiments in two real applications, that a Bayesian classifier (the RLNC
- regularized linear normal density-based classifier) in the dissimilarity space
outperforms the nearest neighbor rule. These aspects were more thoroughly in-
vestigated in [8], where other classifiers in the dissimilarity space were studied,
namely on digit recognition and bioinformatics problems. Finally, in [7], a gen-
eralized kernel approach was introduced, dealing with classification aspects of
the dissimilarity kernels.

3 Hidden Markov Models

A discrete-time hidden Markov model λ can be viewed as a Markov model
whose states are not directly observed: instead, each state is characterized by
a probability distribution function, modelling the observations corresponding to
that state. More formally, an HMM is defined by the following entities [2]:

– S = {S1, S2, · · · , SN} the finite set of possible (hidden) states;
– the transition matrix A = {aij , 1 ≤ j ≤ N} representing the probability of

moving from state Si to state Sj ,

aij = P [qt+1 = Sj |qt = Si], 1 ≤ i, j ≤ N,

with aij ≥ 0,
∑N
j=1 aij = 1, and where qt denotes the state occupied by the

model at time t.
– the emission matrix B = {b(o|Sj)}, indicating the probability of emission of

symbol o ∈ V when system state is Sj ; V can be a discrete alphabet or a
continuous set (e.g. V = IR), in which case b(o|Sj) is a probability density
function.

– π = {πi}, the initial state probability distribution,

πi = P [q1 = Si], 1 ≤ i ≤ N

with πi ≥ 0 and
∑N
i=1 πi = 1.

For convenience, we represent an HMM by a triplet λ = (A,B,π).
Learning the HMM parameters, given a set of observed sequences {Oi}, is

usually performed using the well-known Baum-Welch algorithm [2], which is able
1 See http://www.ph.tn.tudelft.nl/Research/neural/index.html
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to determine the parameters maximizing the likelihood P ({Oi}|λ). One of the
steps of the Baum-Welch algorithm is an evaluation step, where it is required
to compute P (O|λ), given a model λ and a sequence O; this can be computed
using the forward-backward procedure [2].

3.1 Standard HMM-Based Clustering of Sequences

The standard proximity-based method for clustering sequences using HMMs can
be sumarized by the following algorithm. Consider a given a set of N sequences
{O1...ON} to be clustered; the algorithm performs the following steps:

1. Train one HMM λi for each sequence Oi.
2. Compute the distance matrix D = {D(Oi,Oj)}, representing a similarity

measure between sequences or between models; this is typically obtained
from the forward probability P (Oj |λi), or by devising a measure of dis-
tances between models. In the past, few authors have proposed approaches
to computing these distances: early approaches were based on the Euclidean
distance of the discrete observation probability, others on entropy, or on
co-emission probability of two models, or, very recently, on the Bayes prob-
ability of error (see [14] and the references therein).

3. Use a pairwise distance-matrix-based method (e.g., an agglomerative
method) to perform the clustering.

4 Proposed Strategy

The idea at the basis of the proposed approach is conceptually simple: to build a
new representation space, using the similarity values between sequences obtained
via the HMMs, and to perform the clustering in that space. Similarity values al-
low discrimination, since this quantity is high for similar objects/sequences, i.e.,
belonging to the same group, and low for objects of different clusters. Therefore,
we can interpret the similarity measure D(O,Oi) between a sequence O and
another “reference” sequence Oi as a “feature” of the sequence O. This fact
suggests the construction of a feature vector for O by taking the similarities be-
tween O and a set of reference sequences R = {Ok}, so that O is characterized
by a pattern (i.e., a set of features) {D(O,Ok), Ok ∈ R}.

More formally, given a set of sequences T = {O1...ON} to be clustered, the
proposed approach can be briefly described as follows:

– let R = {P1, ...,PR} be a set of R “reference” or “representative” objects;
these objects may belong to the set of sequences (R ⊆ T ) or may be other-
wise defined. In a basic case it could be R = T .

– train one HMM λr for each sequence Pr ∈ R;
– represent each sequence Oi of the data set by the set of similarities DR(Oi) to

the elements of the representative set R, computed with the HMMs λ1...λR
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as:

DR(Oi) =





D(Oi,P1)
D(Oi,P2)

...
D(Oi,PR)



 =
1
Ti





logP (Oi|λ1)
logP (Oi|λ2)

...
logP (Oi|λR)



 (1)

where Ti is the length of the sequence Oi.
– perform clustering in IR|R|, where |R| denotes the cardinality of R, using

any general technique (not necessarily hierarchical) appropriate for clustering
points in an Euclidean space.

In the simplest case, the representative set R is the whole data set T , resulting in
a similarity space of dimensionality N . Even if computationally heavy for large
data sets, it is interesting to analyze the discriminative power of such a space.

5 Experimental Results

In this section, the proposed technique is compared with the standard HMM
clustering scheme presented in Sect. 3. Once the likelihood similarity matrix is
obtained, clustering (step 3) is performed by using three algorithms:

– two variants of the agglomerative hierarchical clustering techniques: the com-
plete link scheme, and the Ward scheme [1].

– a non parametric, pairwise distance-based clustering technique, called clus-
tering by friends [27]: this technique produces a partition of the data using
only the similarity matrix. The partition is obtained by iteratively applying a
two-step transformation to the proximity matrix. The first step of the trans-
formation represents each point by its relation to all other data points, and
the second step re-estimates the pairwise distances using a proximity mea-
sure on these representations. Using these transformations, the algorithm
partitions the data into two clusters. To partition the data into more than
two clusters, the method has to be applied several times, recursively.

Regarding the proposed approach, after obtaining the similarity representation
with R = T (i.e. by using all sequences as representatives), we have used three
clustering algorithms:

– again the hierarchical agglomerative complete link and Ward methods, where
distance is the Euclidean metrics in the similarity space: this is performed
to compare the two representations with the same algorithms;

– standard K-means algorithm [1].

Clustering accuracies were measured on synthetic and real data. Regarding
the synthetic case, we consider a 3-class problem, where sequences were gener-
ated from the three HMMs defined in Fig. 1. The data set is composed of 30
sequences (of length 400) from each of the three classes; the dimensionality of
the similarity vectors is thus N = 90. Notice that this clustering task is not easy,
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Fig. 1. Generative HMMs for synthetic data testing: A is the transition matrix, π is
the initial state probability, and B contains the parameters of the emission density
(Gaussians with the indicated means and variances)

Table 1. Clustering results on synthetic experiments

Standard classification
ML classification 94.78%

Standard clustering
Aggl. complete link 64.89%

Aggl. Ward 71.33%
Clus. by Friends 70.11%

Clustering on similarity space ST
Aggl. complete link 95.44%

Aggl. Ward 97.89%
k-means 98.33%

as the three HMMs are very similar to each other, only differing slightly in the
variances of the emission densities. The accuracy of clustering can be quantita-
tively assessed, by computing the number of errors: a clustering error occurs if a
sequence is assigned to a cluster in which the majority of the sequences are from
another class. Results are presented in Table 1, averaged over 10 repetitions.
From this table it is possible to notice that the proposed methodology largely
outperforms standard clustering approaches: the best performing algorithm is
the partitional k-means on the similarity space, which produces an almost per-
fect clustering. In order to have a better insight into the discriminative power of
the proposed feature space, we also computed the supervised classification results
on this synthetic example. Decisions were taken using the standard maximum
likelihood (ML) approach, where an unknown sequence is assigned to the class
whose model shows the highest likelihood. Note that this classification scheme
does not make use of the similarity space introduced in this paper, and repre-
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Fig. 2. Objects set used for testing

Table 2. Clustering results on real experiments

Standard classification
ML classification 81.55%

Standard clustering
Aggl. complete link 78.69%

Aggl. Ward 22.86%
Clus. by Friends 70.0%

Clustering on the similarity space ST
Aggl. complete link 63.10%

Aggl. Ward 77.62%
k-means 88.21%

sents the supervised counterpart of the standard clustering approach proposed
in Sect. 3.1. The classification error is computed using the standard leave one
out (LOO) scheme [28]. It is important to note that clustering results in the
similarity space are better than the classification results, confirming the high
discrimination ability of the similarity space.

The real data experiment regards 2D shape recognition, where shapes were
modelled as proposed in [29]; briefly, object contours are described using curva-
ture, and these curvature sequences are modelled using HMMs with Gaussian
mixtures as emission probabilities. The object database used is the one from
Sebastian et al. [30], and is shown in Fig. 2. In this case, only the number of
clusters is known. The clustering algorithms try to group the shapes into differ-
ent clusters, based on their similarity. Results, averaged over 10 repetitions, are
presented in Table 2. From these tables it is evident that the proposed represen-
tation permits greater discrimination, resulting in a increasing of the clustering
accuracies. Also in this case, the ML classification accuracy was computed, using
the LOO scheme. From table 2 it is possible to note that the clustering results are
better than the classification performances, confirming the high discriminative
potentiality of the proposed similarity space.
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6 Conclusions

In this paper, a scheme for sequence clustering, based on hidden Markov mod-
elling and the similarity-based paradigm, was proposed. The approach builds
features in which each sequence is represented by the vector of its similarities to
a predefined set of reference sequences. A standard point clustering method is
then performed on those representations. As a consequence, the difficult process
of clustering sequences is cast into a simpler problem of clustering points, for
which well established techniques have been proposed. Experimental evaluation
on synthetic and real problems has shown that the proposed approach largely
outperforms the standard HMM-based clustering approaches.

The main drawback of this approach is the high dimensionality of the re-
sulting feature space, which is equal to the cardinality of the data set. This
is obviously a problem, and represents a central topic for future investigation.
We have previously addressed this issue in the context of similarity-based su-
pervised learning [31]. In this unsupervised context, one idea could be to use
some linear reduction techniques, in order to reduce the dimensionality of the
space. Another idea is to directly address the problem of adequately choosing the
representatives: this problem could be casted in the context of feature selection
for unsupervised [32], where the prototypes to be chosen are the features to be
selected.
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Abstract. A fast SVM training algorithm for multi-classes consisting of
parallel and sequential optimizations is presented. The main advantage
of the parallel optimization step is to remove most non-support vectors
quickly, which dramatically reduces the training time at the stage of se-
quential optimization. In addition, some strategies such as kernel caching,
shrinking and calling BLAS functions are effectively integrated into the
algorithm to speed up the training. Experiments on MNIST handwrit-
ten digit database have shown that, without sacrificing the generalization
performance, the proposed algorithm has achieved a speed-up factor of
110, when compared with Keerthi et al.’s modified SMO. Moreover, for
the first time ever we investigated the training performance of SVM on
handwritten Chinese database ETL9B with more than 3000 categories
and about 500,000 training samples. The total training time is just 5.1
hours. The raw error rate of 1.1% on ETL9B has been achieved.

1 Introduction

In the past few years, support vector machines (SVM) have performed well in
a wide variety of learning problems, such as handwritten digit recognition [1,2],
classification of web pages [3] and face detection [4]. However, training support
vector machines with multi-classes on a large data set is still a bottle-neck [2].
Therefore, it is important to develop a fast training algorithm for SVM in order to
solve some large-scale classification problems such as recognition of handwritten
Chinese characters, face recognition.

Currently two important algorithms, Sequential Minimization Optimization
(SMO) [5] and SVMlight [6], can be used to train SVM. Although both algo-
rithms work well in a small data set, they are inefficient on a large data set
due to three key problems. The computational cost of training SVM primarily
depends on kernel evaluations. Kernel caching could be used to reduce kernel
re-evaluations. SVMlight caches some rows of the total kernel matrix and uses
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Least Recently Used (LRU) updating policy. But this caching strategy may fail
because elements of kernel matrix are usually accessed irregularly. The second
problem originates from access of a portion of non-contiguous memory and large
data movement between CPU and memory. The first factor will result in high
hardware cache and Table Lookup Buffer (TLB) missing rate. TLB miss will
result in paging operations of the operating system at a very high cost. The lat-
ter leads to data traffic due to the limited memory bandwidth. Finally, although
both algorithms can be used to train support vector machines with multi-classes,
the computational cost is very high. For the above algorithms, the training cost
for classifying n-classes is about n times as high as that for two-classes.

In this paper, we propose efficient solutions to the above problems. Two steps
are designed to train support vector machines. The first step is called parallel
optimization, in which the kernel matrix of support vector machines is approxi-
mated by block diagonal matrices so that the original optimization problem can
be rewritten into hundreds of sub-problems which are easily solved. This step
removes most non-support vectors quickly and collects training sets for the next
step: sequential working set algorithm. In two steps, some effective strategies
such as kernel caching and shrinking are integrated to speed up training. Fur-
ther, Block Linear Algebra Subprogram (BLAS) [7], which has been optimized
on Intel P4, is used to calculate kernel matrix. Those improvements make it
possible to solve in practice the problem of recognizing handwritten English and
Chinese. The latter problem is particularly difficult due to a large number of
categories.

This paper is organized as follows. In Sect. 2 we introduce the general frame-
work of the proposed algorithm. Then, a discussion of implementation issues
is given in Sect. 3. Experimental results are presented in Sect. 5. Finally we
summarize this paper and draw conclusions.

2 Parallel Optimization Framework for SVM

Given training vectors xni ∈ Rn, i = 1, . . . , l and a vector y ∈ Rl such that
yi ∈ {−1, 1}, training a support vector machine is to find α, which can be
obtained by solving the following optimization problem:

maximize eTα− 1
2α

TQα

Subject to 0 ≤ αi ≤ C, i = 1, . . . , l (1)
yTα = 0

where e ∈ Rl is a vector whose components are one, Q is an l by l semidefinite
kernel matrix and C is a parameter chosen by the user. A larger C corresponds
to a higher penalty allocated to the training errors. The training vector xi whose
corresponding αi is non-zero is called support vector. Support vector machine
maps training vectors xi into high dimensional feature space by the function
Φ(x) such that Qij = yiyjK(xi, xj) and K(xi, xj) = ΦT (xi)Φ(xj). After the
optimization problem is solved, an optimal hyperplane in high dimension feature
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space is obtained to separate the two-class samples. The decision function is given
by

f(x) = θ(
l∑

i=1

yiαiK(xi, x) − b). (2)

where

θ(u) =
{

1 if u > 0
−1 otherwise (3)

where b is a threshold, which can be obtained by Karush-Kuhn-Tucker (KKT)
conditions [8].

For the above optimization, the key problem is that the dense kernel matrix
Q can not be stored into the memory when the number of training samples l is
large. A good strategy is to conduct the optimization on the working set [5] [3].
But selection of the good working set becomes a problem. From the optimization
(1) it can be observed that the solution does not change at all when a non
support vector1 is removed. Moreover, numerous experiments [1] [9] have shown
that support vectors only consist of a small percent of the training samples.
Training will speed up if we can quickly remove most non-support vectors. Since
kernel matrix Q is symmetric and semidefinite, its block diagonal matrices are
semidefinite, which are written as

Qdiag =





Q11
Q22

. . .
Qkk



 (4)

in which Qii ∈ Mli
2, i = 1, . . . , k, and

∑k
i=1 li = l, is called block diagonal.

Then we replace the kernel matrix with Qii so that we obtain k optimization
subproblems. Optimization of these subproblems can be used to remove non-
support vectors quickly. Further, we extend it to train support vector machine
with multi-classes, where one-against-the-rest classification strategy is used. The
computational diagram is depicted in Fig. 1.

The computation in Fig. 1 is efficient due to three aspects. Firstly, Kernel
matrix can be effectively divided into block diagonal matrices such that each
of them can fit into the memory. Secondly, for vertical computation, all classes
share the same block kernel matrix, which needs to be calculated once. Finally,
after we have calculated the block matrix at the first row, optimizations from the
second class to the mth class are independent. Also, computation on different
columns are independent. As a result, this computation diagram is suitable for
parallel optimization on the architecture of multi-processors.

After the above parallel optimization, most non-support vectors for each class
will be removed from the training set. Then a new training set for each class
1 Its corresponding α component is zero
2 M is the set of square matrix.
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Fig. 1. Parallel optimization diagram

can be obtained by collecting support vectors from optimizations of subproblems
in the same row as shown in Fig. 1. Although the size of the new training set
is much smaller than that of the original one, the memory may not be large
enough to store the whole kernel matrix. Therefore, a fast sequential working
set algorithm for training SVM is proposed and summarized as follows:

A Fast Sequential Algorithm for Training SVM
Input: Training set is S, and the fixed size of the working set is d, where
d ≤ l and l is the size of the training set. Also, kernel caching matrix with
the dimension d is provided.
Output: Sets αi, i = 1, · · · , l.
Initialization: Shuffle the training set; set αi to zero and select a working
set B such that B ⊆ S.
Optimization:

Repeat
1. Apply Keerthi et al.’s SMO [10] to optimize a sub-problem in work-

ing set B, in combination with some effective techniques such as
kernel caching, “digest” and shrinking strategies, then update αi.

2. Select a new working set with a queue technique
Until the specified stopping conditions are satisfied.

The above algorithm can also be used as the optimizer in Fig. 1, where the
size of working set is the same as that of training set since each block diagonal
matrix can be stored into the memory.
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3 Strategies of Implementation

Section 2 provides a general computational framework for training support vector
machine. For efficient computation, one needs to take into account issues such
as kernel caching, the computation of kernel matrix, the selection of the working
set, shrinking strategy and stopping conditions. The details about selection of a
new working set, digest, shrinking strategies and stopping condition are referred
to paper [11].

3.1 Kernel Caching

Generally, cache is a portion of fast memory used to overcome a mismatch be-
tween fast CPU and slow memory access in computer systems. Here it specifies a
part of memory that stores the kernel matrix in the working set. The size of the
working set should be large enough to contain all support vectors in the training
set and small enough to satisfy the limited memory size. The dimension of the
kernel cache matrix is the same as the size of the working set. Thus each element
of the kernel matrix needs to be evaluated only once during the optimization of
a subproblem.

3.2 Selection of a New Working Set

After optimization on the current working set is finished, a new data set will
be loaded to replace the non-support vectors by queue operations. The detailed
algorithm is referred to [11]. After the new working set is loaded, the kernel ma-
trix on the new working set must be updated. It can be observed that K(xi, xj)
can be re-used if xi, xj are both support vectors on the last working set. For
the calculation of other kernel elements, BLAS will be applied in the following
subsection.

3.3 Calculation of Kernel Matrix

When a kernel can be represented as a function of xTi xj , matrix multiplication
can be used to calculate kernel elements efficiently. Obviously, three kernels such
as linear, polynomial kernel and radial basic function (RBF) belong to this type.
Here we describe the computational details of RBF kernel matrix, which can be
easily extended to other types of kernel matrices. RBF kernel can be written as

K(xi, xj) = exp(− ‖ xi − xj ‖2 /(2σ2)) (5)

where ‖ . ‖ is Euclidean norm and

‖ xi − xj ‖2= xTi xi + xTj xj − 2xTi xj (6)

where i, j = 1, . . . , N . xTi xi can be calculated by calling CBLAS function
cblas sdot. Let array A consist of vectors (x1, x2, . . . , xN ). xTi xj , i, j = 1, . . . , N
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can be rewritten as ATA. which can be easily calculated by calling CBLAS
function cblas ssyrk.

The kernel matrices in Fig. 1 can be calculated by the above method. To
update kernel matrix in Sect. 3.2, we do not need to re-calculate the total kernel
matrix since some elements can be re-used. Let the new working set be divided
into two sets: support vector set represented by the array Bsv and non-support
vector set Bnsv. Updating the kernel matrix requires BTsvBsv, BTnsvBnsv and
BTsvBnsv. Since kernel elements K(xi, xj), xi ∈ Bsv and xj ∈ Bsv can be re-
used, BTsvBsv does not need to be re-calculated. BTnsvBnsv and BTsvBnsv can
be evaluated by calling CBLAS function cblas ssyrk and cblas sgemm.

The rationale of the usage of BLAS package is its computational efficiency
and portability. The key computational kernel of BLAS package such as matrix
multiplication is implemented by assembly language, which efficiently makes
use of cache, memory and speed-up instructions such as single instruction and
multi-data (SIMD) on Intel Pentium series. Moreover, BLAS has been effectively
implemented on multi platforms, which enables the proposed SVM algorithm to
perform well in these platforms.

3.4 Inserting Positive Samples into the Working Set

In Fig. 1, it is possible that there are no positive samples3 on some working
sets when training samples for one class are insufficient. As a result, SMO will
lead to an incorrect solution. In order to tackle this problem, we first randomly
collect one sample from each class. During the training, if no positive sample on
one working set is found, we replace the first negative sample using the positive
sample from the collected set.

4 Experiments

The experimental code was written in C++ and compiled by Microsoft visual
C++6.0. This algorithm ran on a 1.7 GHz P4 processor with Windows 2000
Professional operating system and 1.5 Gigabytes RAM.

Experiments are conducted on handwritten digit database MNIST4 and
handwritten Chinese character database ETL9B [12]. MNIST consists of 60,000
training samples and 10,000 testing samples. ETL9B was collected by Elec-
trotechnical Laboratory. It contains 200 samples for each of 3036 categories,
2965 Chinese and 71 Hiragana characters. All samples are binary images of size
64(width) by 63 (height). The samples on this database are divided into 5 sets
(A to E), each with 40 characters per category. In our experiment, sets (A to
D) are used as training and E for testing. As a result, the sizes of training and
testing set are 485760 and 121440, respectively.

For support vector machine, the one-against-the-rest method was used to
construct a discriminant function for each class. That is, each discriminant func-
tion was constructed by separating one class from the rest. The finalclassification
3 Their corresponding labels are 1.0
4 http://www.research.att.com/˜yann/exdb/mnist/index.html
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decision was made by choosing the class with the maximal output value of its
discriminant function.

In our method, the user-specified parameter C in Eq. (1) is set to 10.0.

4.1 Training Performance on MNIST

Patterns on MNIST are not truly located at the center, the preprocessing was
performed by first enclosing the pattern with a rectangle, and then translating
this rectangle into the center of a 28 × 28 box. Then patterns were smoothed
using the following mask:

1
16




1 1 1
1 8 1
1 1 1



 . (7)

We then used DeCoste’s [2] idea to normalize each sample by its Euclidean-norm
scalar value such that the dot product was always within [−1, 1]. The polynomial
kernel was (X1 · X2)7. The dimension of input vectors was 784 (28 × 28). li in
Eq. (4) and the size of the working set were set to 8000 and 4000, respectively.
Figure 2 shows the average percent of support vectors in working sets of each
class.

From Fig. 2 it can be seen that over 80% non-support vectors have been re-
moved after the parallel optimization step. Also, training and IO (File read/write
operations) time for this step are 390 seconds and 5 seconds, respectively. The
performance measures of the proposed algorithm in the second step are depicted
in Table 1, compared with Keerthi et al. SMO.
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Fig. 2. Average percent of support vectors in working sets of each class
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Table 1. Comparisons of performance measures

Class 0 1 2 3 4 5 6 7 8 9
SV 1918 891 3072 2979 2445 2907 1740 2158 3719 2657

A hit ratio 0.86 0.85 0.90 0.90 0.89 0.90 0.87 0.90 0.92 0.93
CPU(s) 21 4 44 36 28 38 17 22 64 32

Total time 306 s
SV 2021 973 3234 3228 2586 3092 1822 2316 4006 2939

B CPU(s) 4469 5720 6868 8206 8336 7594 4946 8934 10541 11604
Total time 21.44 hours

In Table 1, A and B denote the proposed method and Keerthi et al. SMO, re-
spectively. SV specifies the number of support vectors. The hit ratio is defined by

hit ratio =
cache hit

cache hit + cache miss
.

IO time for the second step is about 5 seconds. Then the total training and
IO time are 696 (390+306) seconds and 10 (5+5) seconds. It can be seen from
Table 1 that the proposed algorithm is about 110 times faster than Keerth et
al.’s SMO. With respect to the generalization performance on MNIST testing
set, the proposed algorithm achieved the same raw error rate without rejection
as Keerthi et al.’s SMO, which was 1.1%.

4.2 Training Performance on ETL9B

In this section we present preliminary results or recognition of Chinese hand-
written characters. The rationale of studying Chinese characters classification
using database ETL9B is to investigate the performance of the proposed SVM
training algorithm on a large data set with thousands of classes. SVMlight and
Keerthi et al. SMO cannot be used to train SVMs on ETL9B because their
computational cost is prohibitively high. Handwritten Chinese characters with
large shape variations have extremely complex structure and many similar pat-
terns exist. Original pixel values used as features do not perform well. Therefore,
some preprocessing steps, including normalization and feature extraction, are re-
quired. An improved nonlinear normalization method [13] based on Yamada et
al.’s [14] is applied and the resulting gray-scale normalized image of size 80 × 80
is obtained. The pixel values of normalized images range from 0 to 1.0.

After nonlinear normalization, a feature vector of size 1296 based on image
gradients is extracted [13]. Its size is then reduced to 392 by means of multiple
discriminant analysis [15].

In this experiment, we used RBF kernel (exp(− ‖ xi − xj ‖2 /(2 ∗ 0.8)) in
Eq. (2). Parameter li in Eq. (4) and the sizes of the working sets were both set
to 8000 and 4000, respectively.

After training was finished, training and IO times for parallel optimization
step were 15080 and 2493 seconds, respectively. We observed that about 98%
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non-support vectors were removed on the working sets after this step. Conse-
quently, the average size of training set of each class is about 3000. The sequential
working set algorithm is faster, whose training and IO times are 3442 and 729
seconds, respectively. The total training and IO times of the proposed algorithm
are about 5.1 hours and 0.89 hours.

The recognition rate on the training set is 100%. The substitution error rate
on the test set is 1.1%, competitive with the best result 1.1% [16] on the same test
set, which was achieved by Modified Quadratic Discriminant Function (MQDF).
The possible reason why SVM does not outperform MQDF is that SVM with
RBF kernel, a non-parametric classification method, requires sufficient training
samples to achieve a higher performance while on the training set of ETL9B
each class consists of only 160 ones. Further experiments on a larger handwritten
Chinese character database need to be done to investigate the performance of
SVM.

5 Conclusions

A fast algorithm that trains support vector machine has been proposed. The
main advantage of this algorithm is to train SVM through two stages: paral-
lel optimization and sequential working set algorithm. At the first stage, most
non-support vectors of each class can be removed quickly, which dramatically
reduces the training time at the second stage. Also, some strategies such as ker-
nel caching, shrinking, calling BLAS functions are effectively integrated into the
algorithm. Moreover, the proposed SVM training algorithm for multi-classes is
the first version suitable for parallel computation. After it was tested on the
large MNIST handwritten digit database, an overall speed-up factor of 110 was
achieved by the proposed algorithm without sacrificing the generalization per-
formance. Further, for the first time ever we trained the support vector machine
on a large set (ETL9B) with more than 3000 categories. Experimental results
have shown that the achieved training speed is very promising. Therefore, it
paves way to apply the proposed algorithm to solve more challenging highly
dimensional problems in the data mining domain.
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acknowledged.
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Abstract. This paper presents a novel reject rule for SVM classifiers, based 
on the Receiver Operating Characteristic curve. The rule minimizes the ex-
pected classification cost, defined on the basis of classification and error 
costs peculiar for the application at hand. Experiments performed with differ-
ent kernels on several data sets publicly available confirmed the effectiveness 
of the proposed reject rule. 

1   Introduction 

Many complex classification problems involve dichotomous decisions, i.e. require 
to choose between two possible, alternative classes. Applications such as automated 
cancer diagnosis, currency verification, speaker identification, and fraud detection 
fall in this category. A very common point in these applications is that a classifica-
tion error could have serious consequences: for this reason, the classifiers used in 
these situations should ensure a very high reliability to avoid erroneous decisions. 
Unfortunately, in real world this is rarely the case because, when working on real 
data, the classifiers could easily encounter samples very different from those exam-
ined during the training phase.  

In this framework, the Support Vector Machines (SVMs) [1–3] are currently one 
of the classification systems most used because of their remarkable generalization 
performance motivated by the application of the Structural Risk Minimization prin-
ciple [1]. The classification algorithm implemented by the SVMs relies on the map-
ping of the training samples into a high dimensional feature space where is built the 
maximum margin hyperplane, i.e. the hyperplane that maximizes the minimum 
distance from the hyperplane to the closest training point. The corresponding deci-
sion function evaluates the signed distance from the hyperplane of the sample to be 
classified and assigns it to one of the two classes on the basis of the sign obtained. 
However, even in the case a SVM classifier is used, there can be real situations in 
which the cost for a wrong classification is so high that it is convenient to reject the 
sample, i.e. to suspend the decision and call for a further test. Obviously, also this 
choice involves a not negligible cost given by the charge of employing a more pow-
erful system or requiring the decision of a human expert. As a consequence, a rule is 
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needed to find the optimal trade-off between errors and rejects for the application at 
hand. 

Although of practical interest, this topic has not received a great attention up to 
now. The unique proposal of a reject rule explicitly devised for SVM classifiers has 
been recently presented by Fumera and Roli in [4]. They developed a maximum 
margin classifier with reject option, i.e. a SVM whose rejection region is determined 
during the training phase. To implement such a SVM, they devised a novel formula-
tion of the SVM training problem and developed a specific algorithm to solve it. As 
a result, the reject region provided by their algorithm is delimited by a pair of paral-
lel hyperplanes whose position and orientation can change for different values of the 
cost of reject wR. The drawback of this approach is that it is necessary to retrain the 
SVM when the reject cost changes. 

A different reject method is presented in [5] with the aim of increasing the reli-
ability of the classification of DNA microarray data. The reject is accomplished for 
the points near the optimal hyperplane for which the classifier may not be very con-
fident of the class label. To this aim, the authors introduced confidence levels based 
on the SVM output, d, which provides the signed distance of the point from the 
optimal hyperplane. This allows to reject samples below a certain value of |d| be-
cause they do not fall within the confidence level. These confidence levels are a 
function of d and are computed from the training data. 

Another possible way to establish a reject option for the SVM, even though indi-
rectly, is to evaluate an approximation of the posterior class probabilities starting 
from SVM output [6,7]. In this way, it could be possible to apply one of the reject 
rules devised for more traditional statistical classifiers. In this framework, an opti-
mal reject rule has been proposed by Chow in [8,9]. The rationale of the Chow’s 
approach relies on the exact knowledge of the a posteriori probabilities for each 
sample to be recognized. Under this hypothesis, the Chow’s rule is optimal because 
it minimizes the error rate for a given reject rate (or vice versa). However, the full 
knowledge about the distributions of the classes is extremely difficult to obtain in 
real cases and thus the Chow’s rule is rarely applicable “as is”. An extension to the 
Chow’s rule when the a priori knowledge about the classes is not complete is pro-
posed in [10] and in [11], while in [12] a reject option that does not require any a 
priori knowledge is proposed with reference to a Multi-Layer Perceptron. Although 
effective, these rules are applicable only with multi-class classifiers and thus cannot 
help in the case of SVM classifiers. 

The aim of this paper is to introduce a cost-sensitive reject rule for SVM classifi-
ers able to minimize the expected cost of classification, defined on the basis of cor-
rect classification, reject and error costs peculiar for the application at hand. The 
approach proposed defines two different reject thresholds for the two classes. In this 
way, the reject region is delimited by two asymmetrical hyperplanes parallel to the 
optimal separating hyperplane, but placed at different distances. The thresholds 
depend on the costs defined for the application, but it is not necessary to retrain the 
SVM when the costs change. The method we present is based on the Receiver Oper-
ating Characteristic curve (ROC curve). Such curve provides a description of the 
performance of a two-class classifier at different operating points, independently of 
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the a priori probabilities of the two classes. For this reason, it is effective for analyz-
ing the classifier behavior under different class and cost distributions. ROC analysis 
is based in statistical decision theory and was first employed in signal detection 
problems [13]. It is now common in medical diagnosis and particularly in medical 
imaging [14]. Recently, it has been employed in Pattern Recognition Theory for 
evaluating machine learning algorithms [15] and for robust comparison of classifier 
performance under imprecise class distribution and misclassification costs [16]. 

Experiments performed with four different SVM kernels and four data sets pub-
licly available confirmed the effectiveness of the proposed reject rule. 

2    Support Vector Machine for Classification 

In two-class classification problems, a sample can be assigned to one of two mutu-
ally exclusive classes that can be generically called Positive (P) class and Negative 
(N) class. Let us consider a data set D containing m datapoints xi (i = 1,…, m) having 
corresponding labels yi = ±1, where the sign of the label indicates the class to which 
the data point belongs. SVM classifiers [1–3], rely on preprocessing the data to 
represent samples in a feature space whose dimension is typically much higher than 
the original input space. With an appropriate nonlinear mapping Φ(.) to a suffi-
ciently high dimension, samples from two classes can be discriminated by means of 
a separating hyperplane (w,b) which maximizes the margin or distance from the 
closest data points.  

The functional form of the mapping Φ(.) does not need to be known since it is 
implicitly defined by the choice of a kernel, i.e. a function K(xi,xj) such that 

K(xi,xj) = )x()x( ji ΦΦ ⋅ , where yx ⋅  denotes the inner product between the vec-

tors x and y. In this way, the decision function f(.) can be stated in terms of the ker-
nel chosen and of the data points of D: 
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found in feature space, only those points which lie closest to the hyperplane have αi 
> 0 and these points are the support vectors; all other points have αi = 0. The deci-
sion is based on the sign of f(z) which provides the signed distance of the point z 
from the optimal separating hyperplane. 
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3   The ROC Curve for SVM Classifiers 

In the previous section, we have assumed a zero threshold for the decision function. 
Actually, we could make a different choice, since there can be real situations in 
which the zero threshold is not optimal for the application at hand [6]. Operatively, 
a threshold t could be chosen, so as to attribute the sample to the class N if x ≤ t and 
to the class P if x > t. For a given threshold value t, some indices can be evaluated 
for measuring the performance of the SVM classifier. In particular, the set of sam-
ples whose SVM output f is greater than t contains actually-positive samples cor-
rectly classified as “positive” and actually-negative samples incorrectly classified as 
“positive”. Hence, two appropriate performance figures are given by the True Posi-
tive Rate TPR(t), i.e. the fraction of actually-positive cases correctly classified and 
by the False Positive Rate FPR(t), given by the fraction of actually-negative cases 
incorrectly classified as “positive”. 

If ( )1y)( +== fpfPϕ  and ( )1y)( −== fpfNϕ  are the class-conditional densities 

of the SVM output, TPR(t) and FPR(t) are given by: 

( )∫
+∞

=
t

P dfftTPR ϕ)(          ( )∫
+∞

=
t

N dfftFPR ϕ)(  (1) 

In a similar way it is possible to evaluate (taking into account the samples with 
confidence degree less than t) the True Negative Rate TNR(t) and the False Negative 
Rate FNR(t), defined as: 

( ) )(1)( tFPRdfftTNR
t

N −== ∫
∞−
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t

P −== ∫
∞−

ϕ  (2) 

As it is possible to note from eq. (2), the four indices are not independent and the 
pair (FPR(t),TPR(t)) is sufficient to completely characterize the performance of the 
classifier. Most importantly, they are independent of the a priori probability of the 
classes because they are separately evaluated on different subsets of data. Hence, it 
is possible to have a better insight about the performance attainable by the SVM 
classifier, while it is straightforward to obtain the overall accuracy of the SVM, 

defined as 
( ) ( ))()()()()()(

)()()()(

tFPRtTNRNptFNRtTPRPp

tTNRNptTPRPp

+⋅++⋅
⋅+⋅ , where p(P) and p(N) 

are the prior probabilities of the classes. For the sake of representation, these quanti-
ties can be plotted on a plane having FPR on the X axis and TPR on the Y axis. 
When the value of the threshold t varies between -∞ and +∞ the quantities in Eq. (1) 
and Eq. (2) vary accordingly, thus defining the set of the operating points, given by 
the pairs (FPR(t),TPR(t)), achievable by the SVM. The two extreme points are 
reached when t approaches -∞ or +∞; in the first case, both TPR(t) and FPR(t) ap-
proach 1 because all the negative and positive samples are classified as “positive”, 
while the contrary happens when t → +∞; the plot obtained gives the ROC curve of 
the SVM classifier. A typical ROC curve is shown in Fig. 1 together with the class-
conditional densities for the two classes. 
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Fig. 1. The class-conditional densities produced by a linear SVM classifier on Pima data set 
(above) and the corresponding ROC curve (below) 

4   The ROC-Based Reject Rule 

Up to now, we have restricted our discussion to the case in which the SVM classifier 
can provide a choice only between the two classes N and P. However, there can be 
real situations in which it is desirable that the classifier refrain from making a pre-
cise choice in presence of a sample for which the corresponding outcome is consid-
ered unreliable (reject option). This happens when the cost of an error is so high that 
it is advisable to suspend the decision and to reject the sample instead of making a 
wrong decision possibly involving serious consequences. The reject also entails a 
positive cost (smaller than the error costs) which is related to the price of a new 
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classification with another (more proficient) system. In this way, for a two-class 
problem which allows the reject option the cost matrix is: 

 

Table 1. Cost matrix for a two-class problem with reject 

  Predicted Class 
  N P Reject 

N CTN CFP True 
Class P CFN CTP 

CR 

 
 
where CFP, CFN and CR are the costs related to a false positive error, to a false 
negative error and to a reject, CTP and CTN are the costs for a true positive and a 
true negative correct classification (these are negative costs, since they actually 
represent a gain). It is worth noting that CR < CFP and CR < CFN. With these as-
sumptions, for a SVM with reject option we can estimate an expected classification 
cost EC given by: 

RNCRNpRPCRPp

FPRCFPNpTPRCTPPpTNRCTNNpFNRCFNPpEC

⋅⋅+⋅⋅
+⋅⋅+⋅⋅+⋅⋅+⋅⋅=

)()(

)()()()(   

where TPR, FPR, TNR, FNR are the values obtained by the classifier for the 
performance parameters previously described, while RP, RN are the rejects rates on 
the positive and the negative class, respectively. 

To accomplish the reject option on a SVM classifier, it is worth noting that, at 
0-reject, the majority of errors are given by data points falling near the optimal hy-
perplane for which the classifier may not be very confident. This suggests to modify 
the decision rule introducing two thresholds instead of only one; in this way, for a 
generic sample with SVM output f the rule is:  

 assign the sample to N if f < t1  

 assign the sample to P if f > t2 (3) 

 reject the sample if t1 ≤ f ≤ t2 
 

where t1 and t2 are two decision thresholds (with t1 ≤ t2). As a consequence, the rates 
defined in eq. (1) and eq. (2) are modified in: 
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∞−

=
1

)( 1

t

N dfftTNR ϕ         ( )∫
∞−

=
1

)( 1

t

P dfftFNR ϕ  
(4) 

while the reject rates relative to negative samples, RN(t1,t2), and to positive samples, 
RP(t1,t2), are given by: 
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In Fig. 2 are shown the effects given by introducing two thresholds. The decision 
boundary is no longer an edge, but becomes a strip (which defines a reject region) 
including part of the area in which the two classes overlap. If the SVM output for a 
sample falls within the strip, the sample is rejected, otherwise it is assigned to one of 
the two classes: in this way, many of the errors due to the class overlap are turned 
into rejects. From a geometric point of view, this means to define in the feature 
space a reject region delimited by two hyperplanes parallel to the optimal separating 
hyperplane, but placed at different distances from it. 

 

FNR(t1)  FPR(t2) 
topt 

 TPR(t2) 
 TNR(t1) 

         

 

FNR(t1)  FPR(t2) 
t1 t2  

 RP(t1,t2)  RN(t1,t2)

 TPR(t2) 
 TNR(t1)

 
 (a) (b) 

Fig. 2. (a) Even in the case the optimal threshold is chosen, a certain number of errors 
(hatched areas) is made by the classifier because of the overlap between the classes. (b) The 
effects given by the introduction of the two thresholds t1 and t2: note that both a part of errors 
and a part of correct classifications have been turned into rejects (gray areas). 

It is easy to see that it is possible to enlarge the reject region to eliminate more 
errors, but this has the drawback of eliminating more correct classifications. To find 
an effective trade-off between these opposite requirements it is necessary to evaluate 
the consequences given by the introduction of the reject option on the expected cost. 
Taking into account eqs. (4) and (5), the expression for the expected cost is: 

),()(),()()()(

)()()()()()(),(

21212

21121

ttRNCRNpttRPCRPptFPRCFPNp

tTPRCTPPptTNRCTNNptFNRCFNPpttEC

⋅⋅+⋅⋅+⋅⋅+
⋅⋅+⋅⋅+⋅⋅=  (6) 

which can be written as: 

CTNNpCFNPpttttEC ⋅+⋅+−= )()()()(),( 112221 εε  (7) 

where: 

)()()()()( 1111 tFPRNCTNptTPRNCFPpt ⋅′⋅+⋅′⋅=ε  (8) 

)()()()()( 2222 tFPRPCFNptTPRPCTPpt ⋅′⋅+⋅′⋅=ε  (9) 

and 
CRCTPPCT −=′      CRCFNNCF −=′      CRCTNNCT −=′      CRCFPPCF −=′ . 
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In this way, the optimization problem can be simplified: 

CTNNpCFNPpttttEC
tttt

⋅+⋅+−= )()()(max)(min),(min 112221
, 1221

εε  (10) 

and the optimal thresholds (
optt1

,
optt2

) which minimize EC(t1,t2) can be separately 

evaluated: 

)()()()(maxarg)(maxarg 11 tFPRNCTNptTPRNCFPptt
tt

opt ⋅′⋅+⋅′⋅== ε  (11) 

)()()()(minarg)(minarg 22 tFPRPCFNptTPRPCTPptt
tt

opt ⋅′⋅+⋅′⋅== ε  (12) 

To determine the optimal thresholds, it is worth noting that the objective functions in Eqs. 
(8) and (9) define on the ROC plane two sets of level lines with slopes, respectively: 
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NCTNp
m

′⋅
′⋅−=

)(

)(
1

             
PCTPp

PCFNp
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′⋅
′⋅−=

)(

)(
2

 (13) 

Since the set of feasible points for both the objective functions is given by the 

ROC curve, the optimal threshold optt1  can be determined by searching the point on 

the ROC curve belonging also to the line defined by eq. (8) which intersects the 

ROC and has maximum 1ε . In a similar way can be found optt2 , with the only 

difference that we must consider the line that satisfies eq. (9), intersects the ROC 

curve and has minimum 2ε . It can be simply shown that, in both cases, the searched 

line is the level curve that intersects the ROC and has largest TPR-intercept. Such a 
line lies on the ROC Convex Hull [16], i.e. the convex hull of the set of points 
belonging to the ROC curve (see Fig. 3). 
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Fig. 3. The ROC curve shown in Fig. 2 and its convex hull 
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To give an operative method for finding the optimal thresholds, let us call 
V0, V1, …, Vn the vertices of the ROC convex hull, with V0 ≡ (0,0) and Vn ≡ (1,1); 
moreover, let si be the slope of the edge joining the vertices Vi-1 and Vi and assume 
that s0 = ∞ and that sn+1 = 0. 

        
 (a) (b) 

Fig. 4. Finding the optimal threshold on the convex hull: (a) a level line touching the convex 
hull on the point Vk; (b) a level line lying on a edge of the convex hull. In this case either the 
point Vk-1 or Vk can be chosen 

For each slope mj in eq. (13), the list {si} should be searched to find a value sk 
such that sk > mj > sk+1 or sk = mj: in the first case, the level curve touches the ROC 
convex hull in the vertex Vk, which provides the optimal threshold (see Fig. 4a). In 
the second case, the level curve and the edge are coincident and thus either of the 
vertices Vk-1 and Vk can be chosen (see Fig. 4b). The only difference is that the left 
vertex will have lower TPR and FPR, while the right vertex will have higher TPR 
and FPR, thus one can refer to the requirements of the application at hand to make 
the most appropriate choice. 

It is important to recall that t1opt must be less than optt2  to achieve the reject op-

tion. For this reason, the slopes must be such that m1 < m2, otherwise the reject op-
tion is not practicable. 

5   Experimental Results 

To evaluate the effectiveness of the proposed reject rule we have compared the 
classification costs obtained by the ROC-based reject rule (RBR rule hereafter) with 
the classification cost obtained at 0-reject, so as to verify if the introduction of the 
RBR rule gives an actual improvement with respect to the case in which the reject 
rule is not used. Moreover, we have made a similar comparison between the RBR 
rule and another reject rule. 

To this aim, we have adopted a rule (EXH rule) in which the decision thresholds 
t1opt and t2opt are found through an exhaustive search for the values minimizing the 
expected cost defined in (7). In particular, let [fmin,fmax] the range of the values as-
sumed by the decision function f(.) on a set of samples. Let us choose k equally 
spaced values F={f1,f2,…, fk} such that fi < fi+1 and f1 = fmin , fk = fmax .The expected cost 

Vk+1 

Vk-1

Vk 
s

k 

sk+1 
Vk+1 

Vk-1 

Vk 
sk

sk+1 
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EC is evaluated on all the possible 
2

)1k(k + pairs (t1,t2) where t1,t2∈F and t1 ≤ t2. The 

decision thresholds (t1opt,t2opt) are given by the pair (t1,t2) which minimizes EC. In the 
experiments described below we have chosen k = 20. 

To fairly estimate the results of such comparisons, we have employed various 
data sets and kernels; moreover, a comparison technique has been devised to assure 
that the outcomes obtained are statistically significant. Four data sets publicly avail-
able from the UCI Machine Learning Repository [17] have been chosen for the 
experiments; all of them have two output classes and numerical input features. All 
the features were previously rescaled so as to have zero mean and unit standard 
deviation. The details of the data sets are summarized in Table 2. 

Four SVM’s with different kernels have been employed (see Table 3). They  
have been implemented by means of SVMlight software [18], available at 
http://svmlight.joachims.org. 

Table 2. Details of the data sets used in the experiments 

Name 
Number 

of  
samples 

% 
Positive 

% 
Negative 

Pima (P) 768 34.90% 65.10% 
German Credit (GC) 1000 30.00% 70.00% 
Breast Cancer Wisconsin (BW) 683 34.99% 65.01% 
Heart Disease - Cleveland data (HC) 297 46.13% 53.87% 

 

Table 3. SVM classifiers used in the experiments 

Name Kernel 

Linear ji xx ⋅  

Polynomial ( )2

ji xx ⋅  

RBF 




−

2

ji x-x
2

1
exp  

Sigmoid ( )ji xx1.0tanh ⋅⋅  

 
To avoid any bias in the comparison, a 12-fold cross-validation has been used on 

all data sets. In each of the 12 runs, the data set is split in three subsets: a training 
set (containing 50 % of the whole data set), a validation set and a test set (each con-
taining 25 % of the whole data set). The validation set is employed for evaluating 
the optimal thresholds of the RBR rule and of the EXH rule. On the test set are 
evaluated the three classification costs to be compared, thus obtaining, for a given 
data set and classifier, 12 different values for each of the costs required. To establish 
if the classification cost exhibited by the RBR rule is significantly better than the 
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cost at 0-reject and the cost obtained by the EXH rule, we have used the Wilcoxon 
rank-sum test [19] to make separately the two comparisons. It is firstly verified if 
the mean of the RBR cost values is higher than, lower than or undistinguishable 
from the mean of the costs at 0-reject. The same test is then made to compare the 
mean of the RBR costs with the mean of the EXH costs. Both the results are pro-
vided at 0.01 level of significance.  

To obtain a result unbiased with respect to the particular cost values, we apply 
the approach proposed in [20]: a matrix (called cost model) is used in which each 
cell contains a distribution instead of a fixed value. 1,000 different cost matrices 
have been generated randomly according to such distributions and, for each cost 
matrix, the test previously described has been repeated. In this way, we have ob-
tained a more reliable assessment of the performance of the RBR rule. The cost 
models used are described in Table 4, where the notation Unif[a,b] denotes an uni-
form distribution over the interval [a,b]. 

Table 4. The cost models 

 CTP CFP CTN CFN CR 
CM1 Unif[-10,0] Unif[0,50] Unif[-10,0] Unif[0,50] 1 
CM2 Unif[-10,0] Unif[0,100] Unif[-10,0] Unif[0,50] 1 
CM3 Unif[-10,0] Unif[0,50] Unif[-10,0] Unif[0,100] 1 
CM4 Unif[-10,0] Unif[0,50] Unif[-10,0] Unif[0,50] Unif[0,30] 

While the distributions of the costs for correct classifications are always the same, the 
error cost distributions are similar in CM1 and CM4 and very different in CM2 and CM3. 
The reject cost has been kept constant in all the cost models, except CM4. 

Table 5. Comparison between RBR rule 
and 0-reject for the  Linear SVM 

Table 6. Comparison between RBR rule 
and 0-reject for the Polynomial SVM 

 P GC BW HC   P GC BW HC 
0 0 0 0 0 0 0 0 

803 808 6 484 680 687 77 801 CM1 

197 192 994 516

CM1 

320 313 923 199 
0 0 0 0 0 0 0 0 

869 887 89 614 735 699 367 851 CM2 

131 113 911 386

CM2 

265 301 633 149 
0 0 0 0 0 0 0 0 

850 862 25 659 817 792 47 830 CM3 

150 138 975 341

CM3 

183 208 953 170 
0 0 0 0 0 0 0 0 

555 491 2 178 331 398 21 484 CM4 

445 509 998 822

CM4 

669 602 979 516 
 

In Tables 5–8 are presented the results of the evaluation of the RBR rule com-
pared with the 0-reject case. Each row of the tables corresponds to a particular cost 
model, while the columns refer to the data sets used. Each cell of the tables contains 
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three values which indicate the number of runs (out of 1000) for which the RBR rule 
classification has produced a classification cost respectively higher than, lower than 
or undistinguishable from the classification cost obtained at 0-reject. This last quan-
tity contains both the cases in which the reject option is applicable and gives results 
quite similar to the 0-reject and the cases in which the reject option is not applicable 
because the condition m1 < m2 is not verified. 

Table 7. Comparison between RBR 
rule and 0-reject for the  RBF SVM 

 
Table 8. Comparison between RBR 
rule and 0-reject for the Sigmoid 
SVM 

 P GC BW HC   P GC BW HC 

0 0 0 0 0 0 0 0 

783 792 0 837 803 799 4 465 CM1 
217 208 1000 163

CM1 

197 201 996 535 

0 0 0 0 0 0 0 0 

896 862 1 853 836 849 103 492 CM2 
104 138 999 147

CM2 

164 151 897 508 

0 0 0 0 0 0 0 0 

859 868 7 846 813 853 2 661 CM3 
141 132 993 154

CM3 

187 147 998 339 

0 0 0 0 0 0 0 0 

514 530 1 573 532 553 2 180 CM4 
486 470 999 427

CM4 

468 447 998 820 

 
A first indication is that the classification cost given by the RBR rule is never higher 

than the classification cost at 0-reject. For almost all the experiments done with the cost 
models CM1-CM3, the RBR rule is definitely better than the case at 0-reject. This is less 
evident when the cost model CM4 is used: in this case, in fact, it is more likely that the 
reject cost assume high values which do not verify the condition m1 < m2. 

The improvement obtained by the RBR rule is conspicuous on all the experi-
ments, except those executed on the Breast data set, for which there is a large major-
ity of tests in which the differences between the RBR rule and the 0-reject is quite 
negligible, independently of the cost model. The reason is that the Breast data set is 
quite separable and thus all the classifiers perform very well on it. The correspond-
ing ROC convex hulls are consequently very near to the upper left corner of the 
diagram. In many cases the hulls contain few vertices and two large segments con-
nected with an angle near 90 degrees; in these situations the RBR rule can coincide 
with the 0-reject because the level curves lie on the same vertex. This behavior 
agrees with the theoretical consideration that for a well trained classifier, where the 
error rate is very low, there is a less need for a reject option. 

Tables 9–12 present the results of the comparison between the RBR rule and the 
EXH rule. The organization is the same of tables 5-8 and thus the last row of each 
cell reports the number of tests in which the difference between the two rules is 
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negligible. As previously stated, this quantity includes not only the cases in which 
the reject is applicable and the two rules give quite similar results but also the cases 
in which the reject option is not applicable because of the condition m1 < m2. 

Table 9. Comparison between RBR 
rule and EXH rule for the  Linear 
SVM 

 
Table 10. Comparison between 
RBR rule and EXH rule for the 
Polynomial SVM 

 P GC BW HC   P GC BW HC 
4 13 0 0 0 0 0 0 

84 180 779 281 44 69 998 120 CM1 
912 807 221 719

CM1
956 931 2 880 

8 6 0 6 0 0 0 0 
89 149 489 163 30 37 978 75 CM2 

903 845 511 831

CM2
970 963 22 925 

18 17 0 0 0 0 0 0 
90 113 863 438 21 92 951 153 CM3 

892 870 137 562

CM3
979 908 49 847 

2 6 0 0 0 0 0 0 
46 139 892 148 263 55 998 98 CM4 

952 855 108 852

CM4
737 945 2 902 

 

Table 11.  Comparison between 
RBR rule and EXH rule for the  RBF 
SVM 

 
Table 12. Comparison between 
RBR rule and EXH rule for the 
Sigmoid SVM 

 P GC BW HC   P GC BW HC 
0 0 0 0 0 0 0 0 

783 792 0 837 803 799 4 465 CM1 
217 208 1000 163

CM1
197 201 996 535 

0 0 0 0 0 0 0 0 
896 862 1 853 836 849 103 492 CM2 
104 138 999 147

CM2
164 151 897 508 

0 0 0 0 0 0 0 0 
859 868 7 846 813 853 2 661 CM3 
141 132 993 154

CM3
187 147 998 339 

0 0 0 0 0 0 0 0 
514 530 1 573 532 553 2 180 CM4 
486 470 999 427

CM4
468 447 998 820 

 
It is worth noting that there are some few cases (187 out of 64,000) in which the 

RBR rule performs worse than the EXH rule. This is not surprising since this latter 
finds the optimal thresholds through an exhaustive search in the validation set, while 
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the RBR rule circumscribes its search to the ROC convex hull. As a consequence, 
there can be situations in which the best thresholds are found only through the ex-
haustive search. 

However, there is a much larger number of cases (16,562 out of 64,000) in which 
the RBR rule gives a result better than the EXH rule. This implies that, although the 
RBR rule considers only the operating points of the ROC convex hull, these latters 
are much more robust with respect to changes in costs. On the whole, the RBR rule 
provides a classification cost better than or equal to the cost obtained by the EXH 
rule in the 99.88% of the tests performed. This result clearly supports the rationale 
on which the RBR rule is based, i.e. that the ROC convex hull contains all the in-
formation necessary to find the reject thresholds which minimize the expected clas-
sification cost. 
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Abstract. In concept learning, inductive techniques perform a global
approximation to the target concept. Instead, lazy learning techniques
use local approximations to form an implicit global approximation of the
target concept. In this paper we present C-LID, a lazy learning technique
that uses LID for generating local approximations to the target concept.
LID generates local approximations in the form of similitude terms (sym-
bolic descriptions of what is shared by 2 or more cases). C-LID caches
and reuses the similitude terms generated in past cases to improve the
problem solving of future problems. The outcome of C-LID (and LID) is
assessed with experiments on the Toxicology dataset.

1 Introduction

Concept learning can be achieved both using lazy learning and eager learning.
Inductive concept learning is the typical eager approach, where learning is find-
ing a description characterizing the instances of a concept (positive examples)
and not the rest (negative examples). Lazy learning techniques like k -nearest
neighbor and case-based reasoning define concepts extensionally, i.e. by using
the extension of a concept enumerating the instances that belong to the concept
(positive examples) and those that do not (negative examples). Moreover, lazy
learning techniques are problem-centered, i.e. they take into account the new
problem (sometimes called query) while using the information of the previous
instances (cases). Inductive techniques are unable to do so, since by the time
they observe the query they have already chosen their (global) approximation to
the target function. In other words, eager techniques take a global approach to
concept learning while lazy techniques (implicitly) represent the target function
by combining many local approximations [6].

In this paper we present C-LID a lazy learning approach that reuses those
local approximations used for solving past instances in order to improve the
classification of new problems in case based-reasoning (CBR). C-LID (Caching
LID) is a variant of the CBR technique LID (Lazy Induction of Descriptions) [3].
LID is a lazy concept learning technique for classification tasks in CBR based
on the notion of similitude term. CBR approaches are based on finding the
most similar (or relevant) cases for a particular problem p, and usually these
degree of similarity is assessed using a distance metric. However, as explained in

P. Perner and A. Rosenfeld (Eds.): MLDM 2003, LNAI 2734, pp. 121–130, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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Sect. 2, LID does not use a distance. Instead, LID builds a symbolic description
of the similarity Dp between p and a set of cases SDp

. We call Dp a similitude
term and contains that which is common to p and the cases in SDp . In other
words, Dp is a generalization such that it covers the problem (Dp � p) and the
retrieved cases (Dp � c : ∀c ∈ SDp). Thus, for LID, the similitude terms are
the local approximations used for solving problems, and since they are symbolic
descriptions we are able to cache them and reuse them in solving future problems.
This is the approach of Caching LID presented in this paper. In order to define
C-LID on top of LID we have only to specify two policies: a) the caching policy
(i.e. which similitude terms are cached and which not), and b) the reuse policy
(i.e. when and how the cached terms are used to solve a new problem) — see §3
below. Notice, however, that C-LID is still a lazy learning technique according
to the definition given above. The generalizations created by LID and cached by
C-LID are not global: they are local approximations.

The structure of the paper is as follows: Sect. 2 explains the Lazy Induction
of Descriptions technique, then Sect. 3 introduces C-LID while Sect. 4 presents
an application of C-LID to a toxicology data set and reports on the accuracy
results of both LID and C-LID. The paper closes with a discussion section.

2 Lazy Induction of Descriptions

In this section we explain the LID (Lazy Induction of Descriptions) method. The
goal of LID is to classify a problem as belonging to one of the solution classes.
The main idea of LID is to determine which are the more relevant features of the
problem and to search in the case base for cases sharing these relevant features.
The problem is classified when LID finds a set of relevant features shared by
a subset of cases belonging all of them to the same solution class. Then, the
problem is classified into that solution class.

Given a case base B containing cases classified into one of the solution classes
C = {C1 . . . Cm} and a problem p, the goal of LID is to classify p as belonging
to one of the solution classes. The problem and the cases in the case base are
represented as feature terms.

Feature terms (also called feature structures or ψ-terms) are a generalization
of first order terms. The intuition behind a feature term is that it can be described
as a labelled graph. The edges of the graph are labelled with feature symbols
and the nodes are the sorts of the feature values. Sorts have an informational
order relation (�) among them, where ψ � ψ′ means that ψ has less information
than ψ′ or equivalently that ψ is more general than ψ′. The minimal element
(⊥) is called any and it represents the minimum information. When a feature
has unknown value it is represented as having the value any. All other sorts are
more specific that any. Figure 2 shows an example of sort/subsort hierarchy.

The semantic interpretation of feature terms brings an ordering relation
among feature terms that we call subsumption. Intuitively, a feature term ψ
subsumes another feature term ψ′ (ψ � ψ′) when all the information in ψ is also
contained in ψ′. In Sect. 4.1 feature terms are explained with an example. For a
more formal explanation of feature terms see [1].
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Function LID (SD, p, D, C)
if stopping-condition(SD)

then return class(SD)
else fd := Select-leaf (p, SD, C)

D′ := Add-path(π(root(p), fd), D)
SD′ := Discriminatory-set (D′, SD)
LID (SD′ , p, D′, C)

end-if
end-function

Fig. 1. The LID algorithm. D is the similitude term, SD is the discriminatory set of
D, C is the set of solution classes, class(SD) is the class Ci ∈ C to which all elements
in SD belong

We define the similitude term, s, of two cases c1 and c2 as a term such as
s � c1 and s � c2 i.e. the similitude term of two cases subsumes both cases.
In this framework, the task of similarity assessment is a search process over the
space of similarity descriptions determined by the subsumption relation.

We call discriminatory set the set SD = {b ∈ B|D � b} that contains the
cases of B subsumed by the similitude term D.

The LID algorithm (Fig. 1) begins with the similitude term D initialized to
the most general feature term (i.e. the feature term any that has no features)
and the discriminatory set SD initialized to the whole case base B (since any
subsumes all the cases). When there is some domain knowledge, the similitude
term D can be initialized to a value D0 (where D0 �= any) as is described in [2].

Given the current similitude term D, the stopping condition of LID is that
all the cases in SD belong to one solution class Ck ∈ C. In the first call, this
condition is not satisfied because the initial similitude term D subsumes the
whole case base. The next step is to select a leaf for specializing D.

The specialization of a similitude term D is achieved by adding features to
it. In principle, any of the features used to describe the cases could be a good
candidate. Nevertheless, LID uses two biases to obtain the set Fl of features can-
didate to specialize D. First, of all possible features describing a case, LID will
consider only those features present in the problem p to be classified. As a con-
sequence, any feature that is not present in p will not be considered as candidate
to specialize D. The second bias is to consider as candidates for specializing D
only those features that are leaf features of p (i.e. to features having as values
feature terms without features).

The next step of LID is the selection of a leaf feature fd ∈ Fl to specialize
the similitude term D. Selecting the most discriminatory leaf feature in the set
Fl is heuristically done using the RLM distance [5] over the features in Fl. The
RLM distance assesses how similar are two partitions in the sense that the lesser
the RLM distance is the more similar are the partitions. Let us suppose that the
feature fi takes as value vi in the problem p. This feature induces a partition Pi
of the case-base formed by two sets: one containing the cases that have value vi
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and the other contain those cases with value different than vi in the feature fi.
For each feature in Fl, LID induces its associated partition.

The correct partition is a partition Pc = {C1 . . . Cm} where all the cases
contained into a set Ci belong to the same solution class. For each partition Pi
induced by a feature fi, LID computes the RLM distance to the correct partition
Pc. The proximity to Pc of a partition Pi estimates the relevance of feature fi.

Let Pi and Pj the partitions induced by features fi and fj respectively.
We say that the feature fi is more discriminatory than the feature fj iff
RLM(Pi, Pc) < RLM(Pj , Pc), i.e. when the partition induced by fi is closer
to the correct partition Pc than the partition induced by fj . Intuitively, the
most discriminatory feature classifies the cases in a more similar way to the
correct classification. LID uses the more discriminatory than relationship to esti-
mate the features that are more relevant for the purpose of classifying a current
problem.

Let us call fd the most discriminatory feature in Fl. The feature fd is the
leaf feature of path π(root(p), fd) in problem p. The specialization step of LID
defines a new similitude term D′ by adding to the current similitude term D
the sequence of features specified by π(root(p), fd). After this addition D′ has
a new path π(root(D′), fd) with all the features in the path taking the same
value that they take in p. After adding the path π to D, the new similitude term
D′ = D + π subsumes a subset of cases in SD, namely the discriminatory set
SD′ (the subset of cases subsumed by D′).

Next, LID is recursively called with the discriminatory set SD′ and the simil-
itude term D′. The recursive call of LID has SD′ as first parameter (instead of
SD) because the cases that are not subsumed by D′ will not be subsumed by any
further specialization. The process of specialization reduces the discriminatory
set SnD ⊆ Sn−1

D ⊆ . . . ⊆ S0
D at each step.

Another stopping situation is when the current discriminatory set SnD con-
tains cases belonging to several solution classes (Ci . . . Cj) but the similitude
term Dn cannot be further specialized. In this situation LID uses the majority
rule for propose a solution class for p, i.e. p is classified as belonging to the class
Ck such that Card(SnD ∩ Ck) = max{Card(SnD ∩ Ci) . . . Card(SnD ∩ Cj)}.

Given a new problem p and a case base CB, the result of LID is the solution
class and a similitude term D. The similitude term can be seen as an explanation
of why p is classified as belonging to a solution class Ci. Moreover, the cases
contained in the discriminatory set SD support this classification. Notice that the
stopping condition means that the similitude term is able to discriminate cases
belonging to the solution class Ci with respect to the cases that does not belong
to Ci. In this sense, the similitude term D can be viewed as a partial description
of Ci. D is a partial description because, in general, it does not subsume all the
cases belonging to Ci but only a subset of them (those sharing the features of D
with the new problem). The similitude term D depends on the new problem, for
this reason there are several partial descriptions (i.e. similitude terms) for the
same solution class. In the next section we explain how the similitude term can
be used as support to the LID solution.
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3 Caching LID

Caching LID is implemented on top of LID by defining two policies: the caching
policy and the reuse policy. C-LID considers the similitude terms built by LID
as descriptions of the local approximations performed by this CBR technique.
The caching policy determines which similitude terms are to be retained; from
now one we will call patterns the similitude terms that are cached by C-LID. The
reuse policy determines when and how the cached patterns are used to solve new
problems.

The caching policy of C-LID states that similitude term D will be cached if it
is univocal, i.e. when all cases covered Dp (all cases in SDp

) belong to one class
only. Thus, C-LID’s caching policy retains only similitude terms that characterize
the class of a problem p and a set or retrieved cases SDp

without any uncertainty.
The reuse policy of C-LID states that patterns will be used for solving a problem
p only when LID is unable to find a similitude term Dp for p that is univocal. In
that case all patterns that subsume p will be used together with Dp to determine
the most likely class of p. Below we explain in detail how this class is determined.

C-LID can be decomposed in two steps: 1) a preprocessing of the case base in
order to obtain some similitude terms to be cached; and 2) the problem solving
phase that uses LID together with the cached similitude terms for clasifying new
problems.

Preprocessing. During this phase the caching policy is applied. The experiments
described in Sect. 4.2 are performed using the caching policy already explained.
There are possible other less strict caching policies, and we briefly discuss them
in Sect. 5. The preprocessing phase is done using the leave-one-out technique
over the whole training set B. For each case c ∈ B, C-LID uses LID to classify
it. When similitude term Dp is univocal C-LID caches it. Thus, at the end of
the preprocessing phase C-LID has a set M = {D1 . . . Dn} of cached similitude
terms (patterns).

Problem solving. In the problem solving phase the reuse policy is applied. First,
a new problem p is solved using LID. If LID finds a similitude term Dp that is
univocal then p is classified in the same class as the cases in SDp . Otherwise, SDp

contains cases belonging to several solution classes, and the reuse policy states
that relevant patterns in M are to be used to solve the problem. The relevant
patterns are defined as the subset of patterns that subsume p, i.e. Mp = {m ∈
M |m � p}. In other words, the relevant patters are those that share with p the
same features that were used to classify previous problems. Let Smj be the set of
cases subsumed by mj ∈ Mp, we define SMp as the union of all cases subsumed
by any relevant pattern. C-LID applies the majority rule to the set SDp ∪ SMp ;
that is to say, C-LID classifies p as belonging to the solution class to which belong
a majority of the cases in SDp ∪ SMp .

In the next section we explain some experiments on the Toxicology dataset
and we evaluate the accuracy both of LID and C-LID.
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4 The Toxicology Dataset

The Toxicology dataset has been provided by the US National Toxicology Pro-
gram (NTP) (http://ntp-server.niehs.nih.gov). In this dataset there are descrip-
tions of around 500 chemical compounds that may be carcinogenic for two animal
species: rats and mice. The carcinogenic activity of the compounds has proved to
be different in both species and also among the sex of the same species. There-
fore there are, in fact, four datasets. The chemical compounds of the dataset can
be classified into eight solution classes according to the laboratory experiments:
positive, clear evidence, some evidence, equivocal, equivocal evidence, inadequate
study, negative and negative evidence. Nevertheless, most of the authors working
on this dataset consider the classes positive, clear evidence and some evidence
as the class “positive”; the classes negative and negative evidence as the class
“negative”; and the compounds belonging to the other classes are removed.

The classification task in this domain is specially difficult since the predic-
tive accuracy exhibited by the domain human experts ranges from 28% to 78%
[7]. In the Predictive Toxicology Challenge 2000-2001 (PTC) [4] several authors
presented different approaches for solving the classification task. Most of them
try to induce rules in order to characterize both classes. The accuracy obtained
by the different methods is around 63%. In fact the maximum accuracy is 65%
and it is considered as the default prediction.

In the next section the representation of the chemical compounds using fea-
ture terms is explained. Then we discuss the results obtained from the experi-
ments done using both LID and C-LID.

4.1 Representation of the Chemical Compounds

The basis of the representation we propose is the chemical ontology used by
chemist experts and that is implicit in the chemical nomenclature of the com-
pounds. For instance, the benzene is an aromatic ring composed by six carbon
atoms with some well-known properties, therefore it is not necessary to describe
the individual atoms in the benzene when we have the benzene concept in our
domain ontology.

Figure 2 shows part of the chemical ontology we used for representing the
compounds in the Toxicology dataset. This ontology is based on the chemical
nomenclature which, in turn, is a systematic way of describing a molecule. In
fact, the name of a molecule provides to a chemist all the information needed to
graphically represent the structure of the molecule.

In our representation (see Fig. 3) a compound is a sort described by two
features: main-group and p-radicals. The values of the feature main-group belong
to someone of the sorts shown in Fig. 2. The value of the feature p-radicals
is a set whose elements are of sort position-radical. The sort position-radical
is described using two features: radicals and position. The value of the feature
radicals is also of sort compound. This is because both, main group and radicals,
are the same kind of molecules, i.e. the benzene may be the main group in one
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compound
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Fig. 2. Partial view of the toxicology ontology
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Fig. 3. Representation of the compound with identifier TR-339, the 2-amino-4-
nitrophenol, using feature terms

compound and a radical in some other compounds. The feature position of the
sort position-radical indicates where the radical is bound to the main group.

For example, the chemical compound with identifier TR-339 in the NTP
Toxicology dataset, is the 2-amino-4-nitrophenol. This compound has a phenol
as main group. The phenol, is a molecule composed of one benzene with a radical
alcohol in position one. Thus, the compound TR-339 has a benzene as main group
and a set of three radicals: a radical with an alcohol as main group in position
one; a radical with an amine as main group in position two; and a radical with
a nitro-derivate in position four. Notice that this information has been directly
extracted from the chemical name of the compound following the nomenclature
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rules. We have translated, with the support of a chemist, the compounds of the
Toxicology dataset to this representation based on feature terms.

In the next section we describe the experiments done using both LID and
C-LID for solving the classification task in the Toxicology dataset.

4.2 Experiments

The Toxicology dataset can be seen as formed by four separate datasets: male
rats (MR), female rats (FR), male mice (MM) and female mice (FM). The
classification task is solved separately for each one of these datasets, i.e. solving
a case means solving four classification tasks: 1) the classification of the case
according to its activity in MR; 2) the classification according to its activity in
FR; 3) the classification according its activity in MM; and 4) the classification
according its activity in FM. From now on, we will refer to the classification of
a case as the classification of the case in one dataset.

For each one of the datasets we take into account only those cases having
as solution positive or negative activity, i.e. we do not considered the cases with
value of activity unknown, equivocal or inadequate.

The evaluation of the predictive accuracy of the methods has been made
using 10-fold cross-validation. First of all we evaluated the accuracy of LID. The
column labelled as LID in Table 1 shows the accuracy of LID for each one of the
datasets. Notice that LID has an accuracy of 63.09% for FR that is near to that
considered as the default accuracy (65%).

Table 1 also shows the predictive accuracy of C-LID. The predictive accuracy
of C-LID improves the accuracies obtained using only LID in the four datasets.
These results show that the caching policy is adequate since the cached patterns
allow to increase the accuracy of the LID method. Notice that the caching policy
stores only the similitude terms that are univocal, i.e. those subsuming cases
belonging to only one solution class. With this policy C-LID takes into account
only those patterns with clear evidence of a good discrimination among classes.

In order to assess the contribution of the patterns to the accuracy improve-
ment in C-LID we evaluated the accuracy using the set of patterns M alone.
When a problem p is not subsumed by any similitude term in M , it cannot be
classified. Column labeled as Answers in Table 1 shows the average of cases that

Table 1. Table comparing the performances of LID (column LID) and C-LID (column
C-LID) on male rats (MR), female rats (FR), male mice (MM) and female mice (FM).
Answers is the percentage of problems that can be classified using the patterns in the
set M . The column M is the predictive accuracy using only the patterns generated by
LID

Dataset # cases LID C-LID Answers M

MR 297 58.27 60.54 39.96 57.67
FR 296 63.09 66.97 56.15 60.67
MM 296 52.39 53.95 32.99 53.35
FM 319 52.36 56.60 32.23 53.34
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have been solved using the patterns alone. Notice that only around a third of
cases can be solved. The predictive accuracy using only patterns (column M in
Table 1) is greater than the accuracy of LID for mice but the accuracy for rats
is lower than the LID accuracy.

The cached patterns contribute to C-LID’s accuracy increase for two reasons.
First, they are used only when LID is unable to yield a univocal solution. In
this case C-LID wants to use patterns but not always is possible (since their
applicability is about 1/3 of the cases as shown in Table 1). However, the ex-
periments show that when they are used the accuracy of C-LID improves. The
way in which patterns improve the system final decision is increasing the set of
cases that C-LID take into account when the majority rule is applied. In fact, the
second reason is that the cases added are really relevant to the problem C-LID
is solving, as proved by the increase in accuracy that they provide.

5 Conclusions

We have presented C-LID, a lazy concept learning technique for case-based rea-
soning in classification tasks. C-LID is built on top of LID by caching and reusing
the symbolic similitude terms generated by LID. The rationale of the C-LID is
that similitude terms are the local approximations of the target function used
to classify problems in CBR.

The cache policy of C-LID keeps only those similitude terms that perfectly
classify the subsumed cases (i.e. those similitude terms whose cases in the dis-
criminatory set belong all to a unique class). This policy has the rationale that
it is worth caching those similitude terms that are good approximations. Clearly,
there are less strict policies that are possible, e.g. caching all similitude terms
that have a clear majority class among the cases in their discriminatory set. This
policy retains more patterns (and thus increase their scope) but they increase
the uncertainty when they are reused. We performed two experiments with less
strict caching policies: similarity terms were cached when the majority class in
the discriminatory set was greater that 2/3 and then greater than 3/4. The out-
come was very similar to that patrons alone in Table 1. Therefore, the increase
in scope is undermined by the uncertainty increase in less strict policies.

This result supports the caching policy of patterns, but why do cached pat-
terns improve accuracy? For this we have to consider the reuse policy. First,
when the ”classic” approach to CBR embodied in LID works perfectly (all re-
trieved cases are in the same class) the patterns are not reused. That is to say,
when the current local approximation is assessed to be without uncertainty no
other local approximations (patterns) are reused. However, when LID’s outcome
involves some uncertainty we assess that this local approximation is not good
enough and we search for past local approximations (patterns) that were good
enough. Now, for a problem p, of all cached patterns M the reuse policy only
considers as subset such that Mp = {mi ∈ M |m � p}—that is to say, those
similitude terms whose informational content is also shared by p. Notice that
each cached similitude term mi ∈ Mp was a good characterization of what was
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shared by some problem p and a subset of the case base. Since p also shares
this symbolic description mi it is likely that it would be in mi’s class. Thus, the
patterns in Mp (if they exist for p) can help in reducing the uncertainty intrinsic
to the ”pure” CBR approach of LID.

Finally, notice that C-LID is clearly a lazy approach to concept learning. C-LID
uses local approximations of the target function and not a global approximation
(even if it caches generalizations of examples). The contribution of C-LID is that
it uses local approximations in a new way: C-LID builds in a problem-centered
way a local approximation, and then assess its goodness against the existing
case base; if this local approximation is found wanting then C-LID reuses similar
local approximations that have been cached. The similar local approximations
are those that share with the problem p the content of a symbolic description of
similarity among cases.

Acknowledgements. This work has been supported by the MCYT-FEDER
Project SAMAP (TIC2002-04146-C05-01). The authors thank Dr. Lluis Bona-
musa for his assistance in developing the representation of chemical molecules.

References

[1] E. Armengol and E. Plaza. Bottom-up induction of feature terms. Machine Learn-
ing, 41(1):259–294, 2000.

[2] E. Armengol and E. Plaza. Individual prognosis of diabetes long-term risks: A
CBR approach. Methods of Information in Medicine, pages 46–51, 2001.

[3] E. Armengol and E. Plaza. Lazy induction of descriptions for relational case-based
learning. In Machine Learning: ECML-2002, number 2167 in Lecture Notes in
Artificial Intelligence, pages 13–24. Springer-Verlag, 2001.

[4] C. Helma, R. King, S. Kramer, and A. Srinivasan. The predictive toxicology chal-
lenge 2000-2001. In ECML/PKDD 2001. Freiburg, 2001.
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Abstract. Automatically authoring or acquiring cases in the case-based reasoning 
(CBR) systems is recognized as a bottleneck issue that can determine whether a CBR 
system will be successful or not. In order to reduce human effort required for author-
ing the cases, we propose a framework for authoring the case from the unstructured, 
free-text, historic maintenance data by applying natural language processing technol-
ogy. This paper provides an overview of the proposed framework, and outlines its 
implementation, an automated case creation system for the Integrated Diagnostic Sys-
tem. Some experimental results for testing the framework are also presented.  
 
Keywords: cased-based reasoning, case creation, case base management, natural lan-
guage processing  

1   Introduction  

The Integrated Diagnostic System (IDS), which was developed at the National Re-
search Council of Canada, is an applied artificial intelligent system [2] that supports 
the decision-making process in aircraft fleet maintenance. IDS integrates two kinds of 
the reasoning techniques: rule-based reasoning and case-based reasoning. The rule-
based reasoner monitors the messages transmitted from the aircraft to the information 
monitoring system on the ground. The messages are either malfunction reports from 
the sensors of an aircraft (failure [FLR] or warning [WRN] messages) or digital mes-
sages typed on the keyboard by the pilot (SNAG1 or MSG messages). IDS clusters 
these messages into different Fault Event Objects (FEOs), which are regarded as po-
tential problem symptoms. These symptoms trigger the firing of rules that alert main-
tenance technicians to situation that could have a significant impact on the aircraft’s 
airworthiness. IDS also helps identify the appropriate parts of troubleshooting manual 
that are related to the symptoms. CBR [1] is then needed to help refine these solves by 
retrieving similar situations from the mechanic’s experiences, which have been stored 
in a case base.  

The case bases are different from the rule bases in principle. The rules reflect the 
relationship between condition and consequence in real-world problems; they can be 
designed based on system requirements and domain knowledge, or extracted from the 
technical documents such as the troubleshooting manual. The cases document the 
                                                                            
1  A snag is a common term for an equipment problem in the aviition area. It is a record of  the 

problem and the repair action.  
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relation between problem symptoms and the fix applied by domain experts, and they 
accumulate the past experience for solving similar problems. The cases can’t be cre-
ated from technical documentation. They have to be authored from historic mainte-
nance experience or by experienced domain experts.  

One important piece of data is the snag message. A snag is a transcript of the 
hand-written notes describing a problem (reported by pilots, other crew or mainte-
nance technicians) and the repair actions carried out to fix the problem. It is composed 
of well defined, fixed fields describing the date, the location, a unique snag identifier, 
etc. as well as unstructured free-text describing the problem symptoms, the pieces of 
equipment involved in the repair and the actions performed on them. It is possible for 
someone to create a potential case by combining the information in the snag message 
with information in the FEO database.  To help the user to create cases from the his-
toric snag database, we developed an off-line tool, SROV (Snag Ratification Object 
Validation) [1]. This tool allows the user to browse the snag database, clean up the 
contents of the snag message and convert the snag message into a potential case. 
However, it was still difficult for the user to create cases using the tool, because the 
problem description and repair action in the snag messages are described with un-
structured free text. To extract useful information from such free-text messages re-
quires significant human effort and domain knowledge.  

In order to reduce the human effort, we propose a framework for authoring cases 
automatically from the unstructured free-text maintenance data by applying natural 
language processing (NLP) techniques [3,14].  In this paper, the proposed framework 
is presented in detail along with its implementation, an automated case creation sys-
tem (ACCS) for IDS. Some experimental results for testing the effectiveness of the 
framework are also discussed.   

The paper is organized as follows. Following this introduction is Sect. 2, Related 
Work; Sect. 3 is the proposed framework; Sect. 4 describes the technical implementa-
tion of ACCS; Sect. 5 presents some experimental results; and the final section dis-
cusses the conclusions.  

2    Related Work  

To date a great deal of research effort has been devoted to case base maintenance 
[4,5,6,7,9,10,12] in CBR systems. This research has focused on a number of crucial 
issues such as the case life cycle [5], the optimization of the case indices [12] and so 
on. Some of the earliest case base maintenance works [9,10] look at the development 
of maintenance strategies for deleting/adding cases from/to existing case bases.  For 
example, in [9], a class of competence-guided deletion policies for estimating the 
competence of an individual case and deleting an incompetent case from a case base 
is presented. This technique has been further developed for adding a case to an exist-
ing case base [10]. Redundancy and inconsistency detection for case base manage-
ment in CBR systems has also attracted a lot of attention from researchers [11]. In 
recent years, some new approaches based on automatic case base management strate-
gies have been published. M.A. Ferrario and B. Smyth [6], introduced a distributed 
maintenance strategy, called collaborative maintenance, which provides an intelligent 
framework to support long-term case collection and authoring. To automatically 
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maintain the case base, L. Portinale et al. [4] proposed a strategy, called LEF (Learn-
ing by Failure with Forgetting [13]), for automatic case base maintenance.  

It is perhaps surprising that these works almost exclusively focus on maintaining 
case bases for runtime CBR systems and collecting cases from the on-line problem-
solving procedures. Relatively little work has focused on automatically authoring 
cases at an earlier stage, using existing historic maintenance experience that can be 
collected from past maintenance operational data. In fact, a useful CBR system should 
provide the ability for a user to automatically author case bases from the recorded 
historic experience database at the initial stage and to automatically collect or author 
the cases at the on-line runtime stage. Therefore, the main contribution of this paper is 
to propose a useful framework for automatically authoring cases from the historic 
maintenance experience data by applying NLP techniques. 

3    A Framework for Authomatically Authoring Cases 

To describe the proposed framework, we use the following notations. Let c  denote a 
case and CB  denote a case base, then ).,...,......,,( 21 ni ccccCB ⊇  A case c is 
defined as ))(),(),(( mspc =  where (p), (s) and (m) denote problem attributes 
(called symptoms), solution attributes to the problem and information for case base 
management respectively. (m) contains all attributes related to case base maintenance 
including redundancy, inconsistency, positive actions, and negative actions. (p) could 
be a single symptom or multiple symptoms, and (s) could be a single action or multi-
ple actions for fixing the problem (p). If SB and FB denote the historic snag mainte-
nance database and the FEO database respectively, then 

),...,( 21 ksnagsnagsnagSB ⊇  and ),...,( 21 lfffFB ⊇ . Our task is to create 
CB  from SB and FB . Therefore, the framework can automate this task by follow-
ing five main processes:  
 

• Preprocessing snag messages (SB), 
• Identifying the symptoms( (p) ) for the problems, 
• Identifying the solution ( (s) ) for the problems, 
• Creating a potential case (c), 
• Maintaining the case base ( (m) ).  

3.1     Preprocessing Snag Messages 

The task of this process is to obtain clean snag messages SBsnagi ⊆  from the raw 
snag messages. The raw snag messages like the one shown in Table 1 are processed to 
give messages in italics as shown in Table 2. The parse is simple since the various 
fields of the raw message are in a predetermined order and of the fixed size. We ex-
tract the date, the place where the fix was done, a unique snag identifier, etc, as well 
as unstructured free-text describing the problem symptoms and the repair actions. The 
free-text contains many unnecessary symbols or words. To deal with this, we filter the 
unnecessary characters (such as ‘#’, ‘.’, ‘*’ and so on) and using a list of “poor single” 
words, we remove some words as well. The list of poor single words are constructed 
by analyzing a large set of snag messages to see which ones were not helpful in 
matching the unstructured text FLR and WRN messages. For example, the free-text of 
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the problem description obtained from the raw snag message, RMA 27-93-2127 
AVAIL. REPEAT E/W "F/CTL ELAC 1 FAULT”  "ELAC 1 OR INPUT OF CAPT 
ROLL CTL SSTU 4CE1". R 7. after processing, results in  RMA 27-93-2127 AVAIL 
REPEAT F/CTL ELAC 1 FAULT ELAC 1 INPUT CAPT ROLL CTL SSTU 4CE1, as 
shown in Table 2.   
  

Table 1. An example of the raw maintenance data record 
 

ACFT_MI_SEC:UNNNNNNNNNNNNNNNNNNNNNYYYYYYYYYYYYYNYNNNNNNNYYNN
6615 437820001NM1003286 2312 2312ACA01058P28Q0CL6YUL ACA0646RT RMA 27-93-2127 
AVAIL. REPEAT E/W "F/CTL ELAC 1 FAU LT”   "ELAC 1 OR INPUT OF CAPT ROLL CTL 
SSTU 4CE1". R 7. I2000-09-23NNDEFN           0000000000000        0000000000000        
0000000000000        00000000000000           40227AC 74577LNNS ORDER        AC74577 1998-01-
22 14:07:006650 
ACFT_MI_ACTN_SEC :  INNNNNNNNNNNNNNNNNNNNYYYYYYNN 615437820002000 
6889450001Y REPLACED CAPTAINS SIDE STICK AND TESTED AS PER AMM 27-92-41-501   
42000-09-2506.36.00FIXYWG 26525AC 26525NNNNNN 000000000000                  AC26525 1998-
01-30 16:00:00.898990 
ACFT_PART_RMVL_SEC:NNNNNNNNNNNNNNNNNNNNNNN661543782000200068894500010
0010 001Y0000000010000NNNAC002FD  9W19XFEA  150000000042983622-9852-003              
4V792             111AC26525 1998-01-30 16:00:00.89916023-80-0100        Y 
ACFT_PART_INST_SEC:NNNNNNNNNNNNNYNYYNYNN6615437820002000 688945000 
100010001 Y0000000010000NN AC002EA  150000000042983     1467      AC26525 1998-01-30 
16:00:00.89921023-80-0100        Y   

 
Table 2. A clean snag message obtained from the Table 1 
 

Event Date & Time 1998-01-22 14:07:00 

Report Station YUL 

Snag Number M1003286 

  
Problem Description 

RMA 27-93-2127 AVAIL REPEAT  F/CTL ELAC 1 
FAULT ELAC 1  INPUT  CAPT ROLL CTL SSTU 
4CE1 

Fin Number 222 

Repar Station YWG 

Repair Date 1998-01-30 16:00:00 

Repair Action REPLACED CAPTAINS SIDE STICK AND 
TESTED AS PER AMM 27-92-41-501 

3.2    Identifying the Symptoms  

The task of the process, symptom identification, is to find (P) from the SB and FB. 
Identifying the symptoms for the problem is done using a free-text matching approach 
because the content of the diagnostic FLR and WRN messages is described in formal 
(predetermined) text while the problem description in the snag message is unstruc-
tured free text. To match such free text to the formal text of the diagnostic messages, 
we use an N-gram algorithm. N-gram matching refers to a fragment of N consecutive 
letters of a text phrase. For a given text phrase of length L, there are L – N + 1 N-
grams.  Such a matching algorithm helps to reduce the impact of misspelling, abbre-
viations and acronyms.  After considering the trade-off between the algorithm per-
formance and matching accuracy, we selected N to be 3 (tri-gram matching). For 
example, in the tri-gram matching algorithm, the text word “ diagnose” could be dis-
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assembled into 6 tri-grams: },,,,,{ osenosgnoagniagdia . If a text phrase, “ diag-
nose” is matched to the misspelled one, “ diagnoes”, the tri-gram will identify them 
as two similar text phases.  As a result, the problem, RMA 27-93-2127 AVAIL 
REPEAT F/CTL ELAC 1 FAULT ELAC 1 INPUT CAPT ROLL CTL SSTU 4CE1, 
is linked to symptoms: WRN321, FLR1188, WRN320, WRN340, after matching the 
description to the FB. 

3.3    Identifying the Solutions 

Gavin a snag message, SBsnagi ⊆ , we also need to determine the solution (S).  In 
other words, the task of the solution identification is to extract repair action and 
equipment information from the snag message using NLP techniques [3, 14].  In gen-
eral, the free text of the repair action description in the snag message contains one or 
more “sentences” with extensive use of acronyms and abbreviations, omission of 
certain types of words (such as the definite article), and numerous misspellings and 
typographic errors. Extracting the required specific information, namely the pieces of 
equipment involved in the repair and the actions performed on the equipment (re-
place, reset, repair, etc.), from the free text is a typical natural language understanding 
procedure as shown as Fig. 1. 
 
 
 

isnag  
 
 
 
 
 
 
 
 
 
 
 
 
    
 
 
In the natural language understanding procedure, the unstructured free text that de-
scribes the repair action is first preprocessed to determine the nature and properties of 
each word and token against the lexicon which contains the words, the acronyms and 
the abbreviations. Then the sequence of morphologically analyzed items is syntacti-
cally analyzed with a parser and checked against a grammar that describes the pat-
terns of valid propositions. Finally the result of the syntactic parsing is semantically 
interpreted to generate the class of repair action and the equipment on which the ac-
tion is performed. For example, the free-text that describes the repair action in the 
snag message, “ #1 EIU replaced”, is analyzed as shown as Table 3. 
 
 
 

Lexi-

Words 

Acronyms 

Abbreviations 

Morpho-lexical 
Analysis 
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for interpretation 
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Fig. 1. Main function diagram of NLP
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Table 3. The result of NLP for snag example 

Attribute Name of Solution (S) Value 

Part name EIU 
Part number 3957900612 
Repair action REPLACE 

Part series number 3-25-8-2-40D 

3.4    Creating a Potential Case 

Having (p) and (S) obtained from the previous steps, this process creates a temporary 
case, ))(),(),(( mspCtmp = . We have to check this potential case to determine if 
the symptoms related to the problem have disappeared or not during a period of time 
(window size) after the repair actions were taken. The window size is set by aircraft 
fleet maintenance requirements. We assume that if the symptoms of the problem dis-
appear for the specified period (window size) that the repair was successful and the 
case is labeled as a positive case, otherwise it is labeled as a negative one. For exam-
ple, a potential case shown as Table 4 is created from Table 2 by identifying the 
symptoms and solutions for the problem. 
 

Table 4. A potential case created from Table 2 and FEO database 

Case ID Case-1 
Case creation date 2002-04-05 
Event date time 1998-01-22 14:07:00 
Snag number M1003286 
Case quality Success 
Success times 1 
Failure times 0 
Symptoms WRN321 FLR1188 WRN320 WRN340 
  
Problem description 

RMA 27-93-2127 AVAIL REPEAT  F/CTL 
ELAC 1 FAULT ELAC 1  INPUT  CAPT ROLL 
CTL SSTU 4CE1 

Fin number 222 
Repair station YWG 
Repair date 1998-01-30 16:00:00 
Repair actions Remove/Install (replace) 
Equipment (No) 27-92-41-501 

3.5    Maintaining the Case Base 

The case base maintenance process implements the basic functions for case base 
management to determine the attributes of )(m . The first set of functionality includes 
detecting any redundancy or inconsistency for the potential case against the existing 
case base. In effect we determine whether this case is similar to cases within the exist-
ing case base or not. The second set of functionality involves adding a new case to the 
case base, updating an existing case in the case base, deleting a case and merging 
multiple cases into a new case.  If a potential case is new, it will be added to the case 
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base and the case base management information will be refreshed. If it is similar to an 
existing case, we have to modify the existing case by updating the case management 
information (m) or merge them into a new case. For example, if we detected a similar 
case ( ic ) in the existing case base against the potential case tmpc , i.e. 

tmpi pp )()( ≅ 2 and tmpi ss )()( ≅ , then im)(  will is updated to reflect the effect 
of the repair action applied to the problem. If tmpc  is a positive case, then we increase 
the count of successful repair actions of im)(  otherwise we increase the count of 
unsuccessful repair actions of im)( . 

4    Implementation  

The proposed framework has been applied to the IDS project for authoring  the cases 
from the aircraft fleet maintenance historic data (snag database) and the FEO databa-
se. We developed a Java-based CBR engine, and an automated case creation system, 
which incorporates the CBR engine, natural language processing, free-text matching, 
and database technologies. The goal of the ACCS tool is to demonstrate that we can 
author an set of cases in an automated way that will enhance the decision making 
process of the maintenance technicians.  

 

 

 

 

 

 

 
 
 
 
 
 
 
 

                                                                            

2 tmpi pp )()( ≅  means that  the problem description in case Ci is similar to one in the poten-
tial case tmpc .  
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Fig. 2. ACCS system implementation

Case Template Creation 



138         C. Yang et al.  

 

The ACCS, as shown in Fig. 2, identifies the five main components: snag message 
preprocessing, symptom identification, repair action identification, potential case 
creation, and case base maintenance. The potential case creation component contains 
two modules: case template creation and case quality identification. The repair action 
identification component contains three NLP modules: the lexicon, the parser/gram-
mar, and a knowledge base for interpretation evaluation. The component of case base 
maintenance is supported by the Java-based CBR engine and the redundancy and 
inconsistency detection modules. We have used JDK2.0, JDBC, Oracle7.0, and 
Prolog as development environment. 

5    Experimental Results 

To test the effectiveness of the proposed framework, the experiments were carried out 
using the developed ACCS. First we asked a domain expert to manually author the 
cases using the SROV. The domain expert created cases from 352 historic snag mes-
sages that were generated in IDS from Jan. 1, 1998 to Jan. 31, 1998.  The cases were 
created in several sessions in order to reduce the influence of fatigue. The times from 
the different sessions were summed. Then we used ACCS to automatically author the 
cases from the same snag messages. Figure 3 shows the results of experiments for 
creating the cases manually and automatically. From the results, we found that ACCS 
creates almost the same cases from the same snag messages with much less time, 
suggesting that ACCS can create the cases quickly and correctly. It is interesting that 
not each clean snag message contains the completely useful information for creating a 
potential case because either the symptoms are not found from the FEO database, or 
the fix does not exist in the snag message. In the 35 constructed cases, 21 cases are 
created from a single snag message and consist of a positive case or a negative case; 
14 cases are linked to multiple snag messages, which recorded similar resolutions for 
similar problems or the same problem, and they contain information on the successful 
or failed repair action by the attributes of case base management )(m . From the 
statistical results, 45 snag messages from 359 snag messages were linked to those 14 
cases. In total, 66 clean snag messages among 359 snag messages were useful for 
creating the cases. 
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6    Conclusions 

In this paper, we first presented the proposed framework for automatically authoring 
cases from the historic maintenance data in CBR applications, and then we described 
its implementation, an automated case creation system for the IDS, and discussed the 
experiment results. From the experimental results, it can be pointed out that the pro-
posed framework is feasible and effective for automatically authoring cases in CBR 
systems and it can significantly reduce the effort required. From the experimented 
result, we also found that it is necessary to provide an interactive environment for the 
domain expert to evaluate any authored cases before they are incorporated into CBR 
systems such as IDS. How to evaluate the cases is a very difficult task. We will work 
on this issue in our future work.  
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Abstract. We propose a method of real-time implementation of an approxima-
tion of the support vector machine decision rule. The method uses an improve-
ment of a supervised classification method based on hyperrectangles, which is 
useful for real-time image segmentation. We increase the classification and 
speed performances using a combination of classification methods: a support 
vector machine is used during a pre-processing step. We recall the principles of 
the classification methods and we evaluate the hardware implementation cost of 
each method. We present our learning step combination algorithm and results 
obtained using Gaussian distributions and an example of image segmentation 
coming from a part of an industrial inspection problem The results are evalu-
ated regarding hardware cost as well as classification performances. 

1   Introduction 

In this paper, we propose a method of approximation of the decision rule of the sup-
port vector machine. This approximation allows optimised hardware implementation 
of the decision boundary, together with an estimation of implementation cost and 
classification performances. This paper focuses mainly high speed decisions (ap-
proximately 10 ns per pixel) which can be useful for image segmentation which can 
be solved using pixel-wise classification and specific classifiers, for detection of 
anomalies on manufactured parts, for example. The segmentation is usually the first 
step of a pattern recognition process.  

Classification is a central problem of pattern recognition [4] and many approaches 
to the problem have been proposed, e.g. neural networks [1], Support Vector Ma-
chines (SVM) [20], k-nearest neighbours and kernel-based methods, to name the most 
common. The chosen classifier must either be implemented in low-cost hardware or 
in optimised software running in real-time.  

It has been proven in the literature that the SVM method gives very good results in 
many practical cases [7, 14, 18]. However, this robust algorithm is not often used for 
pixel-wise classification because of the decision rule complexity. 
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We developed a hyperrectangles-based classifier [12]: this hyperrectangle method 
belongs to the same family as the NGE algorithm, described by Salzberg [17]. 

In a previous paper [12], we have shown that it is possible to implement this classi-
fier in a parallel component in order to obtain the required speed, and in another arti-
cle [13] we indicated that the performances are sufficient for use in a face recognition 
algorithm. However, the performance of the training step is sometimes affected by 
ambiguities in the training set, and more generally, the basic hyperrectangles-based 
method is outperformed by the SVM algorithm. 

We propose in this paper an original combination of classifiers allowing for obtain-
ing fast and robust classification applied to image segmentation. The SVM is used 
during a first step, pre-processing the training set and thus rejecting any ambiguities. 
The hyperrectangles-based learning algorithm is applied using the SVM classified 
training set. We will show that the hyperrectangle method imitates the SVM method 
in terms of performances, for a lower cost of implementation using reconfigurable 
computing. 

In the first part of this paper, we review the principles of the two classifiers: the 
Hyperrectangles-based method and the SVM. In the second part, we present our com-
bination method and optimisation algorithm. We applied the method on Gaussian dis-
tributions, which are often used in literature for performance evaluation of classifiers 
[4], [2]. Finally, we present practical results obtained in image segmentation of an in-
dustrial part.  

2   Classification Algorithms 

2.1   Hyperrectangles-Based Method 

This method divides the attribute space into a set of hyperrectangles for which simple 
comparators may easily satisfy the membership condition. This hyperrectangle 
method belongs to the same family as the NGE algorithm, described by Salzberg [17], 
whose performance was compared to the k-nn method by Wettschereck and Dietterich 
[21]. The performance of our own implementation was studied in [12].  

The training step consists in collecting the set S 

                                       ( ) ( ) ( ){                                       }= 1 1 2 2S , , , , ..., ,p py y yx x x  

of the most representative samples from the various classes and associating a local 
constraint (hyperrectangle) H(xi). Each sample is defined by a feature vector x in an D 
dimensional space and its corresponding class C(x)=y: 

                                                             x=(x1, x2, ..., xD)T.  
 

Hyperrectangle Determination: During the first step, an hyperrectangle is build for 
each sample x as follows : 

Each part tQ  (see Fig. 1) defines the area where ( )∞ = −, k l
k l t td x xx x  with 

( )∞
=

= −
1,...,

, max k k
k D

d x y x y  
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We determine z as the nearest neighbour belonging to a different class in each part 
Qp. If dp is the distance between x and z in a given Qp, the limit of the hyperrectangle 
in the direction is computed as df = dp.Rp.  

The parameter Rp should be less or equal to 0.5. This constraint ensures that the 
hyperrectangle cannot contain any sample of opposite classes. 

xj 

xi 

x 
iQ+

iQ−

jQ+

jQ−

dp 

df 

xi 

xj 

Hyperrectangles obtained after merging step Bound determination  

Fig. 1 Hyperrectangle computation 

 
During the second step, hyperrectangles of a given class are merged together in or-

der to optimise the final number of hyperrectangle. 
The decision phase consists of allocating a class to a new attribute vector x. The 

membership of a new feature value xk to a given interval Iik (i
th hyperrectangle and kth 

feature) is easily verified by controlling the two following conditions : (xk > aik) and 
(xk < bik), where aik and bik are respectively the lower and upper limits of each poly-
tope or hyperrectangle. Therefore, the verification of the membership of an unknown 
vector x to a class y results in a set of comparisons done simultaneously on each fea-
ture for every hyperrectangle of class y. The resulting decision rule is: 

          ( ) ( )( )
= =

= =

= ⇔ > <∑ ∏
1 1

( ) .
yi m k d

k ik k ik
i k

C y x a x bx  is true 
(1) 

my is equal to the number of hyperrectangles of class y after a merging phase. Sum 
and product are logical operators. This method is easy to use, and can be implemented 
for real-time classification using hardware [11] or software optimisation. 

We developed an algorithm allowing evaluation of the implementation cost of this 
method in Field Programmable Gate Array (FPGA). In recent years FPGAs have be-
come increasingly important and have found their way into system design. FPGAs are 
used during development, prototyping, and initial production and are replaced by 
hardwired gate arrays or application specific ICs (ASICs) for highvolume production. 
This trend is enforced by rapid technological progress, which enables the commercial 
production of ever more complex devices [5]. The advantage of these components is 
mainly their reconfigurability [8]. It is possible to integrate the constant values (the 
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limits of hyperrectangles) in the architecture of the decision function. We have coded 
a tool which automatically generates a VHDL description of a decision function given 
the result of a training step (i.e. given the hyperrectangles limits). We then have used 
a standard synthesizer tool for the final implementation in FPGA. We verified that a 
single comparator between a variable (feature value) and a constant (hyperrectangle 
limit) uses only on average a 0.5 slice (using bytes). The slice is the elementary struc-
ture of the FPGA of the Virtex family (Fig. 2), and one component can contain a few 
thousand of these blocks. Since the decision rule requires 2 comparators per hyper-
retangle and per feature, we evaluate λH, the hardware cost of hyperrectangles imple-
mentation (number of slices) with: 

λ
=

=

= ∑
1

y z

H y
y

d m , 
(2) 

where z is the number of classes. In the particular case of a 2-class problem, the 
summation can be computed only to y=z-1, since only one set of hyperrectangles de-
fines the boundary. 

 

Fig. 2 Slice structure 

 
We evaluated the performance of this method in various cases, using theoretical 

distributions [12] as well as real sampling [11]. We compared the performance with 
neural networks, the Knn method and a Parzen’s kernel based method [1]. It clearly 
appears that the algorithm performs poorly when the inter-class distances are too 
small. The overlap between classes is arbitrarily classified thus introducing a classifi-
cation error.  

This is shown in Fig. 3, where we presented two distributions in a two-dimensional 
feature space. The C0 class (in red or round dots) is multimodal. The error is the dis-
symmetric, due to the priority given to the first class. The error rate is 18.88% for the 
C0 class and 24.34% for the C1 class. Moreover, an important number of hyperrec-
tangles are created in the overlap area, slowing down the decision or increasing the 
implementation cost. 
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Many classification methods, such as neural networks, density evaluation-based 

method and the SVM described above are less sensitive to this overlap. It has been 
proven in the literature that a particular advantage of SVM over other learning algo-
rithms is that it can be analyzed theoretically using concepts from computational 
learning theory. At the same time it can achieve good performance when applied to 
real problems [7]. We chose this method as a pre-processing step and we will show 
that it is possible to approximate the result of the SVM using a combination of train-
ing steps. 

2.2   SVM Classification 

A Support Vector Machine (SVM) is a universal learning machine developed by 
Vladimir Vapnik [20] in 1979. We review here the basic principles, considering here 
a 2-class problem (whatever the number of classes, it can be reduced, by a “one-
against-others” method, to a 2-class problem). 

The SVM performs a mapping of the input vectors (objects) from the input space 
(initial feature space) Rd into a high dimensional feature space Q; the mapping is de-
termined by a kernel function K. It finds a linear (or non linear) decision rule in the 
feature space Q in the form of an optimal separating boundary, which is the one that 
leaves the widest margin between the decision boundary and the input vector mapped 
into Q. This boundary is found by solving the following constrained quadratic pro-
gramming problem: maximize  

 

               ( ) ( )α α α α
= = =

= −∑ ∑∑ i j
1 1 1

1
W . . . . ,

2

n n n

i i j i j
i i j

y y K x x , 
(3) 
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under the constraints α
=

=∑
1

. 0
n

i i
i

y and α≤ ≤0 i T  for i=1, 2, …, n where xi ∈ Rd are 

the training sample set vectors, and yi ∈{-1,+1} the corresponding class label. T is a 
constant needed for nonseparable classes. K(u, v) is an inner product in the feature 
space Q which may be defined as a kernel function in the input space. The condition 
required is that the kernel K(u, v) be a symmetric function which satisfies the follow-
ing general positive constraint:  

             ( ) ( ) ( ) >∫∫ , g g d d 0
dR

K u v u v u v ,  (4) 

which is valid for all g≠0 for which  

( ) < ∞∫ 2  dg u u  (Mercer’s theorem). 

The choice of the kernel K(u, v) determines the structure of the feature space Q. A 
kernel that satisfies (4) may be presented in the form: 

           ( ) ( ) ( )= Φ Φ∑ k k k
k

K au, v u v ,  (5) 

where ak are positive scalars and the functions Φk represent a basis in the space Q. 
Vapnik considered three types of SVM:  

Polynomial SVM:  

          ( ) ( )= +, . pK 1x y x y ,  (6) 

Radial Basis Function SVM:  

           ( ) σ

− − 
 
 =

2

22,K e
x y

x y ,  

(7) 

Two-layer neural network SVM: 

            ( ) ( ){               }= − Θ, . .K Tanh kx y x y .  (8) 

The kernel should be chosen a priori. Other parameters of the decision rule (9) are 

determined by calculating (3), i.e. the set of numerical parameters { }α
1i

n
 which de-

termines the support vectors and the scalar b. 
The separating plane is constructed from those input vectors, for which αi≠0. These 

vectors are called support vectors and reside on the boundary margin. The number Ns 
of support vectors determines the accuracy and the speed of the SVM. Mapping the 
separating plane back into the input space Rd, gives a separating surface which forms 
the following nonlinear decision rules:  
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              ( ) ( )α
=

= ⋅ +   ∑
1

C Sgn ,
Ns

i i i
i

y K bx s x , 
(9) 

 
where si belongs to the set of Ns support vectors defined in the training step.  

One can see that the decision rule is easy to compute, but the cost of parallel im-
plementation in ASIC or FPGA is clearly more important than in the case of the hy-
perrectangles based method. Even if the exponential function of (7) can be stored in a 
particular look up table (LUT) to avoid computation, the scalar product K requires 
some multiplications and additions; the final decision function requires at least one 
multiplication and one addition per support vector. For a given model (set of support 
vectors), it is possible to implement operators using constant values (KCM 3), as well 
as we did in the hyperrectangle method. However, the cost of multiplication is signifi-
cantly more important than the comparator. Chapman [3] proposes a structure using 
20 slices per 8 bits multiplier. An 8 bits adder uses 4 slices. The hardware cost of a 
possible SVM parallel implementation or total number of necessary slices is summa-
rized in table 1. We estimated the number of adders and multipliers needed by a fully 
parallel computation of K and the final sum of products, in the case of a simplified 
RBF kernel and a polynomial kernel. Given the number of slices needed by the com-
putation of each elementary operator, we deduced λsvm, the hardware cost of each im-
plementation:  

 

Table 1.  SVM hardware cost estimation 

 RBF (distance L1) Polynomial de-
gree p 

  Number of opera-
tors 

Number of op-
erators 

16-bit adders (8 slices) - d 
8-bit adders (4 slices) 3d-1 - 
Multiplier Kx8-bit (20 slices) - d 

K (per 
support 
vector) Multiplier 8x8-bit (73 slices) - p-1 

Multiplier Kx16-bit (72 slices) Ns Ns Sum of 
products 16 bits adders 1 1 

  Number of slices Number of 
slices 

Total 
Slices 

 72(3 1) 8svm d Nsλ = − +

 

(28

73( 1)

80) 8

svm d

p

Ns

λ =

+ −

+ +
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3   Combination 

3.1   Training Method 

Combining decision classifiers is a classical way used in order to increase perform-
ances of the general pattern recognition problem [9]. Three main methods are com-
monly used: sequential, parallel or sequential-parallel combination. These approaches 
allow increased performance, but the cost of hardware implementation is high since 
all the decision functions have to be computed in order to obtain the final classifica-
tion. More generally, it is possible to combine classification methods during the train-
ing step [14]. We propose here such a combination, allowing an approximation of 
SVM decision boundaries using hyperrectangles (Fig. 4).  

The SVM method is mainly used here in order to reject ambiguities in the learning 
set. The algorithm combination is as follows: 

- From a training set S 

( ) ( ) ( ){                                        }1 1 2 2S , , , ,..., ,p py y y= x x x , build a model M containing support vec-

tors using SVM algorithm:  

( ) ( ) ( ){                                                 }1 1 2 2, , , , ,..., , ,Ns NsM K y y y b= s s s  

- build S’, the new training set, classifying each sample of S using M and accord-
ing to eq. 8. : 

( ) ( ) ( ){                                            }1 1 2 2S' , ' , , ' ,..., , 'p py y y= x x x , 

- build H, set of hyperrectangles using S’ and the algorithm described in para-
graph 0. 

During the decision phase, a new test vector x is classified regarding H and the de-
cision rule (1). 

 

Classifier 1 
training -SVM 

training 
set S’ 

Model M

Classifier 1 
Decision- SVM 

Classifier 2 
training - 
Hyperrectangle 

Classifier 2
Decision - 
Hyperrectangle 

Set of hyperrectangles H

 
x 

C(x’) 

training 
set S 

Test vector x’
 

Fig. 4 Combining training steps 
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3.2   Application Using Gaussian Distributions 

We validate the principle of the described method using Gaussian distributions. The 
tested configuration contains 2 classes. Results are summarised at the end of this part. 
We used cross-validation with p=1000 samples per class for the training set, and 
p=10000 samples per class for the test set. This learning set S is described in the pre-
vious paragraph. We use a RBF kernel (Eq. 6). The SVM classified set S’ and the fi-
nal set of hyperrectangles are depicted in Fig. 5. 

  
       Training set S’   Final set of Hyperrectangles 

 

Fig. 5 SVM and hyperrectangles boundaries 

 
The results show that the hyperrectangles-based method imitates the SVM decision 

algorithm, giving a good approximation of boundaries. The error rate of SVM is 
16.26% for the C0 class and 13.33% for the C1 class. In this case, the error obtained 
using final hyperrectangles (learning combination) are 15.60% and 14.20% respec-
tively. One can see that performances are very close, and less dissymmetric than using 
the initial learning set. 

Moreover, the number of hyperrectangles decreased, since the initial numbers were 
748 (C0) and 762 (C1) before SVM classification and only 204 (C0) and 201 (C1) af-
ter SVM classification. This allows for optimizing the hardware resources in case of 
implementation. The cost of a direct implementation of SVM decision step is not 
comparable here, since the number of support vectors is 1190: the estimated hardware 
cost of SVM is λsvm= 428 408 slices, whereas the hyperrectangles cost is λH= 205 
slices. 

An important improvement of performances is obtained, illustrating the good 
choice of the combination of training steps. However, it is still possible to optimise 
this result. 

3.3   Optimisation 

It is important to note that the final number of hyperrectangles and then the accuracy 
of SVM boundary approximation depend on p, the number of samples of S. We de-
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fined a method allowing to optimise the implementation minimising λH . This is done 
iterating the previous method using randomly chosen subsets of a new training set S” . 
This new training set is obtained adding pseudo-patterns or random vectors to S. For 
each sample x of S’ , we generate a subset B of q elements: 

                          ( ) ( ) ( ){                                                 }1 1 2 2B " , " , " , " ,..., " , "= q qy y yx x x  

where xi”=xi+ε, and ε is a random value defined in the interval [xik-0.1xik, xik+0.1xik] 
for each feature k. The class y”  of each new sample is determined using SVM deci-
sion and M Model. 

The total number of sample of S” is p”=q.p. Increasing the total number of sample 
improves the accuracy of the boundary approximation: it is clear that a greater num-
ber of hyperrectangles will fit more precisely the boundary that a few number of 
them. In order to find the best compromise between hardware cost and classification 
performances, we iterate the method defined in the previous paragraph using subsets 
of S”. 

The iteration can be stopped either if the classification error stop to decrease of if 
the maximum of slice (λHm) is reached.  

The optimisation algorithm is: 
1-from training set S, build a model M, 
2-build S’, the new training set, classifying each sample of S using M, 
3-build S”, oversampling S as defined above, 
4-build T, subsampling S” using q’ sample, 
5-build H, set of hyperrectangles, 
6-estimate the classification error e using H and S, 
7-estimate λH and error gradient eg from last iteration, 
8-stop if λH> λHm or if eg<Threshold, else increase q’ and go to 4, 
9-use the last computed set H as the final hyperrectangle set. 

3.4   Results 
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Fig. 6. Results using Gaussian distribution 
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The results are summarised in Fig. 6. One can see that the classification error of our 

method converges towards that of the SVM. The optimum number of slices λH =155 
is obtained for q=500. 

4   Real-Time Image Segmentation for Anomalies Detection 

We applied our method in a preprocessing step of an industrial project of quality con-
trol by artificial vision. The parts we have to control are made up of a spiral wire and 
a non-spiral part called «legs». 

Legs Body (spiraled left)  

Fig. 7. Part to be controlled. 

 
The anomalies existing on the whole part can be grouped into 3 categories:  
- Dimensional anomalies: diameter of the wire composing the part, length of the 

part, length of the body (left spiraled), length of the non-spiraled part. 
- Visual anomalies discoloration, stripes, cracks, flaws of surface. 
All these anomalies can be found on both the legs and the body of the part. 
The third category contains the various anomalies of the spiral not comprising a 

deterioration of the wire composing the body. We have to distinguish among thirty 
anomalies at the end of the project. During this preliminary work, we need to obtain a 
segmented image allowing extraction of high level classification features, such as dis-
tance between whorls, whorls surfaces and orientation etc.  

One can note that the wire is textured: a single threshold could not be a robust op-
erator. We extracted some simple texture features, keeping in mind real-time con-
straints. 

The image size is 1288x1080, and the acquisition rate is 10 images/s. 
A preliminary study of segmentation features led us to choose a four dimensional 

features space: 
x0 is the mean of luminance in 8x8 windows, 
x1 is the new value of pixel after local histogram equalisation, 
x2 is the mean of a Sobel filter in 8x8 windows, 
x3 is the mean of the local contrast in 8x8 windows. 
The local contrast V(i,j) in an [n x m] neighbourhood of pixel A(i,j) can be ex-

pressed as follows: 
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−

=
+

max min

max min

( , )
A A

V i j
A A

 

with 

                      {                                                             }− −− ≤ ≤ − ≤ ≤= + +               max
1 1,

2 2 2 2
max ( , ), n n m mk lA A i k j l ,       

                      {                                                              }− −− ≤ ≤ − ≤ ≤= + +               min
1 1,

2 2 2 2
min ( , ), n n m mk lA A i k j l  

and  x  refers to the integer part of x (floor operator). 
The local mean of the Sobel gradient norm G(i,j) and the local mean of luminance 

S(i,j) in a [n x m] neighbourhood of pixels A(i,j) can be written as follows: 

= =

= + +∑ ∑
( ) ( )

( ) ( )

1
( , ) ( , )

q n q m

k p n l p m

S i j A i k j l
mn

 

and 
= =

= + +∑ ∑
( ) ( )

( ) ( )

1
( , ) ( , )
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with 
−

=  
  

1
( )

2

n
p n , =  

  
( )

2

n
q n , and g(i,j) is the Sobel gradient norm of the pixel 

A(i,j). 
 
We have chosen this set of features using the SFS [10], [19] algorithm from a su-

perset of 30 features (including variations of windows size and other operators such as 
morphological operators, local entropy, etc).  

 

C0 class pixels    C1 class pixels  

Fig. 8. Training image and areas 

 
 

x 0  a n d  x 1 p r o je c t io n s      x 2  a n d  x 3  p r o je c t io n s  
x 0

x 1  

C 0  
C 1

x 2  

x 3

 

Fig. 9. Training set 
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We defined the labels of the training set S manually, using 2 binary images which de-

fine respectively the class 0 and class 1 pixels (white pixels in Fig. 8). For each class, 
p=5000 pixels or samples were randomly chosen from the white areas of these pictures. 

We have depicted two projections of the training set in Fig. 9. We applied our combi-
nation method described in the previous section using 10 test images. An example test 
image is shown in Fig. 11. The SVM kernel used in this application is RBF. The results 
of segmentation are depicted in Fig. 11. In order to quantify the results, we manually 
segmented the test images and we computed the classification error of each class for the 
different segmented images. We obtained the results summarized in Fig. 10. 
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Fig. 10. Performances 

 
This example illustrates the quality of our combination, since our classification er-

ror converges toward the SVM error. The final result of the hyperrectangles-based 
method is very close to the SVM result (1.94% for SVM and 2.20% for hyperrectan-
gle), and for a lower cost of implementation. 

The final implementation needs only λH=2110 slices (one can note that some good 
results (error is 2.53%) are also obtained with λH=2110 slices). In this particular case, 
the cost of implementation of SVM is very high, since a total of 475 support vectors 
were found during the training step. Even in the case of KCM use, the hardware cost 
of a full parallel decision step is here λsvm=376 208 ! 

5   Conclusion 

We have shown that it is possible to imitate the performance of the SVM classifier for 
a low cost of implementation combining training steps of SVM and of a particular 
hyperrectangles-based classifier. 

We validated the performance improvement of the basic method in terms of classi-
fication as well as in terms of integration cost (or in terms of speed), since the final 
number of hyperrectangles is minimised. 
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Test image  Segmented image using initial 

learning set and hyperrectangles 
 

  
Segmented image using SVM   Segmented image using SVM 

classified learning set and hyperrectangles 
 

Fig. 11. Segmented images  

 
We demonstrated that it is possible to find an optimum of hardware implementa-

tion cost for an error which converges towards the SVM one. We developed the 
whole implementation process, from the learning set definition to FPGA implementa-
tion using automatic VHDL generation. 

One can note that this combination well models our behaviour in front of a prob-
lem of quality control by artificial vision: the very first decision given by the expert is 
often modified for limit cases after observation of the results. This can be seen also as 
a particular application of ambiguities reject method used in many classification algo-
rithms. 

Our future work will be the improvement of the approximation method to other 
classification boundaries, since this principle can be applied in other case such as 
complex neural networks. 
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Abstract. The combination of classifiers is a powerful tool to improve
the accuracy of classifiers, by using the prediction of multiple models
and combining them. Many practical and useful combination techniques
work by using the output of several classifiers as the input of a second
layer classifier. The problem of this and other multi-classifier approaches
is that huge amounts of memory are required to store a set of multiple
classifiers and, more importantly, the comprehensibility of a single
classifier is lost and no knowledge or insight can be acquired from the
model. In order to overcome these limitations, in this work we analyse
the idea of “mimicking” the semantics of an ensemble of classifiers.
More precisely, we use the combination of classifiers for labelling an
invented random dataset, and then, we use this artificially labelled
dataset to re-train one single model. This model has the following
advantages: it is almost similar to the highly accurate combined model,
as a single solution it requires much fewer memory resources, no
additional validation test must be reserved to do this procedure and,
more importantly, the resulting model is expressed as a single classifier
in terms of the original attributes and, hence, it can be comprehensible.
First, we illustrate this methodology using a popular data-mining
package, showing that it can spread into common practice, and then
we use our system SMILES, which automates the process and takes
advantage of its ensemble method.

Keywords: multi-classifier systems, stacking, decision trees, com-
prehensibility in machine learning, rule extraction

1 Introduction

Accuracy of classifiers can be improved by combining the predictions of a set
(ensemble) of classifiers. These ensembles of classifiers are called multi-classifiers
[9]. The effectiveness of combination is further increased the more diverse and
numerous the set of hypotheses is [18] and also when several layers are arranged,
known as “stacking” [29]. Many techniques for generating and combining classi-
fier ensembles have been introduced: boosting [15,25], bagging [5,25], randomi-
sation [10] and windowing [24], as well as several architectures, such as stacking
[29] or cascading [16,17].
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Although ensemble methods significantly increase accuracy, they have some
drawbacks, mainly the loss of comprehensibility of the model and the large
amount of memory required to store the hypotheses [20]. Recent proposals, such
as miniboosting [26], have shown that memory requirements can be considerably
reduced. Nonetheless, the comprehensibility of the resulting combined hypothe-
sis is not improved since it is still a combination of three hypotheses and not a
single one. A combined hypothesis is usually a voting of many hypotheses and it
is treated as a black box, giving no insight at all. In the special case of stacking,
the new classifier is defined in terms of the outputs of the first-layer classifiers,
and hence, it is not a model defined in terms of the original problem attributes.

Instead of this “meta-model”, it would be interesting to obtain a single model,
with the high accuracy the multi-classifier has, but simple and defined in terms
of the original problem attributes. To do this, the main idea is to consider the
combination as an “oracle” from which we label a random invented dataset,
which is then used to “re-train” a decision tree and, hence, to obtain a single
model that is similar to the combination. Although this idea is relatively simple,
it is scarce in the literature, and usually related to the extraction of rules from
neural networks (see e.g. [4,7,8]). The reason why this idea has not been spread
into common practice may be that usually some restrictions are imposed on the
oracle, or the decision tree learner employed to capture the semantics of the ora-
cle is very specific, or simply because the random invented dataset has not been
constructed properly. As we will see, the key point is precisely the generation of
a sufficiently large invented dataset by using a proper distribution but also the
reuse of the training dataset, which would permit not only a good approxima-
tion/fidelity to the oracle but a good performance in terms of accuracy, what is
really aimed to. The decision tree learner need not be specific: any state-of-the-
art decision tree learner, such as C5.0, can be used. Hence, the method can be
easily used by any data-mining practitioner as we show with an example.

The paper is organised as follows. First, in Sect. 2, we discuss the use of
ensemble methods, and how these all end up in accurate but complex, resource-
inefficient and incomprehensible classifiers. We describe some previous meth-
ods in the literature for reducing the size of multi-classifiers, such as “ensemble
pruning” or “mini-boosting”, as well as other “black-box” approaches. Section 3
explains how multi-classifiers can be used to label a random dataset and use it
for learning a new single classifier, in a way that resembles mimicking or imi-
tating the behaviour of the combined classifier. We illustrate the process with
an example using the Clementine data-mining package. In Sect. 4, we address
the question of how to generate the invented dataset: uniform distribution or
training distribution, appending the training dataset or not. Section 5 presents
our system SMILES where the previous process is automated. A thorough ex-
perimental evaluation is illustrated in Sect. 6, which includes the analysis of
the random dataset distribution, the relevance of the size of the dataset, the
size of the models obtained, and the comparison with direct single classifiers
(C4.5/J4.8) and other ensemble methods (bagging/boosting). Finally, the last
section presents the conclusions and proposes some future work.
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2 Ensemble Methods and Their Comprehensibility

Different techniques have been developed for combining the predictions obtained
from multiple classifiers. According to the number of layers of classifiers, we can
distinguish two different approaches:

– methods that generate a single layer of classifiers and then combine their
predictions. This can be done by applying different learning algorithms to a
single data set (e.g. [21] or randomisation [10]), or a single learning algorithm
to different versions of the dataset (bagging [5] and boosting [15]).

– methods that generate multiple layer classifiers. In this case, the predictions
made by the classifiers of one layer are used as input for the generation of
the classifiers of the next layer (stacking [29] and cascading [16,17]).

It has been shown that accuracy is significantly improved with ensemble meth-
ods; however, the large amount of hypotheses that are generated makes the use
of ensemble methods difficult due to the high resource consumption, in particular
the memory required to store the set of models. A few attempts have been made
in order to reduce the number of hypotheses. In [26], e.g., a new method, called
miniboosting, has been proposed. It consists in the reduction of the ensemble
to only three decision trees. Although memory requirements are considerably
reduced, it obtains 40% less of the improvement that would be obtained by a
10-trial AdaBoost, and the result is still not comprehensible.

With respect to the methods based on several layers, it may seem that the
last layer could be in some way comprehensible. However, let us explain in more
detail how stacking and cascading work and why this is not the case.

The basic idea in stacking is to create a partition of the learning set L at layer
1, training the first-layer classifiers with one part of the partition and then using
the rest for training the second-layer classifier using as attributes the outputs of
each first-layer classifier and as class the original class of each example. Originally
[29], the partition of L was made in a similar way as cross-validation. However,
nowadays, any process of this form (with different partitions, without partition
or with probability estimates) is known as stacked generalisation. The process
as a whole can be iterated, so making up several layers (multiple stackings).

Cascade generalisation is a special kind of stacking algorithm which uses
sequentially a set of classifiers. At each step, the original data is extended by
adding new attributes which represent the probability that an example belongs
to a class given by a base classifier. As in the stacked generalisation method,
different learning algorithms can also be used to obtain the classifiers.

One of the main drawbacks of the above methods is that comprehensibility
is lost. This is due to the use of the outputs of classifiers as input attributes
for the next layer. The final layer classifier is thus defined in terms of artificial
attributes (the outputs of the previous layer classifiers) and not exclusively in
terms of the original attributes. Moreover, these “meta-classifiers” require the
first layers to be preserved in order to make all the ensemble work.

Recently, a variant of stacking/cascading, known as ensemble pruning [22],
was introduced in order to discard a subset of the available base classifiers and
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preserve the most relevant ones, so reducing space (this relevance is determined
by using a classical “pruning” method; hence the name). A decision tree is used
to “mimic” the semantics of the meta-classifier, but, again, it uses the outputs
of the first layer as inputs for the second layer, and not the original attributes.

Nonetheless, it is from the area of rule extraction from neural networks where
some ideas can be reused, in particular the use of the ensemble as an oracle in
the same way neural networks are the “oracle” in these works, called “non-
decompositional” or “black-box” rule extraction methods. For instance, the sys-
tem TREPAN ([7,8]) constructs a very particular decision tree (with m-of-n
expressions) from a network, using a mixture of specific splitting criteria based
on fidelity to the neural network, new stopping criteria and partial queries to
the network.

A more recent work [4] can be seen as a refinement of the previous work, using
more traditional decision trees with a specific pruning and where the random
examples are created during the construction of the decision tree. However, there
is no justification why a general decision tree learner cannot be used instead, how
other alternatives to the generation of random examples could work, and why
the original training dataset (the training set which trained the neural network)
is not reused. Moreover, the accuracy of the resulting tree is not very close
to the accuracy of the neural network, maybe because they try to have high
fidelity instead of high accuracy: “we concentrate on increasing fidelity more
than increasing accuracy of the extracted decision tree” [4]. Finally, the empirical
results are only based on four datasets, so it is very difficult to precisely evaluate
the goodness of both methods.

3 Arranging Mimetic Classifiers

In the previous section we have reviewed different ensemble methods. The final
model is a combined model, not a single one exclusively described in terms of
the original attributes. The motivation of this work comes when we look for a
new classifier that could be “semantically” similar to the accurate (and complex)
combined classifier but “syntactically” or “structurally” simpler and ultimately
comprehensible. In other words, we look for a new classifier that “mimics” or
imitates the behaviour of the combined classifier. But how can we do this in
a simple and effective manner? The method we present here is based on an
additional “random dataset”. This dataset can be artificially generated as large
as we want, and this is possible just because we want it unlabelled, i.e., without
class values.

The point is illustrated in Fig. 1. After a first complex multi-classifier stage,
an unlabelled random dataset is “classified” or “labelled” by using the complex
combined classifier (represented by a dotted circle in the figure). What we obtain
now is a labelled random dataset that captures or distils (partially) the semantics
of the combined classifier. And once here, the final stage is easy: we just join
this labelled random dataset with the original training dataset and we train a
single comprehensible model, e.g. a decision tree.
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Fig. 1. Arrangement for mimicking classifiers

Note that the final model is exclusively defined in terms of the original at-
tributes. Hence, the rest of the structure (the multiclassifier and the random
data) is an auxiliar step that can be removed from memory. The outcome of the
overall process is just a single model (as could be obtained by a simple decision
tree learner). However, as we will justify experimentally in Sect. 6, this final
model is much more accurate because it is semantically similar to the multi-
classifier. An additional feature comes when we consider that the classifier used
to label the random dataset can be any kind of classifier, e.g. a simple neu-
ral network. In this case, we have a methodology for giving a comprehensible
representation to any other non-comprehensible (black-box) classifier.

3.1 Example

Let us illustrate the previous process on a well-known (commercial) data-mining
package, SPSS Clementine 6.0.2 and a single learning problem. We selected the
“balance-scale” problem from the UCI repository [2] because it is quite simple to
generate random datasets for it in a handicraft way (it has 4 numeric attributes
in the range 1-5 and one attribute for the class with 3 possible values). We used
a partition of the original 625 examples into two datasets: training set of 325
examples and test set of 300 examples. Using the training set, we learned three
different models included in Clementine: a C&R Tree, a C5.0 Tree and a Neural
Network. Then, we analysed their quality by using the test set, as it is illustrated
in the two topmost streams of Fig. 2.

The accuracies of each model with respect to the test set are:

C&R Tree: 78% C5.0 Tree: 79.33% NeuralNet: 88.33%
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Fig. 2. First stage of mimicking using Clementine

Fig. 3. Second stage of mimicking using Clementine

The neural network seems to be much better than the other two approaches for
this specific problem. However, a neural network is not comprehensible.
Let us use our “mimicking” method to try to obtain a decision tree with similar
accuracy to the neural network. For this, an unlabelled random dataset of size
625 examples was generated by using the uniform distribution. Since the neural
network gives the best results1, we label this dataset with it, as can be seen in
the bottom part of Fig. 2. All this process (generation of random dataset and its
labelling) is illustrated at the bottom of the previous Fig. 2. Finally, the second
stage boils down to using this new labelled dataset (jointly with the original

1 We could have made the labelling with a combination or stacking of classifiers, but
we have not done it in this example for the sake of simplicity.
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training dataset) to retrain new models, as it is illustrated in Fig. 3. With these
new models we have the following accuracies with the same test set2:

C&R Tree: 81.7% C5.0 Tree: 86.0% NeuralNet: 89.0%

The decision tree solutions are now closer to the neural network. Thereby, we can
choose the C5.0 tree as a better comprehensible solution than that we obtained
in the first stage, quite close in accuracy to the neural network.

When we compared the structures of the first C5.0 decision tree obtained in
figure 2 with the second one obtained in figure 3, we saw that the second one
had almost double number of rules. However, it was overfitted to the neural net
and not overfitted to the original training set. More importantly, the structure
of both trees was different (the second one was not a simple specialisation of
the first one), as we can see if we compare the topmost three levels of the first
decision tree with the second one:

With this example, we have shown that the “mimicking” methodology can obtain
different and more accurate comprehensible models than a direct single approach.
But, more importantly, it can be seen as a way to capture or discover a symbolic
representation to any black-box learning algorithm.

Obviously, although the previous process can be done manually in a few
minutes using a data-mining package and can become mainstream for data-
mining practitioners, it is tedious when repeated several times. Moreover, it
would be impossible to scientifically evaluate this method if we do not automate
the process and apply it for several datasets by using good evaluation techniques
such as cross-validation. This is presented in the next three sections.

4 Random Datasets

A very important issue in the mimicking process is the generation of the random
dataset in order to capture “extensionally” the semantics of the oracle. But, how
should it be constructed?

Let us consider that the examples are equations of the form f(· · ·) = c, where
f is a function symbol and c is the class of the term f(· · ·). Given a function
2 Note that the test set has not been used for learning in any moment.
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f with a arguments/attributes, an unlabelled random example is any instance
of the term f(X1, X2, · · · , Xa), i.e., any term of the form f(v1, v2, · · · , va) ob-
tained by replacing every attribute Xi by values vi from the attribute domain
(attribute type). Note that an unlabelled random example is not an equation (a
full example) because we include no information about the correct class.

Apparently, there are many ways to generate a random dataset. One possi-
bility is to ignore any previous training set and just consider the types of each
attribute (if known). Then we can use a uniform distribution for generating each
of the attributes. One problem here arises with continuous attributes, because
the min and max limits must be known. Even though it is usual that they are
not known in general, the factual min and max limits can be still obtained from
the training set. More precisely:

– Uniform Distribution: for nominal attributes, one of the seen values is
randomly chosen according to a uniform distribution. For numeric attributes,
one random value is generated by using a uniform distribution on the interval
{min,max}, where min is the lowest value and max is the highest value
observed for that attribute in the training dataset.

A second possibility is to use the training set as a reference and use the values
of the attributes that appear in the training set.

– Prior Distribution: each attribute Xi of a new example is obtained as
the value vi in a different example f(v1, . . . , vi, . . . , va) selected from the
training set by using a uniform distribution. This procedure of generating
instances assumes that all the attributes are independent. Consequently, the
method just maintains the probabilities of appearance of the different values
observed in each attribute of the training dataset (prior).

Both ways of obtaining the dataset are easy, although the uniform distribution
can be directly implemented in any data-mining package (as shown in the previ-
ous section) or even using any spreadsheat application. Although there are more
sophisticated methods (e.g. kernel density estimation methods [27]), we will just
use and compare these two simple approaches.

5 Automatisation within the SMILES System

In order to evaluate the mimicking technique in general and, in particular, the
best random data generation method and the best size of the random dataset, we
have implemented the whole process in our SMILES system. SMILES is a multi-
purpose machine learning system which includes (among many other features)
the implementation of a multi-tree learner [11]. The main algorithm of SMILES
is based on the usual construction of decision trees, although the rejected splits
are not removed, but stored as suspended nodes. The further exploration of these
nodes after the first solution has been built allows new models to be extracted
from this structure. Since each new model is obtained by continuing the construc-
tion of the multi-tree, these models share their common parts. For this reason,
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a decision multi-tree can also be seen as an AND/OR tree or an option tree [6,
19], if one consider the alternative nodes as OR-nodes, and the nodes generated
by an exploited OR-node as AND-nodes. The result is a multi-tree rather than
a forest, with the advantage that a multi-tree shares the common parts and the
forest does not. We perform a greedy search for each solution, but once the first
solution is found, further trees can be obtained. The number of trees (OR-nodes)
to be explored and how to select them determines the resulting multi-tree. With
all these opened branches we can do two things: select one solution or combine a
set of solutions. SMILES implements several criteria to combine a set of solutions
given in the multi-tree. For more details on the structure and the system, we
refer to [11] or the web page, http://www.dsic.upv.es/˜flip/smiles/ where
its user manual and several examples are freely available. SMILES has been mod-
ified in order to implement mimicking. In a first stage, the whole training set
is used for training the multi-tree, obtaining a combined solution, i.e., a multi-
classifier of, e.g., 100 trees. This combination, which will be used as “oracle”, is
usually significantly more accurate than any single classifier[11]. The next step is
the generation of an unlabelled random dataset of length, e.g., 10,000 examples.
This can be done automatically by SMILES in any of the two ways described
in the previous section. Next, this dataset is labelled using the “oracle” (the
combination). The labelled random dataset is preserved in memory and all the
rest (the multi-tree structure) is freed from memory. In a second stage, we join
the original training set with the labelled random dataset, so making up an even
greater dataset. Finally, the last step is quite easy, we just train a single tree
(not a multi-tree) using this final dataset. The result is, as we will see, a single
tree which is approximately as accurate as the “oracle” and much more accurate
than any single tree obtained by traditional means. This single tree is exclusively
defined in terms of the original attributes.

In this work we have considered unpruned models for the first stage. This
is because the use of models that are not 100% accurate for the training set
could yield inconsistencies when joining the training set and the labelled random
dataset. This is a limitation of the current implementation of SMILES (which does
not allow inconsistencies in the class of two identical examples), but it is not a
limitation of the approach (these inconsistencies could be purged or a robust
decision-tree learner could be used).

6 Experiments

In this section we present an experimental evaluation of our approach by using
the implementation in SMILES. For the experiments, we used GainRatio [24]
as splitting criterion (for both the first stage and second stage). We chose a
random method [11,12] for populating the multi-tree (after a solution is found, a
suspended OR-node is woken at random) and we used the maximum strategy for
combination [11]. Pruning is not enabled unless stated. The number of suspended
OR-nodes explored in the first stage (for constructing the multi-classifier) is 100.
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Table 1. Information about datasets used in the experiments

# Dataset Size Classes Nom.Attr. Num.Attr.
1 monks1 566 2 6 0
2 monks2 601 2 6 0
3 monks3 554 2 6 0
4 tic-tac 958 2 8 0
5 house-votes 435 2 16 0
6 breast-cancer-wisc 699 2 0 9
7 chess-kr-vs-kp 3196 2 36 0
8 hepatitis 155 2 14 5
9 balance-scale 625 3 0 4
10 new-thyroid 215 3 0 5
11 tae 151 3 2 3
12 iris 150 3 0 4
13 wine 178 3 0 13
14 hayes-roth 160 3 4 0
15 cmc 1473 3 7 2
16 horse-colic-surgical 366 2 14 8

We used several datasets from the UCI dataset repository [2]. Table 1 shows
the dataset name, the size in number of examples, the number of classes, and
the number of nominal and numerical attributes.

Instead of fixed train-test partitions we have performed the experiments with
10-fold cross-validation. This means that the whole dataset is partitioned into
10 sub-datasets, nine are used as training set and the remainder one is reserved
initially as test set, and is then used to evaluate the results in the second stage.
This is done for the ten possible subdatasets. Since there are many sources of
randomness, we have repeated the experiments 10 times. This makes a total of
100 runs (each one with a different first-stage multi-tree construction, random
dataset construction and labelling, and second stage process) for each dataset.
We show the average (in %) of these 100 runs. The last row of each table will
also show the geometric mean of all the datasets.

The first thing studied is the method for generating the dataset. In Table 2
we show the accuracy of SMILES with different configurations. The first column
(“1st”) shows the results when learning a single tree (no ensemble, no mim-
icking). This column is similar to the results obtained by a single decision-tree
learner, such as C4.5, and it is included just as a reference. The second column
(“Comb”) shows the accuracy of the combination of 100 trees and is, hence, the
accuracy achieved by the “oracle”. The next two columns (“2nd Prior” and “2nd
Uniform”) show the results of the mimetic classifier, i.e. the single tree obtained
in the second stage, learned by using a random dataset (of size 10,000 examples)
labelled by the “oracle”, jointly with the training set. These two columns have
used the “prior distribution” and the “uniform distribution” respectively.
The first observation from the previous table is that since we are using a good
oracle (84.0 mean accuracy wrt. 81.3 original accuracy), the mimicking method
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Table 2. Comparison of methods for generating the invented dataset

# 1st Comb 2nd Prior 2nd Uniform 2nd Prior (no Train)
1 95.2 100 99.9 100 100
2 71.0 76.5 76.1 75.8 75.8
3 97.5 97.9 97.8 97.9 97.9
4 77.1 82.1 82.5 81.7 82.2
5 94.7 95.7 95.5 95.0 95.3
6 93.8 94.9 94.5 93.4 94.4
7 99.6 99.4 99.4 99.5 98.3
8 75.8 81.7 79.5 76.5 79.4
9 77.9 82.6 82.9 82.8 82.9
10 92.0 92.9 92.5 92.2 92.0
11 60.6 63.1 63.3 62.7 61.1
12 94.1 95.5 94.7 94.8 94.7
13 93.0 93.0 92.4 90.5 92.0
14 74.1 76.8 76.8 76.8 76.1
15 48.3 49.7 49.1 47.9 49.4
16 78.5 83.2 81.8 77.6 82.3

gmeans 81.3 84.0 83.6 82.7 83.3

can approach the better accuracy results of the oracle. However, it seems that
the “prior distribution” is much more effective than the “uniform distribution”.
This was expected, because the former preserves the original distribution of
the problem space. In fact, the use of 10,000 examples according to the prior
distribution gets extremely close to the combination accuracy (83.6 vs. 84.0).
According to these results, we will use the “prior distribution” in all the following
experiments. The last column shows the effect if we do not use the training set
in the second stage, i.e. we only use the labelled random dataset. Performance is
slightly reduced. This may explain why related approaches that do not use the
training set [4,7,8] have less improvement than that shown here (we use both
datasets).

The next thing that needs to be examined is the relevance of the size of the
invented dataset. The last columns in Table 3 show the results of the whole
process with different random dataset sizes, from 100 to 100,000. As expected,
that the greater the random dataset, the closer that the second-stage tree will
be with respect to the oracle. Obviously, this has a price; the larger the ran-
dom dataset, the slower the process. In practice, the optimal size of the random
dataset depends on the problem; large training sets (in both number of examples
and number of attributes) will require larger random datasets for good approx-
imations. The generation and labelling of random datasets is usually a more
efficient process than learning, and can be tuned to the system’s resources quite
comfortably. In what follows, we will use 10,000 random examples.

The previous results are remarkably positive, but a natural question arises.
Are the single trees obtained in the second stage simple? Although a large deci-
sion tree can always be examined partially (top-down) and we can still extract
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Table 3. Comparison of the size of the invented dataset for mimicking

# 1st Comb 2nd 100 2nd 1000 2nd 10000 2nd 100000
1 95.2 100 97.3 99.5 99.9 99.9
2 71.0 76.5 72.3 75.4 76.1 76.0
3 97.5 97.9 97.5 97.8 97.8 97.9
4 77.1 82.1 77.8 79.1 82.5 82.1
5 94.7 95.7 94.7 95.3 95.5 95.7
6 93.8 94.9 93.7 93.8 94.5 94.9
7 99.6 99.4 99.6 99.5 99.4 99.4
8 75.8 81.7 77.6 80.4 79.5 81.4
9 77.9 82.6 78.6 81.3 82.9 82.4
10 92.0 92.9 92.6 92.3 92.5 92.7
11 60.6 63.1 62.5 62.7 63.3 62.7
12 94.1 95.5 93.9 94.5 94.7 95.3
13 93.0 93.0 90.4 91.5 92.4 92.7
14 74.1 76.8 74.8 76.8 76.8 76.8
15 48.3 49.7 48.2 48.9 49.1 49.4
16 78.5 83.2 78.3 80.2 81.8 82.1

gmeans 81.3 84.0 81.7 82.9 83.6 83.8

knowledge from it, it is quite clear that the simpler the tree the easier to be
understood. In order to study this issue, the first four columns of Table 4 show
the accuracy and size (number of rules) of a single tree (“1st”), as could be
obtained without combination in a first stage and the accuracy and size of the
second-stage tree (“2nd”). All these results are without pruning. According to
these first columns, it is clear that the approximation to the oracle (the increase
in accuracy) is obtained by increasing the size of the tree (from 70.9 mean num-
ber of rules to 252.9 number of rules). This is quite a pity, because although this
tree is much better than the original tree, it is less comprehensible.
Nonetheless, a different portrait can be seen if we enable pruning (we have used
Pessimistic Error Pruning, [23]). The next column (“1st-Pruning”) shows the
best3 results when we enable pruning on the first-stage single tree. This is only
shown for comparison, to realise that the difference with the mimetic classifier in
size could even be larger (from 48.8 to 252.9) by using a traditional decision tree
with pruning. The interesting thing comes, fortunately, when we use pruning on
the mimetic classifier. The rightmost columns (“2nd-Pruning”) show the results
when pruning is enabled for the second-stage tree. In this case, and depending
on the degree of pruning (0.7, 0.8 or 0.9), we see that we can obtain short trees
with high accuracy, which was the motivation of this work (from 252.9 to 82.1
number of rules with similar accuracy).

Finally, in order to compare with the state of the art in ensemble methods, let
us compare our results with the most successful ensemble methods: bagging and
boosting. For that, we use the implementation of both included in the WEKA
data mining package [28]. We have run bagging and boosting (ADA-Boost) with
3 The best results for varying degrees of pruning.
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Table 4. Comparison of the size of the models

1st 2nd 1st-Pruning 2nd-Pruning
# Acc Rules Acc Rules Acc Rules Acc

(0.7)
Rules
(0.7)

Acc
(0.8)

Rules
(0.8)

Acc
(0.9)

Rules
(0.9)

1 95.2 87.0 99.9 55.0 95.2 86.6 100.0 60.9 100.0 60.9 100.0 60.8
2 71.0 278.5 76.1 284.1 68.2 242.6 75.8 285.6 75.8 285.6 74.8 271.8
3 97.5 37.1 97.8 38 99.1 14 97.9 20.5 98.2 19.5 98.7 14.9
4 77.1 338.7 82.5 823.5 77.6 250.0 81.3 398.1 81.3 210.3 77.5 44.5
5 94.7 48.5 95.5 316.0 95.8 17.8 95.9 61.2 95.8 30.0 95.8 7.3
6 93.8 43.2 94.5 248.7 94.0 35.6 94.7 91.4 94.5 54.4 92.9 21.8
7 99.6 47.9 99.4 113.8 99.6 46.3 99.3 52.9 99.1 39.6 97.7 23.5
8 75.8 80.7 79.5 974.7 79.6 19.3 79.7 670.4 79.7 664.4 79.2 663.7
9 77.9 139.0 82.9 142.7 78.2 126.6 82.9 142.7 82.9 142.4 82.6 119.9
10 92.0 19.1 92.5 192.6 92.3 17.2 92.4 181.6 92.4 178.9 91.9 176.3
11 60.6 63.8 63.3 483.5 61.3 57.3 61.1 325.6 59.1 267.5 55.3 195.8
12 94.1 11.2 94.7 71.0 93.8 10.6 94.8 37.1 94.7 27.1 94.5 17.0
13 93.0 14.5 92.4 453.9 92.8 14.0 92.5 175.9 92.2 85.7 90.6 27.6
14 74.1 44.0 76.8 48.8 74.3 32.7 76.8 48.6 76.8 48.6 76.6 48.4
15 48.3 929.6 49.1 2399.3 49.0 627.8 51.4 565.4 52.7 204.6 43.5 7.8
16 78.5 146.1 81.8 1310.0 82.1 64.8 83.1 42.3 82.2 8.9 76.3 2.8

gmeans 81.3 70.9 83.6 252.9 81.9 48.8 83.7 119.8 83.6 82.1 81.2 40.7

J4.8 (the Java version of C4.5) with their default parameters. Bagging was run
without pruning and for boosting we enabled pruning. The results are shown
in Table 5. The first two columns show the accuracy of J4.8 without pruning
and with pruning. The next two columns show the results of 80 iterations of
bagging4 and 100 iterations of boosting. The final four columns show the results
of SMILES with one tree (first-stage), with the combination of 100 trees (first-
stage) and with the second-stage tree (mimicking with 10,000 random examples
wrt. SMILES combination), without and with a slight pruning.

The results are quite encouraging. The technique presented in this paper is
able to obtain single and short trees which are comparable or even excel the
accuracy of the best current ensemble methods (83.7 vs. 82.4 and 83.8).

7 Conclusions

We have introduced a simple but effective method for obtaining highly accu-
rate but still comprehensible models from evidence. The idea is based on two
stages. In the first stage, we use whatever highly accurate but incomprehensible
method (e.g. stacking, cascading, boosting, bagging, neural networks, support-
vector machines, Bayesian methods, etc.) to learn an “oracle” that is employed
for labelling a randomly generated dataset. In the second stage, this dataset
(jointly with the original training dataset) is used to train a single decision tree,

4 For more than 80 iterations WEKA ran out of memory.
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Table 5. Comparison with state-of-the-art ensemble methods

J4.8 Bagging Boosting SMILES
# no prune pruning 80 100 1 100 100-2nd 100-2nd-0.7prune
1 95.1 98.4 100 99.5 95.2 100 99.9 100
2 62.7 64.1 67.0 82.2 71.0 76.5 76.1 75.8
3 98.7 98.9 98.9 97.9 97.5 97.9 97.8 97.9
4 79.1 80.3 83.8 82.6 77.1 82.1 82.5 81.3
5 95.5 96.5 96.6 95.1 94.7 95.7 95.5 95.9
6 94.1 94.5 96.3 96.7 93.8 94.9 94.5 94.7
7 99.4 99.4 99.4 99.6 99.6 99.4 99.4 99.3
8 79.0 79.2 82.6 84.7 75.8 81.7 79.5 79.7
9 79.4 77.7 82.9 76.0 77.9 82.6 82.9 82.9
10 93.0 93.1 94.9 95.3 92.0 92.9 92.5 92.4
11 56.5 55.7 60.7 64.8 60.6 63.1 63.3 61.1
12 94.6 94.7 94.3 94.5 94.1 95.5 94.7 94.8
13 93.5 93.4 95.9 96.9 93.0 93.0 92.4 92.5
14 72.5 74.2 56.1 65.9 74.1 76.8 76.8 76.8
15 50.0 52.0 52.7 50.4 48.3 49.7 49.1 51.4
16 83.2 81.5 83.1 81.5 78.5 83.2 81.8 83.1

gmeans 81.3 81.8 82.4 83.8 81.3 84.0 83.6 83.7

which is, as we have shown, almost as accurate as the “oracle”. Pruning can be
enabled to simplify the tree. No extra validation set is used during the process.

Our approach is different from stacking and cascading because we can use
whatever “oracle” at the first layer to label the random dataset, which is later
used to learn a single model that does not use the outputs of the previous layer
as inputs of the following one and hence, it just uses the original attributes. It
is also different and simpler than other “black-box” approaches [4,7,8] because
any kind of classifier can be used for the first stage but also for the second stage.
For instance, a rule learner or an ILP system could be used in the second stage.

Since any classifier can be used in either stage, we have shown that this idea
of mimicking can be put into practice quite easily by using any data-mining pack-
age. Additionally, the technique has been automated into our system SMILES,
which uses an ensemble of shared decision trees in the first stage and a simple
decision tree learner in the second stage. This implementation has been used to
thoroughly evaluate the method. We have shown that using the prior distribution
for generating the random dataset is preferable over the uniform distribution.
It has been empirically demonstrated that the size of the dataset is extremely
important and that the size (in number of rules) of the second-stage classifier
depends on it, but that it can be significantly reduced by using classical pruning
techniques, maintaining its accuracy. We have shown that this single solution is
extremely close to that of the combination (also better than other approaches,
such as archetyping [14]). In comparison with other methods, the technique pre-
sented in this paper obtains, to our knowledge, the highest accuracy of existing
comprehensible classifiers (decision trees and rule learners).

In this paper, we have concentrated on presenting the method and an exper-
imental evaluation of the method. We refer to [13] for some theoretical results
concerning the mimetic method. Some of these results are: first, we show that
when all the arguments of the function to be learned are nominal, a sufficiently
large random dataset allows a loyal mimetic classifier to capture exactly the
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semantics of the oracle, as expected. Secondly, and more interestingly, we show
that if the function to be learned is probabilistcally pure (i.e. not fractal) and the
classifier is loyal and fence-and-fill then for a sufficiently large random dataset
then the error made by the the mimetic classifier will approach zero. From here,
we particularise the results to decision trees, to problems with whatever com-
bination of nominal and numerical attributes and also whatever discrete oracle
(such as combined classifiers and neural networks), as the setting shown here.

As future work we would like to compare this technique (in terms of accuracy,
fidelity and comprehensibility) with existing decompositional rule extraction
techniques used to convert neural networks (or other incomprehensible models)
into comprehensible models. On the other hand, although we have concentrated
on classification, it is clear that a similar technique could also be used for re-
gression models. The iteration of “mimicking”, by using more stages or different
partitions on the training dataset can also be studied in the future. Another open
question is the automatic adaptation of the size of the invented dataset to the
size of the problem. The generation of more refined random datasets can also be
improved, especially for numerical attributes where the range of some attribute
is not known a priori. In [13] we have also studied some theoretical issues on the
generation of the dataset. In particular, it would be interesting that the method
for generating the invented dataset is exhaustive.

Other scenarios could also be considered, such the use of existing unlabelled
data. This situation is obviously better, since the given unlabelled data comple-
ments the training set prior distribution. Techniques from the field of learning
from unlabelled labelled data and, especially from co-training, could be used
here [3]. In fact, mimicking can be seen as an asymmetrical (i.e. one way) co-
training where one of the two classifiers is considered much better than the other
and where unlabelled data is generated rather than obtained from a pool. Some
ideas, e.g., the notion of ranking the examples such as that more confident pre-
dictions are chosen first could also be used for the oracle-based random dataset
in our mimetic framework. This is being investigated in [13].

As a more ambitious future work, we consider the use of query learning [1]
directly to the oracle (in a wider sense than [7,8]), instead of using the random
dataset, as a better way of “mimicking”.
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Abstract. The Dirichlet distribution offers high flexibility for model-
ing data. This paper describes two new mixtures based on this density:
the GDD (Generalized Dirichlet Distribution) and the MDD (Multino-
mial Dirichlet Distribution) mixtures. These mixtures will be used to
model continuous and discrete data, respectively. We propose a method
for estimating the parameters of these mixtures. The performance of our
method is tested by contextual evaluations. In these evaluations we com-
pare the performance of Gaussian and GDD mixtures in the classification
of several pattern-recognition data sets and we apply the MDD mixture
to the problem of summarizing image databases.

1 Introduction

Scientific pursuits and human activity in general generate data. These data may
be incomplete, redundant or erroneous. Probabilistic methods are particularly
useful in understanding the patterns present in such data. One such methods
is the Bayesian approach which can be roughly described as estimating the un-
certainty of a model. In fact, by the Bayesian approach we can estimate the
uncertainty of a model’s fit and the uncertainty of the estimated parameters
themselves. The Bayesian approach can be employed with mixture models, which
have been used extensively to model a wide variety of important practical sit-
uations where data can be viewed as arising from several populations mixed in
varying proportions. Nowadays, this kind of statistical model is used in a vari-
ety of domains. The problem of estimating the parameters of the components
of a mixture has been the subject of diverse studies [6]. The isotropic nature of
Gaussian functions, along with their capability for representing the distribution
compactly by a mean vector and covariance matrix, have made Gaussian Mix-
ture Decomposition (GM) a popular technique. The Gaussian mixture is not the
best choice in all applications, however, and it will fail to discover true struc-
ture where the partitions are clearly non-Gaussian [12]. In this paper we will
show that the Dirichlet distribution can be a very good choice to overcome the
disadvantages of the Gaussian. The Dirichlet distribution is the multivariate gen-
eralization of the Beta distribution, which offers considerable flexibility and ease

P. Perner and A. Rosenfeld (Eds.): MLDM 2003, LNAI 2734, pp. 172–181, 2003.
c© Springer-Verlag Berlin Heidelberg 2003



Novel Mixtures Based on the Dirichlet Distribution 173

(a) (b) (c)

Fig. 1. The Dirichlet distribution for different parameters. (a) α1 = 8.5, α2 = 7.5, α3

= 1.5. (b) α1 = 10.5, α2 = 3.5, α3 = 3.5. (c) α1 = 3.5, α2 = 3.5, α3= 3.5

of use. In contrast with other distributions such as the Gaussian, which permit
only symmetric modes, the Dirichlet distribution is highly flexible and permit
multiple symmetric and asymmetric modes. In fact, the Dirichlet distribution
may be skewed to the right, skewed to the left or symmetric (see Fig. 1).

For all these reasons, we are interested in the Dirichlet distribution. In con-
trast to the vast amount of theoretical work that exists on the Dirichlet dis-
tribution, however, very little work has been done on its practical applications,
such as parameter estimation. This neglect may be due to the fact that this
distribution is unfamiliar to many scientists.

The paper is organized as follows. The next section describes the GDD and
MDD mixtures in details. In Sect. 3, we propose a method for estimating the
parameters of these mixtures. In Sect. 4, we present a way of initializing the
parameters and give the complete estimation algorithm. Section 5 is devoted to
experimental results. We end the paper with some concluding remarks.

2 The Generalized Dirichlet and the Multinomial
Dirichlet Mixtures

Let (X1, . . . , XN ) denote a collection of N data in a heterogenous database. Each
data Xi is assumed to have dim different attributes, Xi = (Xi1, . . . , Xidim). In
general the various attributes could be either discrete or continous (variables).
Generally, the goal of analysis will be to group data into homogenous classes in
a probabilistic way. To accomplish this, each data Xi is assumed to be drawn
from the following finite mixture model:

p(X/Θ) =
M∑

j=1

p(X/j,Θj)P (j) (1)

whereM is the number of components, the P (j) (0 < P (j) < 1 and
∑dim
j=1 P (j) =

1) are the mixing proportions and p(X/j,Θj) is the PDF (Probability Density
Function). The symbol Θ refers to the set of parameters to be estimated: Θ =
(α1, . . . ,αM , P (1), . . . , P (M)) where αj is the parameter vector for the jth

population. In the following developments, we use the notation Θj = (αj , P (j))
for j = 1 . . . M. In the following, we present two PDF: the GDD for continous
attributes and the MDD for discrete ones.
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If the random vector X = (X1, . . . , Xdim) follows a Dirichlet distribution
[11] the joint density function is given by:

p(X1, . . . , Xdim) =
Γ (|α|)

∏dim+1
i=1 Γ (αi)

dim+1∏

i=1

Xαi−1
i (2)

where
∑dim
i=1 Xi < 1, 0 < Xi < 1 ∀i = 1 . . . dim, Xdim+1 = 1 − ∑dim

i=1 Xi,
|α| =

∑dim+1
i=1 αi and αi > 0 ∀i = 1 . . . dim + 1. This distribution is the

multivariate extension of the 2-parameter Beta distribution. The mean and the
variance of the Dirichlet distribution are given by:

E(Xi) =
αi
|α| (3)

V ar(Xi) =
αi(|α| − αi)
|α|2(|α| + 1)

(4)

The Dirichlet distribution can be represented either as a distribution on the
hyperplane Bdim+1 ={(X1, . . . , Xdim+1),

∑dim+1
i=1 Xi = 1} in R

dim+1
+ , or as a

distribution inside the simplex Adim = {(X1, . . . , Xdim),
∑dim
i=1 Xi < 1} in R

dim
+ .

This simplex represents a real handicap for us. Indeed, we can’t be sure that
the data we use will be inside it (between 0 and 1). Here, we propose a dis-
tribution which we call the GDD in order to overcome this problem. Thus, if
the random vector X = (X1, . . . , Xdim) follows a GDD with parameter vector
α = (α1, . . . , αdim+1), the joint density function is given by :

p(X1, . . . , Xdim) =
Γ (|α|)

A|α|−1
∏dim+1
i=1 Γ (αi)

dim+1∏

i=1

Xαi−1
i (5)

This density is defined in the simplex {(X1, . . . , Xdim),
∑dim
i=1 Xi < A}, and we

have: Xdim+1 = A−∑dim
i=1 Xi.

Let X = (X1, . . . , Xdim+1) a vector indicating the frequency of a given feature
(a word for example ) in a document where Xi is the number of times the feature
i occurs. The vectorX follows a Multinomial distribution with parameter vector
P = (P1, . . . , Pdim+1) given by:

p(X/P ) =
dim+1∏

k=1

PXk

k (6)

Where: Pk > 0 ∀k = 1 . . . dim+1 and
∑dim+1
k=1 Pk = 1. The conjugate prior for

P is the dirichlet distribution. Given a Dirichlet prior, the joint density is:

p(P ) ∼ p(X,P /α) = p(X/P )p(P /α) =
Γ (|α|)

∏dim+1
k=1 Γ (αk)

dim+1∏

k=1

PXk+αk−1
k (7)
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then:

p(X/α) =
∫

P

p(X,P /α) =
Γ (|α|)

Γ (
∑dim+1
k=1 Xk + |α|)

dim+1∏

k=1

Γ (Xk + αk)
Γ (αk)

(8)

We call this density the MDD.

3 Maximum Likelihood Estimation

The problem of estimating the parameters which determine a mixture has been
the subject of diverse studies. During the last two decades, the method of max-
imum likelihood (ML) has become the most common followed approach to this
problem. Of the variety of iterative methods which have been suggested as al-
ternatives to optimize the parameters of a mixture, one most widely used is the
Expectation Maximization (EM). The EM was originally proposed by Dempster
et al. [4] for estimating the Maximum Likelihood Estimator (MLE) of stochastic
models. This algorithm gives us an iterative procedure and the practical form
is usually very simple. The EM algorithm can be viewed as an approximation
of Fisher scoring method [8]. A maximum likelihood estimate associated with a
sample of observations is a choice of parameters which maximizes the probabil-
ity density function of the sample. Thus, with ML estimation, the problem of
determining Θ becomes:

maxΘp(X/Θ) (9)

with the constraint:
∑M
j=1 P (j) = 1 and P (j) > 0 ∀j ∈ [1,M ] (this constraint

is satisfied). These constraints permit us to take into consideration a priori prob-
abilities P (j). Using Lagrange multipliers, we maximize the following function:

Φ(X, Θ, Λ) = ln(p(X/Θ)) + Λ(1 −
M∑

i=1

P (i)) (10)

where Λ is the Lagrange multiplier. For convenience, we have replaced the
function p(X/Θ) in Eq. 9 by the function ln(p(X/Θ)). If we assume that we
have N random vector Xi which are independent, we can write: p(X/Θ) =∏N
i=1 p(Xi/Θ) and p(Xi/Θ) =

∑M
j=1 p(Xi/j,Θj)P (j). Replacing these equa-

tions, we obtain:

Φ(X, Θ, Λ) =
N∑

i=1

ln(
M∑

j=1

p(Xi/j,Θj)P (j)) + Λ(1 −
M∑

j=1

P (j)) (11)

We will now try to resolve this optimization problem. To do this, we must deter-
mine the solution to the following equations: ∂

∂ΘΦ = 0 and ∂
∂ΛΦ = 0 . Calculating

the derivative with respect to Θj , we obtain [2]:

∂

∂Θj
Φ(X, Θ, Λ) =

N∑

i=1

p(j/Xi, Θj)
∂

∂Θj
ln(p(Xi/j,Θj)) (12)
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where p(j/Xi, Θj) is the posterior probability. Since p(Xi/j,αj) is independent
of P (j), straight forward manipulations yield [2]:

P (j) =
1
N

N∑

i=1

p(j/Xi,αj) (13)

In order to estimate the α parameters we will use Fisher’s scoring method. This
approach is a variant of the Newton-Raphson [13] method. The scoring method
is based on the first, second and mixed derivatives of the log-likelihood function.
Thus, we have computed these derivatives [2]. During iterations, the αjl can
become negative. In order to overcome this problem, we reparametrize, setting
αjl = eβjl , where βjl is an unconstrained real number. Given a set of initial
estimates, Fisher’s scoring method can now be used. The iterative scheme of the
Fisher method is given by the following equation:

β̂
new

j = β̂
old

j + V old × ∂φ

∂β̂j

old
(14)

Where ∂φ
∂βj

=





∂
∂β̂j1

Φ

...
∂

∂β̂jdim+1
Φ



 and j is the class number.

The variance-covariance matrix V is obtained as the inverse of the Fisher’s infor-
mation matrix I = Il1l2 = −E[ ∂2

∂βjl1∂βjl2
Φ(X, Θ, Λ)]. Comparing this iterative

scheme based on Fisher’s scoring method with a quasi-Newton method presented
by the following equation [5]:

βnewjl := βoldjl − η
∂

∂βjl
Φ(X, Θ, Λ) (15)

where 0 < η ≤ 1. we can note that the ordinary gradient ∂φ
∂βl

is replaced by the
term V × ∂φ

∂βl
, which is called the Natural Gradient or Contravariant Gradient by

Amari [1]. The relation between the natural gradient ∂̌φ
∂βl

and the ordinary gra-

dient is given by the following equation [1]: ∂̌φ
∂βl

= G−1 ∂φ
∂βl

, where G is the Fisher
information matrix. The natural gradient is used where the coordinate system is
nonorthonormal. In our case the parameter space is Riemmanian because of the
exponential nature of the GDD and the MDD [2]. Thus, the coordinate system is
nonorthonormal. Note that G is reduced to the unit matrix in the orthonormal
case. This result was confirmed by experiments. Indeed, we have implemented
these two methods and observed that the method given by Eq. 15 does not give
good results compared with the Fisher scoring method.

4 Initialization and Convergence Test

In order to make our algorithm less sensitive to local maxima, we have used some
initialization schemes including the Fuzzy C-means and the method of moments
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(MM). In fact, the method of moments gives really good estimations because
of the compact support of the Dirichlet distribution. From an examination of
Eq. 3 and Eq. 4 we see that there are first dim first-order moments and dim

second-order moments, yielding a total of C2(dim+1)
dim+1 possible combinations of

equations to solve for the dim parameters. According to Fieltiz and Myers [7]
a symmetrical way of proceeding would be to choose the first dim first-order
equations and the first second-order equation. The reason for not choosing the
(dim + 1)-th first order equation is that the (dim + 1)-th equation is a linear
combination of the others and together they do not form an independent set of
equations. Thus we have:

αl = (x
′
11−x′

21)x
′
1l

x
′
21−(x′

11)2
l = 1, 2 . . . , dim and αdim+1 = (x

′
11−x′

21)(1−∑dim
l=1 x

′
1l)

x
′
21−(x′

11)2
, where

x
′
1l = 1

N

∑N
i=1

Xil∑dim+1
k=1 Xik

l = 1, 2 . . . , dim+1 and x
′
21 = 1

N

∑N
i=1

X2
i1

(
∑dim+1

k=1 Xik)2

Thus, our initialization method can be resumed as follows (we suppose that the
number of clusters M is known):
INITIALIZATION Algorithm

1. Apply the Fuzzy C-means to obtain the elements, covariance matrix and
mean of each component.

2. Apply the MM for each component j to obtain the vector of parameters αj .
3. Assign the data to clusters, assuming that the current model is correct.
4. If the current model and the new model are sufficiently close to each other,

terminate, else go to 2.

We can readily note that this initialization algorithm take the distribution into
account. In contrast to the classic initialization methods which use only algo-
rithms such as K-means to obtain the initialization parameters, we have intro-
duced the method of moments with an iterative scheme to refine the results.
By using the method of moments, we suppose from the outset that we have a
GDD or a MDD mixture. This initialization method is designed to work on large
databases. When working on small data sets, applying the Fuzzy C-means and
the MM only once is a feasible option. With this initialization method in hand,
our algorithm for estimating of GDD or MDD mixtures can be summarized as
follows:
GDD/MDD MIXTURE ESTIMATION Algorithm

1. INPUT: data Xi, i = 1, . . . , N and the number of clusters M.
2. INITIALIZATION Algorithm.
3. Update the αj using Eq. 14, j = 1, . . . ,M.

4. Update the P (j) using Eq. 13, j = 1, . . . ,M .
5. If the convergence test is passed, terminate, else go to 3.

The convergence tests could involve testing the stabilization of the βj or the
value of the maximum likelihood function.
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5 Experimental Results

In this section, we validate the GDD and the MDD mixtures by pattern recog-
nition and computer vision applications. In the pattern recognition application,
our method was used to model the class-conditional densities in four standard
pattern recognition data sets which differ in dimension, size and complexity. The
classification was performed using the Bayes rule (Xi is assigned to class j1 if
P (j1)p(xi/j1) > P (j)p(xi/j),∀j �= j1) after the class-conditional densities have
been estimated. The goal of this application is also to compare the modeling
capabilities of GDD and Gaussian mixture. We have used the EM algorithm to
estimate the parameters of Gaussian mixtures. The comparison will be based
essentially on errors of classification, error of fit and number of iterations in each
case. We begin with two examples which are reported in [3]. The first data set
describes an enzymatic activity distribution in the blood and the second one an
acidity index distribution for 155 lakes. For these two data sets, a mixture of 2
distributions is identified [3]. Figures 2 and 3 show the real and the estimated
histograms for the Enzyme and Acidity data sets, respectively. In both cases,
it’s clear that the GDD and the Gaussian fit the data. We also compared the
likelihood cycle of the Gaussian and the GDD. According to this comparison
our algorithm converges in a smaller number of iterations (9 for the Enzyme
data set and 14 for the Acidity set) compared to the case where Gaussian mix-
ture was considered (17 for the Enzyme data set and 20 for the Acidity set).
Our algorithm was also validated with multidimensional data sets. We took two
well-known examples, the Ruspini and Wisconsin Breast Cancer data sets [9].
We chose these data sets for their specific characteristics. The Ruspini data set

0 0.5 1 1.5 2 2.5 3
0

10

20

30

40

50

60

70

80

Gaussian
GDD
Histogram of data

Fig. 2. Real and estimated histograms for the Enzyme data set
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Fig. 3. Real and estimated histograms for the acidity data set
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(a) (b) (c)

Fig. 4. (a) The Ruspini data set . (b) Representation of the Ruspini data set by a
GDD mixture. (c) Representation of the Ruspini data set by a Gaussian mixture

contains two-dimensional data in four groups (see Fig. 4) and the Breast Cancer
data set is characterized by its size (683 patterns) and its dimension (9). For
both examples, the comparison between the GDD and the Gaussian mixtures is
based on the errors of classification. By using the GDD mixture for the Ruspini
data, we reached convergence in 10 iterations with an error of 1.33 percent. This
is slightly better than the result found for the Gaussian mixture (an error of
2.66 percent in 11 iterations). We also plotted the results. In each case we can
clearly observe the presence of 4 classes (see Fig. 4). The GDD also gave better
results (an error of 1.024 percent) for the Breast Cancer data, compared with
the Gaussian mixture (an error of 2.342 percent).

The second validation concerns the summarization of image databases. This
application is very important especially in the case of content-based image re-
trieval. Summarizing the database simplifies the task of retrieval by restricting
the search for similar images to a smaller domain of the database. Summarization
is also very efficient for browsing. Knowing the categories of images in a given
database allows the user to find the images he is looking for more quickly. Using
mixture decomposition, we can find natural groupings of images and represent
each group by the most representative image in the group. In other words, after
appropriate features are extracted from the images, it allows us to partition the
feature space into regions that are relatively homogeneous, with respect to the
chosen set of features. By identifying the homogeneous regions in the feature
space, the task of summarization is accomplished. We used a database contain-
ing 900 images of size 128 × 96, and took color as a feature for categorizing the
images. In order to determine the vector of characteristics for each image, pixels
were projected onto the 3D HSI (H = Hue, S = Saturation, and I = Intensity)
space. We thus obtained a 3D color histogram for each image. Based on the
work of Kherfi et al. [10], we obtained an 8D vector from this histogram. Their
method consists of partitioning the space by subdividing each of the axes H, S
and I into n equal intervals. This gives n3 subspaces. The sum of the elements in
each subspace is computed and the result is placed in the corresponding cell of
the feature vector. In our application, we chose n = 2, so each image was repre-
sented by a 23 = 8D feature vector of frequency. We also asked a human subject
to determine the number of groups, and he found five categories (see Fig. 5).
After the feature were extracted from the images, the MDD mixture algorithm
was applied to the feature vectors by specifying five classes, where each vector
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(a) (b) (c) (d) (e)

Fig. 5. Sample images from each group. (a) Class1, (b) Class2, (c) Class3, (d) Class4,
(e) Class5.

Table 1. Confusion matrix for image classification by a MDD mixture

Class1 Class2 Class3 Class4 Class5
Class1 170 0 2 0 0
Class2 0 195 0 18 7
Class3 0 0 122 0 0
Class4 0 8 0 102 4
Class5 0 3 0 6 263

represents an image. The two classifications (the one generated by the human
subject and the one given by our algorithm) were compared by counting the
number of misclassified images, yielding the confusion matrix (see Table 1). In
this confusion matrix, the cell (classi, classj) represents the number of images
from classi which are classified as classj. The number of images misclassified
was small: 48 images, which represents an accuracy of 94.66 percent.

6 Conclusion

In this paper, we have introduced two new mixtures, based on the Dirichlet dis-
tribution, that we call the GDD and the MDD. The GDD has the advantage
that by varying its parameters, it permits multiple modes and asymmetry and
can thus approximate a wide variety of shapes. The MDD is very efficient to
model frequency vectors. We estimated the parameters of these mixtures using
the maximum likelihood and Fisher’s scoring methods. An interesting interpre-
tation, based on the statistical geometric information, was given. Experiments
involved real data classification and summarization of image databases. Other
applications such as videos summarizing and text modeling can be done. Al-
thoug the number of densities is assumed to be known in this paper, it may be
estimated during the interation by using one of the traditional criteria such as
Akaike, Schwarz, or the minimum description length.
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Abstract. The work is devoted to a problem of statistical robustness of deciding 
functions, or risk estimation. By risk we mean some measure of decision func-
tion prediction quality, for example, an error probability. For the case of dis-
crete "independent" variable the dependence of average risk on empirical risk 
for the “worst” distribution (“strategies of  nature”) is obtained. The result gives 
exact value of empirical risk bias that allows evaluating an accuracy of Vapnik–
Chervonenkis risk estimations. To find a distribution providing maximum of 
empirical risk bias one need to solve an optimization problem on function 
space. The problem being very complicate in general case appears to be solv-
able when the "independent" feature is a space of isolated points. The space has 
low practical use but it allows scaling well-known estimations by Vapnik and 
Chervonenkis. 

1   Introduction 

There is well known fact that decision function quality being evaluated by the train-
ing sample appears much better than its real quality. To get true risk estimation in 
data mining one uses a testing sample or moving test. But these methods have some 
disadvantages. The first one decreases a volume of sample available for building a 
decision function. The second one takes extra computational resources and is unable 
to estimate risk dispersion. 

So one needs a method that allows estimating a risk by training sample directly, 
i.e. by an empirical risk. This requires estimating first an empirical risk bias. 

The problem was solved by Vapnik and Chervonenkis [1]. They introduced a con-
cept of capacity (growth function) of a decision rules set. This approach is quite pow-
erful, but provides pessimistic decision quality estimations. Obtained bias estimation 
is very rough, because of performed by authors replacement of a probability of a sum 
of compatible events by the sum of its probabilities. 

The goal of this paper is to evaluate an accuracy of these estimations. We shall 
consider a case of discrete feature that allows obtaining an exact value of empirical 
risk bias. 
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2    Problem Definition 

Let X be an “independent” variable values space, Y – a goal space of forecasting val-
ues and C – a set of probabilistic measures on D X Y= × . 

A measure c C∈  will be denoted as [ ]cP D . 
Hereinafter, square parentheses will hold a set on which σ-algebra of subsets the 

measure is assigned, but round parentheses will hold a set which measure (probability 
of event) is taken. 

Assume also x X∀ ∈  an existence of conditional measures [ ]cP Y x . 
A deciding function is a correspondence :f X Y→ . 
For the determination of deciding functions quality one need to assign a function 

of losses: 
                                                   [ )2: 0,L Y → ∞ . 
By a risk we shall understand an average loss: 
                            ( ) ( )( ) [ ], , cR c f L y f x dP D= =∫ ( ) [ ],x cR c f dP X∫ , 

where ( ) ( )( ) [ ], ,x cR c f L y f x dP Y x= ∫ . 
To build a deciding function there is a random independent sample 

( ){                                  }, 1,i i
cv x y D i N= ∈ ∈  from distribution [ ]cP D  used. 

An empirical risk means sample risk estimation: ( ) ( )( )1

1
, ,

N
i i

N
i

R v f L y f x
=

= ∑% . 

For the all practically used algorithms building deciding functions an empirical 
risk appears to be a biased risk estimation, being always lowered, as far as algorithms 
minimize an empirical risk. 

Consider a problem of this offset evaluation. 
Let’s use indications: 
                                  ( ) ( ),, E , Q vF c Q R c f= , ( ) ( ),, E , Q vF c Q R c f=% % . 

Here Q : {ν} →{f} is an algorithm of building deciding functions, and ,Q vf  – de-
ciding function built on the sample v by algorithm Q. 

Expectation is calculated over all samples of volume N. 
Define a function of the most offset: 

        ( ) ( )0 0 0ˆQ QS F F F F= −% % % , (1) 

where ( )
( )

( )
0

0
: ,

ˆ sup ,Q
c F c Q F

F F F c Q
=

=
% %

% . 

The main result of the work consists in finding the dependency ( )0QS F%  for the 
case of discrete X and Q that minimizes an empirical risk in each x X∈ . 
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3    Discrete Case 

Let X be discrete, i. e. X = {1,…,n}. 

Then ( ) ( )( )
1

, ,
n

x x x
x

R c f p R f xξ
=

= ∑ , where ( ) ( )( ) [ ], ,x x cR f L y f x dP Y xξ = ∫  

– a conditional risk in the point x,  ( )x cp P x= ,  xξ  – a short indication of condi-

tional measure [ ]cP Y x . 
Let the deciding function minimize an empirical risk:  
                                             ( ) ( )* arg min ,v x

y Y
f x L y v

∈
= % , 

where ( ) ( )1, ,
x

x

i
x N

v
L y v L y y= ∑% ,. x xN v= , xv  – a subset of sample that falls to 

the value x. 
Determine values that average risks depend on: 

    ( ) ( ) ( )*

1
, E , ,

n
v x x x

x
F c Q R c f F p ξ

=
= = ∑ ,  where ( ) ( )( )*, E , xx x x x x x vF p p R f xξ ξ= . 

 
Similarly 

     ( ) ( ) ( )*1

1
, E , ,

n
v x x xN

x
F c Q L v f F p ξ

=
= = ∑% % % , where ( ) ( )( )*, E , xx x x x x vF p L v f xξ = % . 

Introduce the function 
                             ( )

( )
( )

0

0

: ,

ˆ , sup ,
x x x x x

x x x x x x
F p F

F p F F p
ξ ξ

ξ
=

=
% %

% . 

 
Now 

 ( ) ( )0
0

1

ˆ ˆmax ,
n

Q x x x
x

F F F p F
=

= ∑% % , (2) 

where maximum is taken over the all xp  and 0
xF% , 1,x n= , with restrictions:  

                                 0xp ≥ , 0 0xF ≥% , 
1

1
n

x
x
p

=
=∑ , 0

0
1

n
x

x
F R

=
=∑ % % . 

Initial extreme problem is rather simplified, being split into two stages: finding 

( )0ˆ ,x x xF p F%  and finding the maximum of function on the simple area of Euclid 

space. 
Function ( )0ˆ ,x x xF p F%  may be easily approximated by digital computation. 

However it is impossible to decide a problem (2) directly by digital methods, be-
cause the dimensionality of space on which the maximization performed is 2n where 
n may be great (twenty and the more). 
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4    Deciding the Extreme Problem 

Let’s reformulate a problem (2) in abstract indications: 

( )
1

max
x

n
x

zx
z

=
Φ →∑ , (3) 

( )1 ,...,x x x
mz z z= , 0x

jz ≥ , 
1

1
n

x
j

x
z

=
=∑ , 1,j m= . 

In (2) Φ  corresponds to ˆxF , m = 2, 1
x

xz p= , 
0

0
2

xFx
F

z =
%

% . 

Suppose a space of values of vector xz  to be discrete: {          }1,...,x lz t t∈ . 

Then problem (3) now may be put in the equivalent form: 

( )
1

max
i

l
i i

i
t

κ
κ

=
Φ →∑ , (4) 

0iκ ≥ , 
1

1
l
i i
j

i
t κ

=
=∑ , 1,j m= , 

1
1

l
i

i
κ

=
=∑ , where { }0,i

n nνκ ν∈ = . 

Solve a problem without the last restriction on iκ . 
This is a linear programming problem which decision is certain vertex of area of 

arguments values. That means that only m+1 of iκ -s are to be nonzero. 
Now it is easy to show that the effect of discreteness iκ  restriction has an order mn  

and one may neglect it. 
As far as the conclusion on the number of nonzero iκ -s does not depend on the 

step of sampling a space of values of vector xz , the result may be spread on the ini-
tial problem. 

Theorem 1. A decision of problem (3) includes (uses) not more then m+1 different 
vectors. 

Thereby the dimensionality of space that maximizing is performed on decreases to 
m (m + 1). Applying to the problem (2) this comprises 6, and problem may be easily 
solved numerically. 

5    Results 

Offered method allows finding a dependency ( )0QS F%  under any parameters n and N. 

However there is the most demonstrative and suitable for the comparison with other 

approaches the asymptotic case: Nn = M = const, N → ∞ , n→ ∞ . 



186         V.M. Nedel’ko 
 

 

Considered approach is wholly acceptable already under n = 10, herewith it has 
only one input parameter M. 

For an illustration consider a problem of classification (k classes). 
Function of losses will be: 

                                                      ( ) 0,
,

1,
y y

L y y
y y

′=′ =  ′≠
. 

The function ( )0ˆ ,x x xF p F%  was estimated digitally by generating a random xξ , or 

the conditional distribution [ ]cP Y x . Instead of random generating xξ  one may use a 
regular grid. 

Conditional distribution xξ  is now discrete and may be assigned by k parameters 
(probabilities for each class). In accordance with uniform distribution on the set of 
parameters let’s throw xξ , for which calculating values ( ),x x xF p ξ  and 

( ),x x xF p ξ% , received pair been drawn on graph (the left plot on fig. 1) as a spot. 
In considered asymptotic case two input parameters N and xp  may be replaced by 

a single one: xM Np= . 
Results of modeling under different values of parameter M are on the left plot (val-

ues are normalized by division on 1k
k
−  – maximum probability of mistake). 

By k = 2 dots form a line. By k > 2 spots fill certain area by which it is also possi-
ble to approximate ( )0ˆ ,x x xF p F%  with sufficient accuracy. 

Similarly, it is possible to perform modeling for the evaluation ( )0ˆ ,x x xF p F%  also in 

the case of the forecasting a continuous variable [4]. 

Fig. 1. The left plot contains scatter diagrams where points ( ) ( )( ), , ,x x x xF M F Mξ ξ%  

drawn for random xξ  and given M. The right plot shows dependences of empirical risk 
bias on the risk for listed methods of estimating 
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Now we can evaluate an accuracy of Vapnik–Chervonenkis risk estimations for 
the considered case of discrete X, as far as we have found an exact dependency of 
average risk on the empirical risk for the "worst" strategy of nature (distribution). 

For ( )0Ŝ F%  in [1] there is reported estimation ( )0V̂S F τ′ =% , as well as an improved 

estimation: ( ) 0
2

22
0

ˆ 1 1 R
VS F

τ
τ  

= + + 
 

%
% , where τ asymptotically tends to ln 2

2M . 

On the right figure for M = 5 there are drawn dependency ( )0Ŝ F%  and its estima-

tion ( )0V̂S F% . Graph demonstrates significant greatness of the last. 
The third line on the graph (straight) presents a variant of dependency obtained by 

Byesian approach, based on assuming uniform distribution on distributions (strategies 
of nature) [2,3,5]. 

In work [5] there is reported the result: ( ) 01 2
0 2

ˆ F
B MS F −

+=
%

% . 

It may be a surprised fact that ( )0Ŝ F%  on the significant interval appears to be less 

than ( )0
ˆ
BS F% , though Byesian approach implies an averaging by the all nature strate-

gies of nature, but the approach suggested based on the choice of the worst c. 

6   Conclusion 

For the considered case of a discrete feature the exact maximum of empirical risk bias 
have been obtained. The comparison conducted shows that risk estimations by Vap-
nik and Chervonenkis may increase an expected risk up to several times from its true 
maximum. This means that these estimations may be essentially improved. 

The work is supported by RFBR, grants 01-01-00839 and 03-01-06421. 
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Abstract: In this paper, we explore the capabilities of a recently proposed 
method for non-linear dimensionality reduction and visualization called Locally 
Linear Embedding (LLE). LLE is proposed as an alternative to the traditional 
approaches. Its ability to deal with large sizes of high dimensional data and 
non-iterative way to find the embeddings make it more and more attractive to 
several researchers. All the studies which investigated and experimented this 
approach have concluded that LLE is a robust and efficient algorithm when the 
data lie on a smooth and well-sampled single manifold. None explored the be-
havior of the algorithm when the data include some noise (or outliers). Here, we 
show theoretically and empirically that LLE is significantly sensitive to the 
presence of a few outliers. Then we propose a robust extension to tackle this 
problem. Further, we investigate the behavior of the LLE algorithm in cases of 
disjoint manifolds, demonstrate the lack of single global coordinate system and 
discuss some alternatives. 

1    Introduction 

Recently, two techniques called Locally Linear Embedding (LLE)[1,2] and ISOmetric 
feature MAPping (Isomap) [3] have emerged as alternatives to both linear and non-
linear methods in dimensionality reduction. Principal Component Analysis (PCA) [4] 
and Multidimensional Scaling (MDS) [5], as examples of linear methods, share simi-
lar properties: simplicity of implementation and failure to deal with non-linear data. 
However, Self-Organizing Maps (SOM)[6], Principal Curves and Surfaces [7,8] and 
other techniques [9,10,11,12] are able to deal with non-linear data with the cost of 
complex analysis involving several free parameters to be set and lack of convergence. 
LLE and Isomap inherit the simplicity from the linear methods and the ability to deal 
with complex data from the non-linear ones. Though LLE and Isomap are inspired 
from different intuitions, they are similar in their aims. Isomap attempts to preserve 
the global geometric properties of the manifold, as characterized by the geodesic 
distances between faraway points, while LLE attempts to preserve the local geometric 
properties of the manifold as characterized by the linear coefficients of local recon-
structions. Our goal is not to compare these two approaches. One algorithm or the 
other may be most appropriate to a given application. Instead, we focus this work on 
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LLE and keep in mind that our analysis and findings might also be extended to 
Isomap.  

LLE is an efficient approach to compute the low dimensional embeddings of high 
dimensional data assumed to lie on a non-linear manifold. Its ability to deal with large 
sizes of high dimensional data and its non-iterative way to find the embeddings make 
it more and more attractive. Another advantage of LLE relies on the number of free 
parameters which it involves: only , the number of neighbors has to be set. These 
virtues have attracted already several applications in visualization [1,2,13,14], classi-
fication [15] and other purposes [1,2,16]. One type of high dimensional data where 
LLE has shown very successful results is a set of different views of the same 3D ob-
ject. When these images are well sampled and lie on a single smooth manifold, the 
embedding result is able to discover and represent exactly the different degrees of 
freedom of the data. Naturally, the range of successful applications of LLE is not 
limited to this single example. 

However, LLE discovers a meaningful low dimensional embedding space only un-
der certain assumptions. For example, if the data lie on a locally curved space rather 
than flat one (such as sphere and torus), LLE fails to handle with such manifolds. In 
[17], an extension of the algorithm is proposed to deal with this case. Unfortunately 
LLE is not only sensible to the locally curved spaces. In this work we show that the 
presence of a small number of deviations (outliers) is enough to destroy and affect 
significantly the embedding result. The result may be worse than a simple PCA pro-
jection. Thus, the generalization of LLE to deal with these problems becomes an in-
teresting task, especially when we consider real-world measures (data), which often 
include outliers. Indeed, it is not unusual that data lie on disjoint manifolds or involve 
some samples which are far from the remaining points. Such data, that we call imper-
fect manifolds, make the use of LLE inappropriate.  We propose here a robust exten-
sion to tackle this limitation. Our main idea consists of preprocessing the data before 
applying LLE. First we detect the outliers and then define a new neighborhood func-
tion to enforce these outliers to have their neighbors among the main data points. The 
goal of such analysis is to avoid the disconnection between the neighborhood graphs 
corresponding to the main data and to the outliers. Once a single connected compo-
nent is obtained, we then apply successfully LLE. We show that this extension is 
consistent and robust.  

Further, we improve our extension to deal with general cases when the main data 
lie on disjoint manifolds (different clusters) in addition to the presence of deviations 
(outliers). A simple example of disjoint manifolds is different views of different ob-
jects. In such cases, LLE fails to handle the data as a whole while it performs well on 
separate clusters. 

2    LLE, Outliers, and Disjoint Manifolds 

Since LLE has already been presented in several papers, we restrict its description just 
to the main steps, which facilitate the understanding of the further analysis. More 
details of the implementation can be found in [1,2]. 

Given DxN  Data X ( N  real-valued vectors iX  each of dimensionality D ), the 
algorithm involves a single pass trough three steps: 
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1. Find the k nearest neighbors of each point iX . 

2. Compute the weights ijW that best reconstruct each data point from its neighbors, 

minimizing the cost in Eq.1. 

3. Compute the vectors iY (of dimensionality Dd << ) best reconstructed by the 

weights ijW , minimizing the quadratic form in Eq.2.          
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For a given value of d , the minimum of the function Φ(Y) is given by the d + 1 

eigenvectors associated to the d + 1 smallest eigenvalues of the matrix M defined as: 

)()( WIWIM T −−= . 

The final desired embeddings )(Y  then correspond to the d bottom eigenvectors 

of M after discarding the first one. The aim of the two first steps of the algorithm is 
to preserve the local geometry of the data in the low dimensional space, while the last 
step discovers the global structure by integrating information from overlapping local 
neighborhoods.   

The above analysis is valid only if all data points lie on the same connected com-
ponent of the graph defined by the neighbors. This means that if different graphs of 
neighborhood are present, LLE fails to find the embedding. 

To demonstrate this, let us assume the case when the data contain at least k + 1 out-

liers lo  (in general, Nk << ). We mean by 'outlier' a deviation of data point from 

the main data (such as noise). If we assume that those outliers are closer to each other 

than to the main data, thus the set of k  neighbors of each point lo contains only out-

liers. Consequently, the graph defined by the outlier neighborhoods is disconnected 
from the graph of the remaining data. As a result, two disjoint graphs are present. Let 

us denote duuuu ...,,, 210 the bottom eigenvectors of the matrix M associated 

respectively to the d + 1 smallest eigenvalues  dλλλλ ,...,, 210 where: 

....210 dλλλλ <<<< The bottom eigenvector is discarded automatically be-

cause it is composed of all ones and associated to 0λ  close to 0. The remaining ei-

genvectors are given by LLE as the embedding result.  
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We can easily show that these eigenvectors, which are the result of LLE embed-
ding, do not provide any useful representation of the data. Let us construct an N -
vector v  such as it has constant value α within the first connected component (within 
the main data points) and another constant value β within the second component (the 
component corresponding to the outliers). We can then verify easily that v  yields a 
zero embedding cost in eq.2. 
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Where 1graph corresponds to set of the main data and 2graph  corresponds to the 
outliers. Since the two graphs are disjoint, thus the reconstruction weights of a given 
data point which belong to 1graph  (resp. 2graph ) do not involve the points 

in 2graph  (resp. 1graph ). Consequently, its weights are equal to zero in 2graph  

(resp. 1graph ).  
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Since v  has a constant value in each graph, then: 
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Since LLE tries to minimize the cost function in eq.2 and v  is an ideal solution, 
thus LLE returns v  as embedding result. By construction, it is clear that this vector 
does not represent at all the data but codifies the presence of two manifolds. In this 
case, all the samples of one component are mapped into the same point. Thus, the 
LLE fails to find the embedding. This means that even when the LLE algorithm per-
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formed well on one connected component, 1+k outliers are enough to destroy the 
embedding results (note that Nk << ).  

Let us now consider the case when data lie on disjoint manifolds. By disjoint mani-
folds, we mean that the neighborhood graphs are disjoint. Here again, we can show 
(in the same way as above) that applying LLE on S disjoint manifolds gives at 

least 1−S eigenvectors with same values within each component and different values 
in different components. This confirms the failure of LLE to deal with more than one 
connected component.  

The failure of handling disjoint manifolds is mentioned in different papers. L. Saul 
and S. Roweis [1,2] stated that LLE should be applied separately to the data of each 
cluster. This means that the disjoint manifolds cannot be represented in one single 
global coordinate system of lower dimensionality. More specifically, Vlachos et al. 
[15] proposed an approach (based on the analysis of the eigenvalues and eigenvectors 
of the matrix M ) to count the number of separate clusters. This provides us useful 
indications about the cases where LLE may fail to discover a good embedding, but the 
authors did not gave any explicit alternative. We think that applying LLE on every 
cluster separately yields to the same drawback as the mixture models for local dimen-
sionality reduction [18,19]. These methods cluster data and perform then PCA within 
each cluster, which yield to a lack of single global coordinate system. 

3    Robust Locally Linear Embedding 

As we presented in the previous section, LLE is very sensitive even to a small number 
of outliers. Here, we propose a robust extension to tackle this problem. Given a set of 
real-world or artificial data with a potential presence of noise or (outliers), we start by 
defining the value of the parameter k (different alternatives may also be used here to 
determine the neighbors). Then, we determine the graphs corresponding to the 
neighborhoods. We consider the largest one as the main data and the others as outliers 
(This is valid under the assumption that our main data lie on one connected compo-
nent and the other graphs correspond to outliers. We explore later the general case 
when the main data lie on disjoint components, in addition to the presence of out-
liers).  

Our idea consists of connecting the disjoint graph corresponding to the outliers 
with the graph of the main data. For this purpose, we enforce the outliers to have their 
neighbors inside the largest component. By this way, we ensure to obtain only one 
connected component. Thus, we apply LLE to discover a good representation for the 
data in the largest connected component with an acceptable distortion of the outliers. 
Our proposal is valid and efficient under the assumption that the most significant data 
lie on a single, smooth and well-sampled manifold. While the presence of portion of 
non-significant data affects significantly the standard LLE approach, our robust ex-
tension is able to unfold the manifold and gives a good representation like LLE does 
in ideal cases. 

How can we define and label the outliers? In other words, how can we distinguish 
between the cases when the data lie on one main component (other points are outliers) 
and the cases when the main data themselves lie on disjoint components? Instead of 
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performing a complex analysis of the data, we use a simple and efficient technique. 
We start by constructing the neighborhood graph of the whole data. Assume that we 

detected different disjoint graphs. Let us note 1c the cardinality of the largest con-

nected component and rc the cardinality of the set composed of the remaining points. 
We then define the ratio:  

1CC
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r
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(3) 

which determines whether a large amount of data is concentrated in the first compo-
nent. If thresholdT < then the first component is considered as the main data and 
the remaining points as outliers. Otherwise the data is considered as lying on different 
manifolds. In our experiments we fixed the threshold to 0.05. This means that we 
admitted that if the first component contains more than 95% of the whole data, then 
we can consider the remaining data as outliers and their small distortion is acceptable. 
In contrast, if thresholdT ≥  then we admit that the data lie on disjoint manifolds 
with a potential presence of outliers. In this case, we start by considering the largest 
component and apply LLE. Once the embedding result is obtained, we estimate the 
coordinates of the remaining data and the outliers in the low dimensional space. For 

each data point rX  which is not included in the first largest component, we find its 
nearest neighbors among the data points of the largest component and then determine 

the weights rjW which best reconstruct the given data point (in the same way as in 

the first step of LLE algorithm). We finally use these weights to find the embedding 

rY  as follows:      
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Thus we obtain a single global representation of the whole data. Here we started by 
considering the largest connected component as main data. This induces to a better 
representation of these data than the others. Depending on which cluster we focus our 
analysis, we can alternate and consider another connected component as main data 
and then find the embedding projection of the other clusters. In other words, given 
S disjoint clusters, we can apply LLE on each cluster separately and consider the 
approximation of the remaining data. Given d , we calculate thus Sd * eigenvectors 
instead of d  and represent them in S different spaces for analysis.  

This generalization of our extension to also deal with disjoint manifolds is not op-
timal. It improves the LLE embeddings but it involves S different spaces. In every 
space, one component is successfully represented while the others are approximated. 
However, in our experiment we noticed a good representation for the main cluster and 
acceptable one for the other data. This means that one space may be enough for ana-
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lyzing different clusters together. We discuss a potential alternative to find a global 
coordinate space in Sect. 5. Table 1 summarizes the main steps of our extension. In 
the experiments, we refer to this algorithm as Robust Locally Linear Embedding 
(RLLE).  

Table 1. Robust Locally Linear Embedding (RLLE) 

Given a set of data points X , a number of nearest 

neighbors k , and the dimensionality d : 

• Calculate the neighborhood graph corresponding to X . 
• If only one connected component is present then apply LLE and go to end. 

• Determine the largest component 
1cD . 

• Calculate 
1CC

C
T

r

r

+
= . 

• If  thresholdT < : 

− Consider the largest component (graph); let us denote LX  the data points 

constituting it and OX  the remaining data ( XXX OL =U  and 

Φ=OL XX I ). 

− Find the new nearest neighbors, which belong to LX  of each point in OX . 

− Apply LLE using the obtained neighborhood graph and go to end. 

• For each disjoint cluster cD  

− Apply LLE on the cluster cD . 

− Find the embedding coordinates for the remaining data using eq.4.  
 

•  End. 
 

4    Experiments 

Due to the fact that face images are embedded in a high dimensional space and con-
tain essential non-linear structures that are invisible to linear methods, such data are 
usually chosen for demonstrating the robustness of proposed algorithms of non-linear 
dimensionality reduction. We also considered face images to assess the consistence 
and validity of our analysis and findings. Thus, we took three video sequences (Se-
quence A, Sequence B and Sequence C) corresponding to three different persons. In 
every sequence, we asked the person to move his/her head once from left to right 
resulting 1000 frames in every sequence. We cropped the images and down-sampled 
them to obtain finally images of 35*45 pixels (thus 1575=D ). Some samples from 
each sequence are shown in Fig. 1. During the sequence acquisitions, we controlled 
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the position of the head instead of allowing its arbitrary movement. The goal of this 
constraint is to obtain smooth and well-sampled data with only one obvious degree of 
freedom, which is the rotation angle of the face. 
 
 

Fig. 1. Samples from the data considered in our experiments. The whole data consist of three 
video sequences of 1000 frames each and corresponding to three different persons. Here we 
show some samples from each sequence. #1 corresponds to the first frame in the sequence, 
#500 to the 500th frame and so on 

 
 
First, we applied LLE to each video sequence separately. Figure 2 (left) shows the 

first component discovered by LLE with 8=k  neighbors per data point for the se-
quence A and Fig. 2 (right) shows the first component discovered by PCA. In this 
case, the estimation of the goodness of the embedding is based on the smoothness of 
the embedding and its monotony. The monotony means that 1-D space is enough to 
recover the different rotation angles of the face. It is clearly visible that every image 
has a different value in the low dimensional space discovered by LLE, while many 
images share the same value in the PCA representation. In other words, LLE per-
formed well in visualizing different angles of the face in the 1-D embedding space 
while PCA failed to do it. In addition, we have noticed a remarkable property of LLE: 
the result of the embedding remains stable over a wide range of values of k (number 
of neighbors). This relative insensitivity demonstrates again the efficiency and ro-
bustness of LLE embedding when the data are smooth, well sampled and lie on one 
connected component. Note that too small or large k breaks the embedding. In the 
first series of experiments, we have just confirmed the efficiency of LLE since we 
considered data lying on one cluster without any outliers. However, our goal is to 
explore the behavior of LLE in cases of outliers and disjoint manifolds. This is the 
subject of the following experiments. 

In order to check the behavior of LLE in case the data include few outliers, we 
considered a dataset containing a portion of the sequence A (the 700 first frames 
which correspond to the orientation angles in the range of [ ]oo 30,90− ) and added few 
samples from the end of the same sequence (10 frames corresponding to the orienta-
tion angles in the range of [ ]oo 90,70 ). 
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Fig. 2. Analysis of the sequence A by LLE and PCA. (Left) The first component discovered by 
LLE on the sequence A containing 1000 images. X-axis represents the sample number with 
ordered orientation angles. It shows that only one component is enough to model perfectly the 
degree of freedom of the data. Note that the curve is monotone. (Right) The first principal 
component (PCA) on the same data (sequence A). It is clear that PCA fails to discover a well 
representation as some samples have the same value 

 

 

Fig. 3. Behavior of LLE when adding few outliers. (Left) LLE discovered a good representa-
tion for a data set of 700 images laying on one connected component. (Center) We added 10 
outliers to the previous data set (we got a news dataset of 710 samples) and applied LLE. We 
can see that the first 700 samples have the same value (-1) and the outliers are projected into the 
same point (they have the same value equal to zero). Thus, it shows clearly that LLE failed to 
deal with a small number of outliers. (Right) We applied our algorithm (Robust LLE) on the 
same data and the embedding remained perfect even with those outliers 

It is obvious that this construction yields to two disjoint components in the graph of 
neighbors, because the last 10 frames are different from the other frames. Therefore, 
we can see the whole data containing 700 samples of the main data and 10 outliers. 
Fig. 3 (left) shows the LLE embedding when we considered just the 700 images with-
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out outliers. The different angles of the face are well modeled. After adding just 10 
samples (outliers), LLE failed to unfold the manifold.  The same value was given to 
all the 700 samples, while a different value was assigned to the remaining 10 samples 
(outliers). Figure 3 (center) shows the result of this failure of visualizing data with 
few outliers. This was not surprising as it just confirmed our proofs in Sect. 2. In 
contrast, using our proposed algorithm, a good representation can be found (see Fig. 3 
(right)). Adding the outliers did not affect the result of our approach. This demon-
strates that our extension is efficient and robust. 

The Robust LLE is able to deal with a large number of outliers even when they lie 
on several connected components. However, while it models well the main data, a 
distortion of the outliers may appear. This is due to the fact that our extension is fo-
cused on connecting the graph of neighbors rather than optimizing the reconstruction 
of the outliers from their neighbors.   

What about if the main data lie on two or three connected components and we want 
to visualize well all data points? To investigate this issue, we considered a data set 
containing three clusters of different sizes (700 frames from the sequence A, 300 
frames from the sequence B and 200 frames from the sequence C). We applied LLE 
and the obtained embedding in 2-D was just three points as shown in Fig. 4. 

 

 

Fig. 4. The result of LLE embedding of a dataset containing three clusters: LLE projected them 
into three points 

 
LLE projected the three clusters into three points. Although LLE had performed 

well when we considered every sequence separately, it failed to find one single global 
coordinate system to represent the whole data together (data partitioned into three 
clusters). Indeed, in the embedding discovered by LLE the lack of global representa-
tion is visible and obvious since the data are projected into three points. We applied 
Robust LLE, which consists in this case of applying LLE to the largest component 
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(700 frames from the sequence A) and then extrapolating the coordinates of the re-
maining data (300 frames from B and 200 frames from C). The result is shown in 
Fig. 5. It is very clear that different faces are represented in the same space. For the 
sequence A, similar representation as LLE embedding of one cluster is obtained. 
Also, the projections of the two other sequences gave acceptable representations. 

 
 
 

 
 

Fig. 5. The result of RLLE embedding of the same dataset containing three clusters (as in 
Fig. 4): While LLE projected them into three points, RLLE yields to a better representation as 
the three clusters are well separated and the different orientation angles of the face are visual-
ized 

 
To not limit our analysis on face images, we also explored the behavior of RLLE in 

visualizing different data. We considered different texture data from Outex database 
[20]. Figure 6 shows an example of a texture seen under 4 different orientations (0o, 
30o, 60o and 90o). We considered 80 samples for each orientation and analyzed the 
resulting dataset (80 samples x 4 orientations = 320 images) with LLE and RLLE.  
Instead of using the row images, we extracted the LBP features [21] and used them as 
inputs to LLE and RLLE algorithms. 

While LLE projected the data into three points, the RLLE embedding succeeded in 
representing the different orientations in the same coordinate space, as shown in 
Fig. 7. In this case, the RLLE algorithm consisted of finding the LLE embedding of 
the first class of texture (orientation 0o) and approximating those of the other classes 
(orientations 30 o, 60 o and 90 o).   
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Fig. 6. Texture images from Outex database [20]: an example of a texture seen under 4 differ-
ent orientations 

 

 

Fig. 7.  The result of RLLE embedding of texture images seen under different orientations 

5    Discussion 

Our main idea to tackle the problems of LLE is based on either connecting the disjoint 
manifolds or interpolating the embeddings of some samples. In case of outliers, both 
approaches are   consistent. This is due to the fact that only few samples are consid-
ered as outliers and their good reconstruction is not crucial. In contrast, we found that 
in cases of disjoint manifolds it is preferable to apply LLE on one connected compo-
nent and then map the remaining data.   

In [15], an alternative to connect the graph of neighbors is proposed. It consists of 
using 2/k  nearest neighbors and also 2/k  farthest neighbors in order to gather the 
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clusters in the same global coordinate space. We explored this issue and found that 
using the farthest neighbors in addition to the nearest ones improves the result of the 
LLE embedding, but the result remains poor since the local embedding aspect of LLE 
is lost when considering the farthest neighbors for every point. We adopted a quite 
similar approach for the outliers, but different for the main data. Consequently, a 
better representation is achieved using our approach.  

Prior knowledge on the data can be exploited to connect the disjoint manifolds 
while we can enhance the visualization of the outliers by taking a part from the real 
neighbors and another part from the main connected component. 

In [1,2], it is stated that in case of disjoint manifolds LLE must be applied on each 
cluster separately. More specifically, it is shown that one can extract the embeddings 
of every cluster just by discarding the 1−S  first components given by LLE instead 
of applying LLE to each cluster ( S denotes the number of clusters). In addition to the 
lack of global coordinate system, this approach yields to confusion between the re-
sults of the different components. Indeed, it is not obvious to associate the embed-
dings to the corresponding clusters. Do the 1−S first components provide useful 
information? Since every cluster is mapped into the same point in the ( 1−S ) dimen-
sional space, these components codify only the number of clusters rather than the data 
points. These 1−S components are independent of the data.  

Considering every cluster separately yields to a lack of global coordinate space to 
represent the whole data points. Our extension provides a global representation, which 
is efficient in some cases but not always optimal. It is obvious that if the intrinsic 
dimensionality is not the same in every cluster, then an efficient global representation 
might not be possible in lower dimensionality. 

6    Conclusion 

We proposed an efficient extension to the Locally Linear Embedding algorithm to 
tackle the problems of outliers and disjoint manifolds. We showed that adding few 
outliers affects significantly the embedding result of LLE while our extension remains 
insensitive. In cases of disjoint manifolds, we explored the behavior of LLE and 
showed the lack of a single global coordinate space to represent the different clusters. 
Instead of considering every cluster separately, we proposed an alternative which 
improves the visualization results in one global coordinate space. Though our exten-
sion improves significantly the embedding, it is still not optimal.  

More investigations are needed to explore how strongly the manifold should be 
connected. Our aim is to get benefit of the simplicity and efficiency of LLE to cope 
with more general problems. However, we have to keep in mind that some data need 
complex analysis and others cannot be represented in a single global coordinate space. 
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Abstract. Relevance feedback mechanisms are adopted to refine image-based 
queries by asking users to mark the set of retrieved images as being relevant or 
not. In this paper, a relevance feedback technique based on the “dissimilarity 
representation” of images is proposed. Each image is represented by a vector 
whose components are the similarity values between the image itself and a 
“representation set” made up of the images retrieved so far. A relevance score is 
then assigned to each image according to its distances from the sets of relevant 
and non-relevant images. Three techniques to compute such relevance scores 
are described. Reported results on three image databases show that the proposed 
relevance feedback mechanism allows attaining large improvements in retrieval 
precision after each retrieval iteration. It also outperforms other techniques pro-
posed in the literature. 

1 Introduction 

The vast majority of content based image retrieval (CBIR) techniques relies on the 
representation of images by low-level features, e.g., color, texture, shape, etc., [2,21]. 
Content-based queries are often expressed by visual examples in order to retrieve 
from the database all images that are “similar”  to the examples. It is easy to see that 
the effectiveness of content-based image retrieval systems (CBIR) strongly depends 
on the choice of the set of visual features and on the choice of the “metric” used to 
model the user’s perception of image similarity. A number of metrics have been pro-
posed in the literature to adequately measure (dis)similarities in a given feature space 
[19]. 

However, no matter how suitable for the task at hand the features and the similarity 
metric have been designed, the set of retrieved images often fits the user’s needs only 
partly. Typically, different users may categorise images according to different seman-
tic criteria [1]. Thus, if we allow different users to mark the images retrieved with a 
given query as relevant or non-relevant, different subsets of images will be marked as 
relevant. Accordingly, the need for mechanisms to adapt the CBIR system response 
based on some feedback from the user is widely recognised.  

This issue has been studied thoroughly in the text retrieval field, where the rele-
vance feedback concept has been introduced [17]. Techniques developed for text 
retrieval should be suitably adapted to content based image retrieval, on account of 
differences in both feature number and meaning, and in similarity measures [11,15]. 
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Relevance feedback techniques proposed in the literature involve the optimisation 
of one or more CBIR components, e.g., the formulation of a new query and/or the 
modification of the similarity metric to take into account the relevance of each feature 
to the user query.  

Query reformulation is motivated by the observation that the image used to query 
the database may be placed in a region of the feature space that is "far" from the one 
containing images that are relevant to the user [6,7,12,15].  

Other CBIR systems employ parametric similarity metrics whose parameters are 
computed from relevance feedback [18,20]. Rather than modifying the similarity 
metric, Frederix et al. proposed a transformation of the feature space so that relevant 
images represented in the new feature space exhibit higher similarity values [5]. A 
probabilistic feature relevance scheme has been proposed in [14].  

Theoretical frameworks involving both the computation of a new query and the op-
timisation of the parameters of similarity metric have been also proposed [8,16]. 

In this paper, we propose a relevance feedback mechanism based on the represen-
tation of the images in the database in terms of their (dis)similarities from a represen-
tation set. The use of the dissimilarity representation of objects has been recently 
studied in the pattern recognition field [3-4]. This representation allows building pat-
tern classifiers characterised by low error rates, as the pair-wise (Euclidean) distances 
between patterns of the same class are usually smaller than those of patterns of differ-
ent classes.  

Analogously, in a CBIR system, images represented by dissimilarities should ex-
hibit the same property, i.e., relevant images should be characterised by smaller pair-
wise distances than those between relevant and non-relevant images. In particular, the 
proposed technique is based on the representation of the images of the database in 
terms of their (dis)similarities from the set of images retrieved so far. A relevance 
score for each image of the dataset is then computed by taking into account the dis-
tances between the image itself and each of the relevant and non-relevant images 
retrieved.  The relevant score is used to rank the images so that the first k are returned 
to the user in response of the relevance feedback. 

In Sect. 2, the dissimilarity representation of images in the context of CBIR sys-
tems is proposed. The relevance feedback mechanism is described in Sect. 3, where 
three measures are described to rank the images according to their distances from the 
relevant and non-relevant images retrieved so far. Experiments with three image data-
sets are reported in Sect. 4. The reported results show that the proposed method out-
performs other relevance feedback mechanisms recently described in the literature. 
Conclusions are drawn in Sect. 5. 

2    Dissimilarity Representation of Images 

Let us consider an image database whose images I are represented in a d-dimensional 
low-level feature space, e.g., color, texture, etc. Let us assume that a (dis)similarity 
metric S(Ij,Ik) has been defined in such feature space. In the following, we will neither 
make any assumption about the feature space, nor about the similarity metric em-
ployed.  

Let Q be the image used to query the image database. For each image I of the da-
tabase, the value of S(Q,I) is computed and the first k images, with the largest similar-
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ity values, are shown to the user (the value of the k parameter is chosen by the user).  
The user may either stop the search if satisfied with the results, or decide to refine the 
query by selecting the relevant images among the k image returned by the system. In 
this case the user provides the so-called relevance feedback. In order to exploit such 
feedback, we propose to represent each image I of the database in terms of its simi-
larities with each of the k images returned by the system: 

I = (S(I,I1), S(I,I2),..., S(I,Ik)) (1) 

where I1, I2,..., Ik are the k images more similar to query Q according to the similarity 
measure S. It is worth noting that also the images I1, I2,..., Ik are represented according 
to equation (1). This representation allows using the Euclidean distance measure to 
compute the dissimilarity between pairs of images [3-4]. The image I will be as much 
as relevant as it is near to the relevant images and, at the same time, far from the non-
relevant ones. The techniques proposed to exploit this property of the dissimilarity 
representation will be illustrated in the following section. 

It is worth noting that while the query mechanisms employed by some image data-
bases are based on the combination of a number of similarity measures (usually re-
lated to different image representations), the following discussion is limited to a sin-
gle feature space where only one similarity metric is defined. The proposed method 
can be easily generalised to address the case where more than one similarity measure 
(possibly related to different image representations) is used. However, this topic is out 
of the scope of the present paper and will be further discussed elsewhere.  

3    Relevance Feedback  

The goal of this section is to compute a “r elevance” score for each image of the data-
base by exploiting the dissimilarity representation of the images.  

Let us denote with R the subset of indexes j∈{1,...,k} related to relevant images, 
and NR  the subset of indexes j∈(1,...,k} related to non-relevant images. Let r and nr 
be the cardinality of the sets R and NR, respectively. 

For each image Is of the database, let us compute the k distances djs between the im-
age itself and the k images Ij, j∈ {1,...,k}. Since the k images Ij, j∈ {1,...,k}, have been 
marked as being either relevant or non-relevant, the image Is is as much as relevant as 
the values of djs, for j∈ R, are small and, at the same time, the values of djs, for j∈ NR, 
are large. In other words the k distances can be subdivided into two subsets, i.e., the 
subset made up of the r distances related to relevant images, and the subset made up 
of the nr distances related to non-relevant images.  

A number of functions developed in the frameworks of the fuzzy set and clustering 
theories can be used to “aggregate” the r relevance distances and the nr non-relevance 
distances, so that the two values, one related to the degree of relevance, and the other 
related to the degree of non-relevance, can be associated to the image Is [9-10]. In this 
work, we propose to use the “min” function, so that the relevance of each image Is is 
computed in terms of the nearest relevant image and in terms of the nearest non-
relevant image: 
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Let us linearly normalise the values of distRs and distNRs for all the images of the 
database, so that they take values in the range [0,1]: 
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Finally, let us denote with µR(s) = (1 - dRs) the degree of relevance of Is, and with 
µNR(s) = (1 - dNRs) the degree of non-relevance of Is. These values can be interpreted 
as the degrees of “membership” of the considered image to the relevant and non-
relevant sets of images respectively. As a consequence, relevant images are those with 
large values of µR(s) and large values of 1 - µNR(s) = ( )s

NR
µ  = dNRs. In other words, 

( )s
NR
µ  is a measure of how much the image Is should not be considered as non-

relevant, i.e., a measure of its relevance. 
In order to assign a unique value of relevance to each image Is, the two member-

ship values, namely µR(s) and ( )s
NR
µ , should be aggregated. It is easy to see that such 

aggregation function should be: i) monotonically increasing in µR(s), and ii) mono-
tonically increasing in ( )s

NR
µ . To this end, in this paper, we consider two simple 

functions that take values in the range [0,1]: 

average: ( ) ( )( )ss
NRR µµ

2

1 +  
(6) 

ratio:  
( )
( )s

sR

e NR
µ
µ1−

−

 

(7) 

 
The first function is commutative, so that the two values µR(s) and ( )s

NR
µ  play the 

same role in the final value of the degree of relevance. On the other hand, the second 
function is not commutative, as ( )s

NR
µ  is used to weight the degree of relevance 

measured by µR(s) (it is worth noting that the only purpose of the exponential is to 
have an aggregated value in the range [0,1]). In other words, the value of ( )s

NR
µ  is 

used to “support” the degree of relevance provided by µR(s), and is not considered a 
degree of relevance in itself. 
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Finally, the two aggregation functions, namely the average and the ratio, can be 
further aggregated to take advantage of their complementarity. As an example, the 
“probabilistic product” can be used [10]: 
probabilistic product: 
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(8) 

 
which represents a “union” of the two f unctions (the “average” and the “ratio”). 

The relevance values computed either according to equation (6), or (7), or (8) are 
then used to rank the images and the first k are presented to the user. 

To sum up, the proposed technique works as follows: 
1. each image of the database is represented in terms of the distances between the 

image itself and the images retrieved so far; 
2. the distances between each image of the database and the sets of relevant and non-

relevant images are computed and a relevance score is obtained;  
3. the images of the database are ranked according to this score and the first k are 

returned to the user. 

4    Experimental Results 

In order to test the proposed method and compare it with other methods described in 
the literature, three image databases have been used: the MIT database, a database 
contained in the UCI repository, and a subset of the Corel database. These databases 
are currently used for assessing and comparing relevance feedback techniques [13–
16]. 

The MIT database (ftp://whitechapel.media.mit.edu/pub/VisTex) contains 40 tex-
ture images that have been manually classified into fifteen classes. Each of these 
images has been subdivided into sixteen non-overlapping images, obtaining a data set 
with 640 images. Sixteen Gabor filters were used to characterise these images, so that 
each image is represented by a 16-dimensional feature vector [14]. 

The database extracted from the UCI repository (ftp://ftp.ics.uci.edu/pub/machine-
learning-databases/statlog/segment/) consists of 2,310 outdoor images. The images 
are subdivided into seven data classes. Nineteen colour and spatial features character-
ise each image. (Details are reported in the UCI web site). 

The database extracted from the Corel collection is available at the KDD-UCI re-
pository (http://kdd.ics.uci.edu/databases/CorelFeatures/CorelFeatures.data.html). We 
used a subset made up of 19513 images, manually subdivided into 43 classes. For 
each image, four sets of features were available at the web site. In this paper, we re-
port the results related to the Color Moments (9 features), and the Co-occurrence 
Texture (16 features) feature sets [13].  

For each dataset, the Euclidean distance metric was used. A linear normalisation 
procedure has been performed, so that each feature takes values in the range between 
0 and 1.  

For the MIT and UCI databases, each image is used as a query. In the case of the 
Corel dataset, 500 images have been randomly extracted and used as query. The top 
twenty nearest neighbours of each query are returned. Relevance feedback is per-
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formed by marking images belonging to the same class of the query as relevant, and 
all other images in the top twenty as non-relevant. This experimental set up affords an 
objective comparison among different methods and is currently used by many re-
searchers [13-16].  

For the sake of comparison, retrieval performances obtained with three methods 
recently described in the literature are also reported, namely the RFM (Relevance 
Feedback Method) [15], the Bayesian Query Shifting [7], and the PFRL (Probabilistic 
Feature Relevance Learning) [14].  

RFM exploits relevance feedback by computing a new query Q1 according to the 
Rocchio formula [17]. The new query is computed as a linear combination of the 
original query, and the mean vectors of relevant and non-relevant images retrieved so 
far. The coefficients of the linear combination are usually chosen by heuristics. This 
query shifting formulation requires that the similarity between image vectors be 
measured by the cosine metric. To this end, data has been pre-processed by the so-
called tf × idf normalisation, used in the information retrieval domain [15], that con-
verts image feature vectors into weight vectors. 

The Bayesian Query Shifting technique (Bayes QS) computes a new query accord-
ing to the following formula derived from the Bayes decision theory: 
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NR
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mm
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 −
−

−
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(9) 

 
where mR and mN are the mean vectors of relevant and non-relevant images respec-
tively, σ is the standard deviation of the images belonging to the neighbourhood of 
the original query, and kR and kN are the number of relevant and non relevant images, 
respectively. More details on this method can be found in [7]. 

PFRL is a probabilistic feature relevance feedback method aimed at weighting 
each feature according to the information extracted from the relevant images. This 
method uses a weighted Euclidean metric to measure the similarity between images. 
The weights are computed according to the feature values of the relevant images re-
trieved. Two parameters chosen by experiments are used to optimise the perform-
ances. More details on this method can be found in [14]. 

As the performances of the RFM and PFRL techniques depend on the choice of the 
values of some parameters, the results reported hereafter are related to the best ones 
obtained in a number of experiments. 

Experiments with the MIT Data Set 

Figure 1 shows the average percentage retrieval precision after 10 retrievals attained 
by the three Dissimilarity Relevance Feedback (DRF) measures proposed in the pre-
vious section, and the three methods used for comparison purposes. After one itera-
tion of relevance feedback (1 rf), the best performances are attained by the Bayes QS 
technique (91.80%), while the performances of the DRF techniques are between 
89.31% (ratio) and 90.72% (probabilistic product). RFM and PFRL do not perform 
well, with an average precision of 84.55% and 85.47%, respectively. After two rele-
vance feedback iterations, DRF provided the highest precision and clearly outper-
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forms the other techniques starting from the third iteration. In addition, the proposed 
DRF allows further improvements, reaching the retrieval precision of 97.01% after 9 
iterations with the “ratio” function. The ot her three techniques used for comparison 
does not allow to further improve the retrieval performances attained after four itera-
tions if a larger number of iterations is performed. 
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Fig. 1. Average percentage precision retrieval for the MIT data set. Nine relevance feedback 
iterations were performed with the considered relevance feedback techniques 

 
The comparison of the three DRF functions shows that the “av erage” measure pro-

vides lower performances than those of the “ratio” and the “ probabilistic product”. 
Thus it follows that, at least for this data set, the rationale behind the “ratio” measure 
seems more appropriate than the one behind the “average” measure.  It is worth recall-
ing that the non-relevant membership value is used to weight the relevant membership 
value in the “ratio” measure, while it is used  just as a relevance membership value in 
the “average” measure. 

Experiments with the UCI Data Set 

For this data set, the choices of both the similarity metric and the normalisation pro-
cedure affect the precision of the first retrieval (0 rf). The results reported in Fig. 2 
show that the tf × idf normalisation is less suited than the linear normalisation, and the 
cosine metric (RFM) provides a lower precision (84.03%) than the Euclidean metric 
(90.21%) employed by all other techniques. After the first relevance feedback itera-
tion, the best performance is attained by the Bayes QS (96.33%). The DRF with the 
“probabilistic product” function (96.23%) and the DRF with the “average” function 
(96.04%) provided similar performances, while the other techniques provided lower 
performances.  
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All the considered techniques allow improving the retrieval precision if the number 
of relevance feedback iteration is increased. The proposed DRF techniques attained 
the highest performances at each iteration. In particular, the highest values have been 
attained by the DRF with the “ratio” function and the DRF with the “probabilistic 
product” aggregation function, thus confir ming the comments on the results related to 
the MIT data set. 
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Fig. 2. Average percentage precision retrieval for UCI data set. Nine relevance feedback itera-
tions were performed with the considered relevance feedback techniques. 

Summing up, as far as the MIT and UCI data sets are concerned, the precision of 
the DRF after the first iteration is very close to the highest one of the Bayes QS tech-
nique. DRF clearly outperformed other techniques after two or more iterations, thus 
showing its validity, and the ability to exploit additional information provided by 
further feedbacks.  

Experiments with the Corel Data Set 

This data set allows a more thorough comparison among methods, as it is made up of 
a larger number of images. Figures 3 and 4 show the results with the color moments 
and co-occurrence texture feature sets, respectively. The retrieval performances re-
lated to the original query (0 rf) are quite low, thus showing that the chosen feature 
sets are not suited for the task at hand. In addition, different similarity metrics pro-
vided quite different results. In particular, the cosine metric provided better results 
than those of the Euclidean metric with both feature sets. The cosine metric attained a 
precision of 20.36% with the “color moments” feature set, and 17.89% with the “co-
occurrence texture” feature set, while the Eulidean metric attained precisions of 
17.30% and 14.13%, respectively. 
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Fig. 3. Corel Data set – Color Moments feature set. Average percentage precision retrieval for 
Corel Data set – Color Moments feature set. Nine relevance feedback iterations were performed 
with the considered relevance feedback techniques. 

Each of the considered relevance feedback techniques allows to improve these re-
sults. However, the DRF outperformed the other methods starting from the first itera-
tion. The results related to the “color moments” feature set (Fig. 3) show that the DRF 
with the “average” function a nd DRF with the “probabilistic product” provide higher 
performances than those provided by the RFM, the DRF with the “ratio” function, the 
Bayes QS, and the PFRL. All the techniques but the PFRL allows increasing the re-
trieval precision when further iterations are performed. As an example, after three itera-
tions the DRF with the “probabilistic product” function attains a precision of 37.12%, 
while the DRF with the “average function”  reaches 35.83%, and the DRF with the “ra-
tio” function attains 34.91%. The precisions of the RFM and the Bayes QS are around 
28%, while the precision of the PFRL is around 21%. As noted for the results of the 
previous data sets, the best performances after 9 iterations are attained by the DRF with 
the “probabilistic product” function (49.80%) and the DRF with the “ratio” function 
(49.10%), the DRF with the “average” function providing much smaller performances 
(43%). 

Similar conclusions can be drawn from the results with the “co -occurrence texture” 
feature set. In particular, the DRF with the “probabilistic product” function attained the 
best performances at each iteration, while the “average” function performed better than 
the “ratio” function for the fi rst three iterations. Therefore, the “probabilistic product” 
allows combining the strengths of the two relevance scores. 

Figures 6 and 7 show the retrieval results related to the query shown in Fig. 5. In par-
ticular, Fig. 6 shows the images retrieved from the Corel dataset when no feedback is 
performed. According to the overall results presented in the previous tables, the per-
formance is quite poor: only 4 images out of 20 match the user’s needs. After three 
feedbacks (Fig. 7) a large fraction of the images (16 out of 20) are relevant to the user’s 
needs.  
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Fig. 4. Average percentage precision retrieval for Corel Data set – Co-occurrence texture fea-
ture set. Nine relevance feedback iterations were performed with the considered relevance 
feedback techniques. 

 
 
 

 

 

Fig. 5. One of the query used in the experiments on the Corel dataset 

5     Conclusions 

In this paper, we have presented a relevance feedback technique based on a dissimi-
larity representation of images. The reported results on three image databases showed 
the superiority of the proposed method with respect to other relevance feedback tech-
niques, especially when a number of feedbacks are performed. The superiority of 
DRF was more evident in the case of the Corel image dataset, where the precision 
without relevance feedback is quite poor. 
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Fig. 6. Retrieval result related to the query shown in Fig. 5 with no feedback. Relevant images 
have a bold border.  

It is worth noting that many experiments presented in the literature on the Corel 
data set are based on the combination of relevance feedbacks from different feature 
sets, thus providing high performances. The proposed technique is also well suited for 
combining different feature sets, as the “dissimilarity” representation is independent 
on any feature-based representation. However, this topic is out of the scope of the 
present paper and will be discussed elsewhere. 

As far as the computational complexity of the proposed technique is concerned, a 
large number of distances are to be computed. Nevertheless, the response time be-
tween two consecutive feedbacks was around 0.6s on the Corel dataset (made up of 
19513 images), on a Celeron 450 MHz PC using the Win98 OS. This response time is 
far below the classic limit of 1.0s for the user’s flow of thought to stay uninterrupted. 
Thus, despite the computational complexity of the algorithm, the response time on a 
not-so-fast machine can be considered acceptable for a large database. However, the 
response time of the implemented algorithm could be further improved by taking into 
account, for example, that consecutive retrievals share a number of images. As a con-
sequence at each step only the distances related to new retrieved images should be 
computed, provided that distances computed in previous steps are stored. 
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Fig. 7. Retrieval results after three feedbacks. The number of relevant images increased signifi-
cantly, and non-relevant images are ranked in  

 
Finally, it is worth remarking that the performances of some techniques used for 

comparison are heavily affected by the choice of the value of a number of parameters, 
while the proposed technique does not rely on parameters computed by heuristics. 
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Abstract. Developing a Computer-Assisted Detection (CAD) system for 
automatic diagnosis of pulmonary nodules in thoracic CT is a highly 
challenging research area in the medical domain. It requires a successful 
application of quite sophisticated, state-of-the-art image processing and pattern 
recognition technologies. The object recognition and feature extraction phase of 
such a system generates a huge imbalanced training set, as is the case in many 
learning problems in medical domain. The performance of concept learning 
systems is traditionally assessed with the percentage of testing examples 
classified correctly, termed as accuracy. This accuracy measurement becomes 
inappropriate for imbalanced training sets like in this case, where the non-
nodules (negative) examples outnumber nodule (positive) examples. This paper 
introduces the mechanism developed for filtering negative examples in the 
training so as to remove ‘obvious’ ones, and discusses alternative evaluation 
criteria. 

1   Introduction 

Early detection of lung cancer is crucial in its treatment. Conventionally, radiologists 
try to diagnose the disease, by examining computed tomography (CT) images of the 
subject’s lung and then deciding if each suspicious object, i.e., region of interest (ROI) 
is a nodule or a normal tissue. The manual radiological analysis of CT images is a 
time consuming process. Therefore, developing a Computer-Assisted Detection 
(CAD) system for automatic diagnosis of pulmonary nodules in thoracic CT is a 
highly challenging research area in the medical domain [1]. 

Achievement of this task requires the successful application of state-of-the-art im-
age processing and pattern recognition techniques. The image processing tasks are 
followed by nodule detection and feature extraction processes. This often results in 
large, imbalanced data sets with too many non-nodule examples, since it is important 
to avoid missing any nodules in the images. Constructing an accurate classification 
system requires a training data set that represents different aspects of nodule features. 
This paper assumes an object has been detected and deals with the subsequent object 
learning. It focuses on the problem of extremely imbalanced training sets, (i.e. the 
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relatively high number of negative non-nodule results, compared to the low number of 
positive nodule results.) 

Informally, a good performance on positive examples and negative examples is ex-
pected rather than one at the cost of the other. However, the classification perform-
ance in this kind of task cannot be expressed in terms of the average accuracy since 
the training set is extremely imbalanced in that the non-nodules (negative) examples 
heavily outnumber the nodule (positive) examples, and classifiers tend to over-fit non-
nodule examples. Another problem with the training set is the training time due to the 
huge size of the data set. Filtering/eliminating some negative examples would help 
solve both problems so long as it does not deteriorate the learning performance. 

2   Discovering Safe Regions in the Feature Space 

Training sets for concept learning problems are denoted by pairs [x, c(x)], where x is a 
vector of attribute values of an example and c(x) is the corresponding concept label. In 
our case, c(x) is either positive or negative. Nevertheless, there is always a huge dif-
ference between the prior probabilities of the positive and negative examples. In other 
words, negative examples are represented by a much greater number of examples than 
the positive ones in the training data set, as is often the case in many learning prob-
lems of medical domain. 

 

 

Fig. 1. An example of imbalanced training sets with two attributes 

 
In an extremely imbalanced training data set (see Fig. 1), many sections of the 

feature space for x vectors, i.e., feature space, are likely to be comprised of those 
pairing with majority-class only and also quite far from the ones pairing with minority-
class examples. Furthermore, radiologists believe that nodule cases have certain 
characteristics that would locate them in certain areas of feature space only. In other 
words, there should be many nodule free regions in the feature space. In summary, a 
learning model is constructed through following steps: 
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1. Discovering ‘safe’ regions in the feature space, where only negative examples exist. 
2. Constructing filtering rules each of which defines the corresponding  ‘safe’ region. 
3. Eliminating training examples covered by these regions from the training data set. 
4. Training a classifier or classifiers with the modified training set. 

 
This paper focuses on reducing/filtering an imbalanced training set, which is part 

of our CAD system. Therefore, the last step is out of the scope of this paper. 
 
 

 

(a) 
Ellipse Regions 

 

 

(b) 
Rectangular Regions  

Fig. 2. Determining safe regions 

Figure 2 illustrates two examples of determining such regions for the imbalanced 
set with two attributes mentioned above. In a multidimensional space, those regions 
can be thought of as distinct hyper-ellipsoids or hyper-cuboids. Assuming the training 
data is a representative set of the problem it is plausible to construct rules for 
specification of those regions, and to label any test point satisfying any of these rules 
(i.e., being inside one of those regions) as non-nodule (i.e., negative). Such a rule not 
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only diminishes the training data set for the subsequent classifier but also could be a 
filtering and first-level classification mechanism for ‘easy’ non-nodule test examples 1. 

First, a clustering (unsupervised learning) algorithm is applied to the whole 
(imbalanced) training set, which divides the data set into a specified number of 
distinct groups. Then, the ‘pure’ negative clusters, which consist of negative examples 
only, are marked. For each of these pure clusters, a hyper-ellipsoid or a hyper-cuboid 
is specified, and all examples of these clusters are removed from the training set of the 
subsequent classifier. 

The algorithm for determining these safe regions in terms of hyper-ellipsoids is as 
follows: 
1. Group the whole training set into a certain number of clusters using an appropriate 

clustering and mark the pure negative clusters. K-means clustering [2] and Gaus-
sian mixture model (GMM) clustering [3] with expectation maximization (EM) [4] 
are used in this study.  

2. For each cluster, set the center (c) of the corresponding hyper-ellipsoid to its mean 
vector (m) as defined below: 

jj mc = . (1) 

3. For each cluster, set the initial radius values in all dimensions/attributes in terms of 
its standard deviation vector as follows2. 

jj sr *3= . (2) 

 

 

 

Fig. 3. Shrinking an ellipses to avoid a positive example 

4. As shown in Fig. 3 on two-dimensional space for the sake of simplicity, for any 
positive training example (e) falling in a region, first determine the dimension (k) 
where the difference between example’s value and the center is the biggest (vk) as 
follows: 

                                                           
1  Classifiers mostly fail on the examples close to the decision boundaries, hence these exam-

ples are difficult to classify. On the contrary, the examples far from the decision boundaries 
could be considered ‘easy’ examples.   

2  This formula makes sure that at least 99% (probably all) of the samples in the cluster are 
covered assuming they have a normal (i.e., Gaussian) distribution. Other heuristics could be 
applied instead. E.g., center and radius might be determined by minimum and maximum 
attribute values for the cluster.  
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jcevvv jjjjk  allfor  where)max( −== . (3) 

 
5. Then, update (i.e., shift) the center value in that dimension and modify the radius 

values in all dimensions (j) as follows: 

otherwise4/)*2*3(

 if4/)*2*3(

kkkk

kkkkkk

rcec

cercec

−+=′
<++=′

. 
(4) 

4/)*2( kkk rvr +=′ . (5) 

kjjrrrr kkjj ≠′=′   where allfor /* . 

 

(6) 

Note the radiuses in all dimensions as well as the radius in the dimension with the 
maximum difference are recalculated, but also radiuses in all other dimensions are 
recalculated. Otherwise, the new region includes (even though relatively small but 
potentially not safe) areas that are outside the original region due to the shift of the 
center. 

Similarly, the algorithm for determining these regions in terms of hyper-cuboids is 
as follows: 

1. The first step is the same as in the previous algorithm. 

2. Initially, define a hyper-cuboid for each cluster in terms of minimum and maximum 
values in each dimension as follows: 

jjj smmin *3−= . (7) 

jjj smmax *3+= . (8) 

where m denotes mean vector of the cluster while s is the standard deviation vector. 
 
 

Fig. 4. Shrinking a rectangular to avoid a positive example 
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3. As shown in Fig. 4 on two-dimensional space for the sake of simplicity, for any 
positive training example (e) falling in a region, first determine the dimension (k) 
where the difference between example’s value and the center is the biggest (vk), and 
then either update the min value in that dimension if it is smaller than the example’s 
value (as in Fig. 4), or update the max value otherwise as follows: 

4/)*2( kkkk emaxminnmi ++=′ . (9) 

4/)*2( kkkk emaxminxma ++=′ . (10) 

Once rules are constructed, the first part, i.e., the proposed filtering scheme for an 
overall classification system is complete. In learning phase of a two-stage classifica-
tion system, this rule-based mechanism act as a filtering scheme for the training data 
to the classifier in the second stage, while it operates as a first-stage detection of 
‘easy’ negative test cases in the test/classification phase. 

3   Evaluation Criteria 

Statisticians generally formulate the performance with a confusion matrix shown in 
Table 2 that characterizes the classification behavior of a concept learning system [5]. 
Based on this matrix, the traditional accuracy, i.e., the percentage of testing samples 
classified correctly, is calculated as follows: 

 

Table 1. Confusion matrix 

  Predicted TN: the number of true negatives 
  Negative Positive FN: the number of false negatives 

Negative TN FP FP:  the number of false positives Real 
Positive FN TP TP:  the number of true positives 

 
 

FPTPFNTN

TPTN
accuracy

+++
+= . 

(11) 

 
However, this bare accuracy measurement becomes inappropriate in the case of 

imbalanced training sets [6]. In this case, researchers choose different criteria for the 
performance. For instance, information retrieval community prefers to work with so 
called precision and recall. Below is the formulization of these measurements based 
on the confusion matrix: 
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FPTP

TP
precision

+
= . 

(12) 

TPFN

TP
recall

+
= . 

(13) 

These quantities are sometimes amalgamated into a single value called F-measure 
by giving them equivalent or different weights. When both precision and recall are 
considered equally important, the F-Measure (F) is computed as follows: 

recallprecision

recallprecision
F

+
= **2

. 
(14) 

A common alternative for the combination is the geometric mean (g) of precision 
and recall values as given below [7]: 

recallprecisiong *= . (15) 

As in the F-measure formula in Equation 14, this metric reaches high values only if 
both precision and recall are high and in equilibrium. 

There are also other criteria such as Receiver Operating Characteristic (ROC) curve 
analysis3, the one frequently used for the problems in medical domain [8]. All these 
measurements are more suitable than the simple accuracy value as a performance 
metric for the systems learning from highly imbalanced training set.  

However, the scheme here is not a complete system for such a task. Rather, it will 
constitute part of such a system as a first-level detection of negative examples. 
Therefore, the criteria used for the filtering scheme consist of error ratio (ER) on the 
test set and filtering ratios (FR) on the test set and as well as the train set. Following 
are the formulae: 

TPFN

FN
ER

+
= . 

(16) 

FPTN

TN
FR

+
= . 

(17) 

Error ratio indicates how reliable it is in terms of not missing any positive example, 
whereas the filtering ratio shows how useful it is with respect to detecting/eliminating 
as many negative examples as possible. It is aimed to get a low error ratio with as 
much a high filtering ratio as possible. 

                                                           
3  Originally, ROC curve analysis was developed during World War II for the analysis of radar 

images as a signal detection theory. It was used to measure the ability of radar receiver 
operators in deciding if a blip on the screen is an enemy target, a friendly ship, or just noise. 
However, it was recognized as useful for interpreting medical test results after the 1970's. 
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4   Experiments 

The whole data used in the experiments consisted of 152382 examples such that only 
739 were positive examples while 151643 were negative examples with 8 attributes. 
The data were normalized and randomized in a pre-processing task since the attributes 
were in diverse ranges. In addition, the positive and negative examples were sepa-
rately split into 5 groups each so as to apply 5-fold cross-validation so that the prior 
probabilities of the classes are the same for each fold. More precisely, for a particular 
fold one fifth of positive examples and one fifth of negative examples formed a valida-
tion set while the rest of the whole data was the train set.  

The program written to run experiments had 3 options: the clustering method (k-
means or GMM), the number of clusters and the regions shape (hyper-ellipsoid or 
hyper-cuboid). Table 2 reports the filtering results when training sets in folds were 
clustered into groups of 250 using the k-means method. There was one problem with 
the fourth and fifth training sets. The method failed to cluster data into 250 groups and 
for this reason these two were clustered into 200 groups instead. On the other hand, 
clustering with GMM in place of k-means did not change these results much.  
 

Table 2. Filtering results 

Filtering Ratio Fold No 
Train Set Test Set 

Error on 
Test Set 

1 49.83% 49.54% 4.08% 
2 52.68% 52.76% 2.72% 
3 52.62% 52.48% 8.84% 
4 38.44% 38.11% 2.72% 
5 43.11% 43.53% 2.04% 

 
Average 47.34% 47.28% 4.08% 

 

5   Discussion and Conclusion 

At first glance, the filtering ratios might be considered low. However, remember that 
this scheme alone does not offer a complete classification system. Rather, its provides 
a first stage appraisal of test examples by the system as well as reducing the training 
data set to the classifier in the second-stage. Especially considering the fact that the 
error ratios in all cases are below 9% (i.e., much smaller than those of the classifiers 
trained with the same data set where they were above 15% in all cases), this 
mechanism proves to be useful in reducing the learning time for model-based 
algorithms, and the testing time for case-based algorithms. 

The specification/definition of ‘safe’ regions in the feature space is important. In 
this study, these regions are specified as hyper-cuboids or hyper-ellipsoids for the 
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sake of simplicity of their mathematical definitions and less complexity requirements. 
However, distributions of examples inside clusters are not further investigated to bet-
ter cover examples in the clusters based on the distribution. In this manner, some al-
ternatives will be examined in future study. 

In conclusion, this paper presented a scheme for filtering examples from the 
majority class in an imbalanced training set in general, and for filtering of non-nodule 
examples in particular, which is vital to improve the performance of our CAD system 
for nodule detection. As an initial evaluation of test examples in a classification 
process, this rule-based scheme also makes a contribution by eliminating easy 
negative examples, which bring about the reduction in learning time when a model-
based classifier such as an Artificial Neural Network (ANN), or the reduction in 
decision making when an instance-based classifier such as k-nearest neighbor (kNN) 
is used, in addition to some improvement in performance. Hence, this mechanism also 
enables combination of rule-based and instance-based induction when a case-based 
algorithm is applied in the second stage, which differs from Domingos’ RISE system 
that unifies these two induction strategies [9]. 
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Abstract. In this paper, we consider the task of automatic synthesis/learning of
pattern recognition systems. In particular, a method is proposed that, given ex-
clusively training raster images, synthesizes complete feature-based recognition 
system. The proposed approach is general and does not require any assumptions
concerning training data and application domain. Its novelty consists in proce-
dural representation of features for recognition and utilization of coevolutionary
computation for their synthesis. The paper describes the synthesis algorithm,
outlines the architecture of the synthesized system, provides firm rationale for
its design, and evaluates it experimentally on the real-world task of target rec-
ognition in synthetic aperture radar (SAR) imagery.

1   Introduction  

Most real-world learning tasks concerning visual information processing are inher-
ently complex. This complexity results not only from the large volume of data that 
one usually needs to process, but also from its spatial nature, information incomplete-
ness, and, most of all, from the vast amount of hypotheses (concerning training data)
to be considered in the learning process. Therefore, a design of recognition system
that is able to learn consists in a great part in limiting its capabilities. To induce useful
hypothesis on one hand and avoid overfitting to the training data on the other, the
learning system must observe some assumptions concerning training data and hy-
pothesis representation, known as inductive bias and representation bias, respec-
tively. In visual learning, however, these biases have to be augmented by an extra
‘visual bias’, i.e., knowledge related to the visual nature of the information being
subject to the learning process. A part of that is general knowledge concerning vision
(background knowledge, BK), for instance, basic concepts like pixel proximity, edges,
regions, primitive features, etc. However, often a more specific domain knowledge
(DK) related to particular task/application (e.g., fingerprint identification, face recog-
nition, SAR target detection, etc.) is also required (e.g., the interpretation of scattering
centers in SAR imagery).   

Contemporarily, most recognition methods make intense use of DK to attain com-
petitive performance level. This is however a two-edged sword, as the more DK the 
method  uses,  the more specific it becomes and the less general and transferable is the 
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knowledge it acquires. The contribution of such over-specific methods to the overall
body of knowledge of Machine Learning, Computer Vision, and Pattern Recognition
is questionable.  

Therefore, we focus on general-purpose visual learning that requires only BK. In
the approach proposed here, the key characteristics of BK are (i) representation of the 
synthesized systems/hypotheses in the form of information processing chain that
extends from the input image to the final recognition, and (ii) assumption on presence
of building blocks (modules) in the chain. These suppositions, motivated by biological
analogs, enable us to break down learning into components so as to cope with the
complexity of recognition task. In particular, high-level building blocks like ‘classi-
fier’ are specified explicitly; others, however, like ‘features’, emerge autonomously
during the learning process. The success of our learning method depends on its ability
to exploit and discover the inherent modularity of the problem at hand.  

It is to be noted that the ability to identify building blocks is a necessary, but not a 
sufficient, precondition for successful learning/synthesis task. By analogy, arranging
neurons into layers in an artificial neural network scales down the learning task by
reducing the number of architectures that are considered, but does not provide explicit 
learning rule(s) for particular layers. To enforce learning in each identified building 
block, we need an evaluation function that spans over the space of all potential solu-
tions and guides the learning process. Unfortunately, when no a priori definition of
module’s ‘desired output’ is available, this requirement is hard to meet. This is why
we propose to employ cooperative coevolution [10], a variety of evolutionary algo-
rithm, that allows breaking down the problem into subproblems without explicitly 
specifying objectives for each of them.  This paper focuses on cooperation that takes 
place at feature level.

2   Related Work and Contributions  

No general methodology has been developed so far that effectively automates the
process of recognition system synthesis. Several methods have been reported in the
literature; they include blackboard architecture, case-based reasoning, reinforcement
learning, and automatic acquisition (learning) of models, to mention the most pre-
dominant. The paradigm of evolutionary computation (EC) has found applications in
image processing and analysis. It has been found effective for its ability to perform
effective global parallel search in high-dimensional search spaces and to resist the
local optima problem. However, in most approaches the learning/adaptation is limited
to parameter optimization. Relatively few results have been reported [4,8,12,13], that 
perform deep visual learning, i.e., with learner being able to synthesize and manipu-
late entire recognition system.

The major contribution of this paper is a novel method that, given exclusively
training raster images, synthesizes complete feature-based recognition system. The
proposed approach is general and does not require any assumptions concerning train-
ing data and application domain. Its novelty consists in (i) procedural representation
of features for recognition and (ii) utilization of coevolutionary computation for their
synthesis.
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3   Rationale for the Synthesis Algorithm and System Design  

3.1   Preliminary Assumptions

We make the following assumptions that are of methodological nature and do not
affect the generality of the proposed approach.  
(a) We follow the feature-based recognition paradigm and split the object recogni-

tion process into two fundamental modules: feature extraction module and deci-
sion making/recognition module. The novelty of the proposed approach consists
in an extensive learning process that aims at optimizing the way the former 
module extracts features from an input image, prior to the learning that takes
place in the recognition module. 

(b) The synthesis of the recognition system adopts the learning-from-examples
scheme and relies exclusively on a finite training set D of images, which is as-
sumed to be a representative sample from the universe U. In particular, we ob-
serve the supervised learning setting and assume that the training data are parti-
tioned into finite number of decision classes Di, i.e.  

∅=∩≠∀= jii i DDjiDD ,3 . 

(c) Inspired to some extent by the constructive induction [7] research in machine
learning, we view the feature extraction process in a procedural way. In particu-
lar, we assume that a single feature extraction procedure is a chain of n primi-
tive, possibly parameterized, operations (building blocks), which are essentially
calls to functions from predefined fixed library/collection of m such functions. A 
feature extraction procedure accepts an image as input and yields single scalar 
value as the result. A set of one or more feature extraction procedures forms a
feature vector/set S (representation), and is essentially equivalent with the fea-
ture extraction module introduced in (a).

3.2   Learning as Optimization Process - Complexity Issues

A well-designed representation/feature set is clearly a necessity for high recognition
rate, and that is why its design is usually so demanding and resource-consuming. To
automate that process and include it into the learning loop, we formulate it as a search
(optimization) problem in the discrete space of all representations Ω, with each search 
state corresponding to a unique set of feature extraction procedures S ∈ Ω. We as-
sume also that an evaluation function f: Ω×U→ℜ is given, such that, given the train-
ing data D, f(S,D) is an estimate of probability of correct recognition for S for all
examples U. Without loss of generality, from now on we assume that f is maximized,
and that its lower bound (the worst value) is 0.

In the above setting, given the training data D, the task of synthesizing globally op-
timal feature set (representation) S* can be formalized as: 

),(maxarg* DSfS
S Ω∈

= (1) 
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When no assumptions are made concerning the nature of f, the task of finding S* has
exponential time complexity.  To prove that, it is enough to show that the size of the
search space Ω is an exponential function of representation size; this manifests itself
at the following two levels: 
• Single feature level. Let us assume for simplicity, that the primitive operations are 

parameter-free. Then, the number of different feature extraction procedures is mn, 
where m is the size of the library of primitive operations, and n stands for the
length of the feature extraction procedure. 

• Feature set level. Given an upper bound on the representation size k (number of
features), the total number of feature sets to be considered is

∑
=






=Ω
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n

k i
m

1

. 
(2) 

This prohibitively large number disables the use of exhaustive search algorithm even
for relatively small values of m, n, and k. Other search techniques that would possibly
reduce the time complexity, like branch and bound, make some assumptions concern-
ing the characteristic of the function f being optimized  (e.g., local upper/lower 
bounds, global convexity). In our learning-from-examples setting, however, f is essen-
tially given by the training data D and no useful assumptions concerning its nature
can be made.  

Heuristic or metaheuristic search is, therefore, the only plausible method that can
be applied to the synthesis task posed as above and that can yield reasonably good 
suboptimal solutions Ss, f(Ss,D) < f(S*,D),  f(Ss,D) >> 0, in polynomial time. In fact,
for some problems the solutions found during the heuristic search may even be glob-
ally optimal; however, as we don’t know the upper bound of recognition performance, 
we cannot discern it from the suboptimal ones.   

3.3   Rationale for the Use of Coevolution

To search the space of representations Ω, we propose to use the cooperative coevolu-
tion (CC) [10], a variety of recognized metaheuristics of genetic algorithm. In formal
terms, the choice of this particular method is irrelevant, as, according to Wolpert’s ‘no
free lunch’ theorem [16], a hunt for an universal, best-of-all metaheuristics is futile.
More formally, let us define a search algorithm as an iterative process that, at each 
step maps its current state (a set of p points in the search space) onto a new state.
Then, given any pair of search algorithms a1 and a2,  

( ) ( )∑ =
ff

apfcapfc 21 ,,|Pr,,|Pr
?? , (3) 

where f is a fitness function and c
?

 is the histogram of fitness. As a result, the average
performance of any metaheuristic search over a set of all possible fitness functions is
the same.  

In real world, however, not all fitness functions are equally probable. Most real
problems are characterized by some features that make them specific. The practical 
utility of a search/learning algorithm depends, therefore, on its ability to detect and

∑
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benefit from those features. In particular, the complexity of the problem and the way it
may be decomposed are such features. 

In the last few years, coevolution has been reported as a promising approach to
handle the increasing complexity of problems posed in artificial intelligence and re-
lated disciplines. In particular, its collaborative variety, the cooperative coevolution-
ary algorithm (CC) [10], besides being appealing from the theoretical viewpoint, has 
been reported to yield interesting results in some experiments [14,1]. The basic fea-
ture that makes CC different from EC is that, instead of having just single population 
of individuals, in CC one maintains several of them, with individuals in populations
encoding only a part of the solution to the problem. Therefore, individuals cannot be 
evaluated independently; they have to be (temporarily) combined with some repre-
sentatives from the remaining populations to form a solution, called hereafter organ-
ism O, that can be evaluated. This joint evaluation scheme forces the individuals from
particular populations, and, as a result, the entire populations, to cooperate.  In other
words, it is an organism, not an individual, that corresponds to the search state S in the
formalism introduced in Section 3.2 (O ≡ S).  Except for this evaluation step, the
evolution proceeds in each population independently (see Table 1). 

Table 1. Comparison of EC and CC algorithms (major differences in boldface) 

Evolutionary Computation (EC) Cooperative Coevolution (CC)
solution ≡ an individual in population solution ≡ an organism composed of indi-

viduals selected from different populations  
initialize population 
loop 

evaluate individuals 

store best individual 

select mating candidates 
recombine parents and use  
their offspring as the next generation 

until stopping condition 
return best individual 

initialize populations
loop 

evaluate organisms and assign 
  fitness to individuals in populations  
store best organism
for each population 

select mating candidates 
recombine parents and use  
their offspring as the next generation 

end for
until stopping condition 
return best organism

Cooperative coevolution provides the possibility of breaking up the complex problem
into components without specifying explicitly the objectives for them. The manner in
which the individuals from populations cooperate emerges as the evolution proceeds.
In our opinion, this makes CC especially appealing to the problem of synthesis of
recognition systems, where the overall target is well defined, but there is no a priori
knowledge about what should be expected at intermediate stages of processing, or
such knowledge requires an extra effort from the designer.  

Recently, some advances have been made in the area of theoretical foundations of
coevolution. Most work done so far focuses on attempting to prove that the behavior
of coevolution is similar to that of regular evolution. For instance, it has been shown
in [6], that, when some assumptions are made regarding parameters (number of popu-
lations and population size), coevolutionary algorithms exhibit the same type of dy-
namics as EC.   
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3.4  Multi-agent Approach and Decision-Level Fusion

Facing the suboptimal character of representations synthesized by the evolutionary
process, we incorporate in our approach multi-agent methodology that aims to com-
pensate for that imperfectness and allows us to boost the overall performance.  

The search for performance improvement by approaching the problem with multi-
ple algorithms/agents has a long history in AI-related disciplines. In particular, the so-
called compound- or meta-classifiers became an important research issue in PR and
ML during the last decade. Many results concerning stacked generalization, mixture 
of experts, bagging, etc. (see, e.g., [1]), indicate that employing many agents and 
aggregating their outcomes may significantly improve the (recognition) performance 
in comparison to the single-agent approach.  

The basic prerequisite for the agents’ fusion to become beneficial is their diversifi-
cation. This may be ensured by using homogenous agents with different parameter
setting, or homogenous agents with different training data (e.g. bagging), or heteroge-
neous agents, to mention only a few most popular approaches. In the approach pro-
posed here, the diversification is naturally provided by the random nature of the ge-
netic search. In particular, there are at least two approaches that seem to be reasonable 
methods for multiple-agent acquisition from genetic search:
• exploiting different well-performing systems synthesized during a single genetic

search,  
• exploiting best systems synthesized during many genetic searches that started from

different initial states (initial populations).
Though computationally more expensive, the latter of the techniques provides bet-

ter performance of particular agents and better differentiation of the resulting agents’ 
pool, so it has been adopted in the approach described here. For the sake of simplicity,
the agents differ only in the features synthesized by genetic searches; the classifiers
used in particular subsystems are homogenous.

4   Technical Approach 

For the sake of clarity, let us first strictly distinguish the synthesized recognition sys-
tem, from the synthesis algorithm (learning algorithm) that leads to its creation. The 
recognition system takes an image as an input and produces recognition decision
(object identity) at its output; on the contrary, synthesis algorithm takes the training
data (set of images) as input and yields the recognition system. The synthesis algo-
rithm proceeds in two stages, which correspond to two main components/parts of the 
synthesized system. In the following subsections we describe the recognition system
and the synthesis algorithm.

4.1   Architecture of the Synthesized Recognition System

The result of synthesis is a feature-based recognition system that incorporates data fu-
sion at different levels of processing. The top-level architecture encompasses a set of
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subsystems that work in parallel, process the input image X independently, and output
recognition decisions that are further aggregated by a simple majority voting procedure
into the final decision. The number of subsystems nsub is a parameter set by the designer.
All subsystems are homogenous as far as the structure is concerned; they only differ in 
the features extracted from the input image and the knowledge acquired by the classi-
fier. Thus, for simplicity, all the following description will be concerned with a single 
subsystem.

Input
image

X

Recognition subsystem

Classifier
C

Synthesized feature
extraction procedure S

Decision
C(Y(X))

Part learned as a result of
coevolutionary feature synthesis

(stage 1 of the learning algorithm)

Part learned as a result of 
concept induction

(stage 2 of the learning algorithm)

Y(X)

Fig. 1. The architecture of a single synthesized subsystem

Each subsystem has two major components (see Fig. 1): (i) a collection of feature
extraction procedures, and (ii) a trained classifier. In each subsystem, the process of 
recognition starts with the input image X being fed into the set of feature extraction
procedures S. The procedures from S yield feature values, which are subsequently
gathered to build representation, i.e., a fixed-length vector of feature values Y(X). 
Finally, that feature vector is passed through the classifier C, that yields this subsys-
tem’s vote C(Y(X)) (class probability distribution).  

4.2   The Algorithm for Synthesizing Recognition System

The synthesis of recognition system consists in running independent learning process 
for each subsystem shown in Fig. 1. Although the synthesis algorithm used is the
same for all subsystems, the results are diversified by starting the feature synthesis
process from different initial populations. This is technically implemented through
initializing the pseudorandom number generator with different values.  

For a single subsystem, the learning encompasses two stages: (1) coevolutionary
feature synthesis and (2) classifier induction. The following subsections describe both
these stages in detail.  

4.2.1   Coevolutionary Synthesis of Feature Extraction Procedures: The basic 
engine for the feature synthesis algorithm employs the search based on cooperative
coevolution described in Sect. 3.3. Its result, feature set S, is implemented into the 
synthesized system.

The algorithm, whose overall architecture is shown in Fig. 2, maintains a collection
of populations, each being a set of individuals. Each individual I encodes a single 
image processing/feature extraction procedure and, given an input image X∈D, yields
a vector y(I,X) of scalar feature values. For clarity, this encoding and execution of 
feature extraction program is detailed in a separate Sect. 4.2.2.
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�
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(Images)

Fig. 2. The coevolutionary feature synthesis algorithm

This coevolutionary search proceeds in all populations independently, except for the
evaluation phase. To evaluate an individual Ij from population j, we first provide for 
the remaining part of the representation. For this purpose, representatives *

iI are se-
lected from all remaining populations i≠j. A representative *

iI  of ith population is
defined here in a way that has been reported to work best [14]: it is the best individual
w.r.t. the evaluation done in the previous generation. In the first generation of evolu-
tionary run, however, since no prior evaluation data is given, it is a randomly chosen
individual.  

Then, Ij is temporarily combined with representatives of all the remaining popula-
tions to form an organism

**
1

*
1

*
1 ,,,,,,

subnjjj IIIIIO -- +−= , (4) 

that corresponds to search state S  (see Section 3.2). Then, the feature extraction pro-
cedures encoded by individuals from O are ‘run’ for all images X from the training set
D. The scalar feature values y computed by them are grouped, building the compound
feature vector Y:  

( ) ),(,),,(),,(),,(,),,( **
1

*
1

*
1 XIXIXIXIXIX

subnjjj yyyyyY -- +−= . (5) 

Feature vectors Y(X), computed for all training images X∈D, together with the im-
ages’ decision class labels constitute the dataset:  

ii DDXiX ∀∈∀ ,:),(Y (6) 

Finally, cross-validation, i.e. multiple train-and-test procedure is carried out on these
data. For the sake of speed, we use here fast classifier Cfit that is usually much sim-
pler than classifier C used in the final synthesized system (see Fig. 1). The resulting
predictive recognition ratio becomes the evaluation of the organism O, which is sub-
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sequently assigned as the fitness value to f() the individual Ij, concluding its evalua-
tion process: 

{card (  Y(X ), i  ∀D ∀X ∈ D :  C(Y(X )) i}) (7), =i , if (I D) = f  (O D) = .
j , ,

card (D)

Using this evaluation procedure, the coevolutionary search proceeds until some stop-
ping criterion (usually considering computation time) is met. The best synthesized
organism/representation S becomes the part of the feature extraction module pre-
sented in Fig. 1.

4.2.2  Representation of Feature Extraction Procedures: As it has been already
mentioned in Section 3, we assume that (i) basic, general-purpose building blocks are
given a priori to the synthesis process, and (ii) that an individual feature extraction 
procedure is a chain/sequence of such blocks. These assumptions provide the system
with basic background knowledge BK (however, not domain knowledge, DK) that
speeds up the convergence of the search process.

Though the overall feature synthesis process relies on cooperative coevolution, for
representing the feature extraction procedures as individuals in evolutionary process,
we adopted a variety of Linear Genetic Programming (LGP) [1], a hybrid of genetic
algorithms (GA) and genetic programming (GP), as the one that seems to meet these
assumptions best. The individual’s genome, i.e. the internal encoding of solution it
represents, is a fixed-length string of numbers. The genome is interpreted as a sequen-
tial program composed of (possibly parameterized) basic operations that work on 
images and scalar data. This LGP-like representation combines advantages of both 
GP and GA, being procedural and at the same time more resistant to the destructive
effect of crossover that may occur in ‘regular’ GP. 

The above mentioned operations are effectively calls to image processing and fea-
ture extraction functions. They work on registers, i.e. working variables, and may use 
them both as input as well as output arguments. Image registers store processed im-
ages, whereas real-number registers keep intermediate results or scalar features. Each 
image register is single-channel, has the same dimensions as the input image, and
maintains a single rectangular ROI that may be used by an operation as a mask. For 
simplicity, both the number of image registers as well as the number of real-number
registers are controlled by the same parameter nreg.  

Technically, each individual is a fixed-length string of bytes 0..255 , with each
chunk of 4 consecutive bytes encoding a single operation with the following ele-
ments:
• operation code (opcode), 
• ROI flag – decides whether the operation should be global (work on the entire 

image) or local (limited to rectangular region of interest (ROI)), 
• ROI size (ignored if ROI flag is ‘off’),
• arguments – numbers (identifiers) of registers to fetch input data and store the 

result. 
An exemplary operation is morphological opening (operation code) using rectangular
ROI (ROI flag ‘on’) of size 14 (ROI size) on the image fetched from image register
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#4 (pointed by argument #1), and storing the result in image register #5 (pointed by
argument #2).

There are currently 70 operations implemented in the system. They mostly consist
of calls to functions from Intel Image Processing and OpenCV libraries, encompass
image processing, ROI – related operations, feature extraction, and arithmetic and
logic operations. 

In the above settings, the processing of a single input image (example) X ∈ D by
the LGP procedure encoded in an individual I proceeds as follows (see Fig. 3): 

Real-number register #1

- operation code  - input argument - output argument

Op #1: Image
norm

Op #2: Image 
thresholding

LGP procedure 
encoded in individual I

Op #3: Add scalar 
to each pixel

Initial register
contents

Register contents
after op#1

Register contents 
after op#2

Image register #1

Image register #2

y1

Register contents 
after op#3

order of execution

Fig. 3. Illustration of genome interpretation during procedure execution (genome length 12, one
real-number register) 

1. Initialization of register contents:  
• Each of the nreg image registers is set to X. The ROIs of images are set to con-

secutive local features (here: bright ‘blobs’) found in the image, so that ROI in 
the ith image register encompasses ith local feature. 

• Real-number registers are set to the coordinates of corresponding ROIs; in par-
ticular, real-number registers 2i and 2i+1 store the coordinates of the ith image 
ROI.

2. Execution: the operations encoded by I are carried out one by one, with intermedi-
ate results passed from operation to operation by means of image and real-number 
registers (see example in Fig. 3). 

3. Interpretation: the scalar values yj(I,X), j=1,…,nreg, contained in the nreg real-value
registers at the end of procedure’s execution are interpreted as the output yielded
by I for image X.  There values are gathered to form an individual’s output vector 

),(,),,(1 XIyXIy
regn-=y

that is subject to further processing described in Sect. 4.2.1.  
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4.2.3   Classifier Induction: The result of the first stage of learning is the best repre-
sentation S (see Fig. 1) synthesized in coevolutionary process. The second stage of
learning is consists in (a) computing the compound feature vector Y(X) for all the
training examples X∈D, and (b) training the classifier C on the resulting data set.  

This process resembles the classifier induction that takes place in evaluation proc-
ess described in 4.2.2. However, this time the entire set D is used for classifier train-
ing, as no more performance estimation is required. Secondly, as this learning is sin-
gle-event, a more sophisticated induction algorithm C may be used (as compared to
the classifier Cfit used in the evaluation function).

5    The Experimental Results 

The primary objective of the computational experiment was to evaluate the overall 
performance of the approach and verify its scalability with respect to the number of
decision classes.

5.1    Parameter Setting 

Table 2 shows parameter settings used for the feature synthesis process. As far as the
second stage of learning is concerned (see Fig. 1), a compound classifier C has been 
used to boost the recognition performance. In particular, C implements the ‘1-vs.-all’
scheme, i.e. is composed of l base classifiers (where l is the number of decision 
classes), each of them working as discriminator between a single decision class and 
all the remaining classes. To aggregate their voices, a simple voting procedure is
used. Support vector machines with polynomial kernels of degree 3 have been em-
ployed as base classifiers. To train them, we used fast sequential minimal optimiza-
tion algorithm [9] with complexity constant set to 10.

The training time has been set to 4000 seconds to estimate the quality of results the
proposed method is able to attain in a limited time. Let us stress that this demand of
computational resources concerns learning only; in testing, the trained system recog-
nizes a single object in a few dozens of milliseconds.  

5.2   The Data and the Task

The proposed approach has been tested on the demanding task of target recognition in
synthetic aperture radar (SAR) images. The difficulties associated with this recogni-
tion task are:  
• poor visibility of objects - most of them are reflected as sets of scattering centers

only (no line features are present for these man-made objects at 1 foot resolution of
data), 

• low persistence of features under rotation, and 
• high level of noise.
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Table 2. Parameter setting for feature synthesis process concerning single decision class 

Parameter Setting
Mutation operator one-point, probability 0.1

Crossover operator 
one-point, probability 1.0,
cutting allowed at every point

Selection operator
tournament selection with tournament
pool size = 5 

Number or registers
(image and numeric) nreg

2  

Number of populations nsub 4 
Genome length 40 bytes (10 operations) 
Single population size 200 individuals
Classifier Cfit used  
for feature set evaluation

decision tree inducer C4.5 

Time limit for evolutionary search 4000 seconds (Pentium 1.4 GHz processor) 
Number of subsystems nsub 10 

The MSTAR public database [11] containing real images of several military targets
taken at different aspects/azimuths has been used as the source of images for the ex-
periments described in this section. The original images have the same spatial resolu-
tion of one foot, but different sizes, so they have been cropped to 48×48 pixels. Only
the magnitude part of the complex images has been used. No other form of preproc-
essing (e.g., image enhancement) has been applied.

To investigate the scalability of the proposed approach w.r.t. to the problem size,
we defined several datasets with increasing number of decision classes for 15-deg.
depression angle. The smallest problem considered concerned l=2 decision classes:
BRDM2 and ZSU. Then, the consecutive problems were created by adding the deci-
sion classes up to l=8 in the following order: T62, Zil131, a variant A04 of T72
(T72#A04 in short), 2S1, BMP2#9563, and BTR70#C71 (see Fig. 4).   

For ith decision class, its representation Di in the training data D consists of two
subsets of images (for cross-validation training and testing; see Section 4.2.1) sam-
pled uniformly from the original database with respect to 6-degree azimuth step.
Training set D contains therefore always 2*(360/6)=120 images from each decision
class, so its total size is 120*l. The corresponding test set T contains all the remaining 
images (for given target and elevation angle) from the original MSTAR collection, i.e. 

3
l

i
iDT

1=

= , 

where D  stands for complement with respect to the MSTAR database. In this way,
the training and test sets are strictly disjoint.  
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ZSU 23/4

BTR60

BRDM

T62

ZIL131

2S1

BMP2

T72#A04

Fig. 4. Targets and their SAR images 

5.3   Results

Figure 5a presents the performance of the proposed synthesis approach on the test
data as a function of the number of decision classes for the case of forced recognition.
It may be easily observed, that, as new decision classes are added to the problem, the
recognition falls down very slowly. The major drop-offs occur when T72 tank and
2S1 self-propelled gun (classes 5 and 6, respectively), are added to the training data;
this is probably due to the fact that these targets are visually similar to each other
(e.g., both have gun turrets, see Fig. 4) and significantly resemble the T62 tank (class
3). On the contrary, introducing consecutive targets 7 and 8 (BMP2 and BTR60) did 
not affect much the performance.  

Figure 5b shows the receiver operating characteristic (ROC) curves obtained by
modifying the confidence threshold that controls the voting procedure. Again, the
presented results vote in favor of our method: the ROC curves do not drop suddenly
as the false positive ratio decreases. Therefore, high probability of correct identifica-
tion (PCI) may be obtained when accepting some rejection rate (e.g., for 4 decision
classes, PCI=0.99 when accepting ~0.12 rejection rate).  
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Fig. 5. (a) Test set recognition ratio as a function of number of decision classes. (b) ROC
curves for different number of decision classes 

6   Conclusions 

In this contribution, we provided experimental evidence for the possibility of synthe-
sizing, without or with little human intervention, a feature-based recognition system
which recognizes 3D objects at the level of recognition ratio comparable to hand-
crafted solutions and maintains performance as the number of objects to be recog-
nized increases. Let us emphasize that these encouraging results have been obtained 
in the demanding field of SAR imagery, where the acquired images only roughly 
depict the underlying 3D structure of the object. 

There are several major factors that contribute to the overall high performance of
the approach. First of all, in the feature synthesis phase, it manipulates entire feature
extraction procedures, as opposed to many approaches reported in the literature, 
which are usually limited to learning meant as parameter optimization. This allows for
learning/developing sophisticated features, which are novel and sometimes very dif-
ferent from expert’s intuition. Secondly, the paradigm of coevolution allows us to
decompose the task of representation (feature set) synthesis into several semi-
independent, cooperating subtasks. In this way, we exploit the inherent modularity of
the learning process, without the need of specifying explicit objectives for each de-
veloped module. And thirdly, the fusion at feature and decision level helps us to ag-
gregate, sometimes contradictory, information sources and build a recognition system
that is close to perfection with a bunch of imperfect components at hand.  

As no domain-specific knowledge has been used, this approach may be extended to
other visual learning tasks at low expense of time and effort. This includes also unsu-
pervised learning, as this is only matter of making appropriate changes to the fitness
function. On the other hand, the method’s background knowledge may be easily tai-
lored to the task by modifying the library of elementary operations.  
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Abstract. The problem of sequential pattern mining is one of the several that 
has deserved particular attention on the general area of data mining. Despite the 
important developments in the last years, the best algorithm in the area (Prefix-
Span) does not deal with gap constraints and consequently doesn't allow for the 
introduction of background knowledge into the process. In this paper we pre-
sent the generalization of the PrefixSpan algorithm to deal with gap constraints, 
using a new method to generate projected databases. Studies on performance 
and scalability were conducted in synthetic and real-life datasets, and the re-
spective results are presented. 

1   Introduction 

With the rapid increase of stored data in digital form, the interest in the discovery of 
hidden information has exploded in the last decade. One approximation to the prob-
lem of discovery of hidden information is based on finding frequent associations 
between elements in sets, also called basket analysis. One important special case 
arises when this approach is applied to the treatment of sequential data. The sequen-
tial nature of the problem is relevant when the data to be mined is naturally embedded 
in a one dimensional space, i.e., when one of the relevant pieces of information can 
be viewed as one ordered set of elements. This variable can be time or some other 
dimension, as is common in other areas, like bioinformatics. We define sequential 
pattern mining as the process of discovering all sub-sequences that appear frequently 
on a given sequence database and have minimum support threshold. One challenge 
resides in performing this search in and efficient way. 

In this paper, we present a generalization of the PrefixSpan algorithm to deal with 
gap constraints. A gap constraint imposes a limit on the separation of two consecutive 
elements of an identified sequence. This type of constraints is critical for the applica-
bility of these methods to a number of problems, especially those with long sequences 
and small alphabets. The method we propose is based on the introduction of a new 



240         C. Antunes and A.L. Oliveira 
 

 

method to generate projected databases that efficiently stores the subsequences of all 
occurrences of each frequent element.  

The paper is organized as follows: Sect. 2 exposes the sequential pattern mining 
problem and its main application areas. Section 3 formalizes the sequential pattern 
mining problem and describes the specific problems addressed. Section 4 analyzes 
existing algorithms, paying particular attention to their behavior when dealing with 
gap constraints. Section 5 represents the main contribution of this work and presents a 
generalization of the PrefixSpan algorithm to deal with gap constraints. Section 6 
describes the experimental results obtained with artificial and real-life data. Finally, 
Sect. 7 draws the most relevant conclusions and points out guidelines for future re-
search. 

2   Sequential Pattern Mining 

The problem of sequential pattern mining has deserved particular attention inside the 
general area of data mining. Algorithms for this problem are relevant when the data to 
be mined has some sequential nature, i.e., when each piece of data is an ordered set of 
elements, like events in the case of temporal information, or amino-acid sequences for 
problems in bioinformatics. 

One particularly important problem in the area of sequential pattern mining is the 
problem of discovering all subsequences that appear on a given sequence database 
and have minimum support threshold. The difficulty is in figuring out what sequences 
to try and then efficiently finding out which of those are frequent [7]. 

One of the obvious applications of these techniques is in modeling the behavior of 
some entity, along time. For instance, using a database with transactions performed 
by customers at any instant, it is desirable to predict what would be the customer’s 
next transaction, based on his past transactions. This type of concerns is one of the 
main goals of temporal data mining. Examples of these tasks are easily found on a 
number of areas, like the prediction of financial time series, patients’ health monitor-
ing and marketing, to cite only a few. With the increase of stored data in several do-
mains and with the advances in the data mining area, the range of sequential pattern 
mining applications has enlarged significantly. Today, in engineering problems and 
scientific research sequential data appears, for example, in data resulting from moni-
toring sensor networks or spatial missions [4]. In healthcare, despite this type of data 
being a reality for decades (for example in data originated by complex data acquisi-
tion systems like ECGs or EECs), more than ever, medical staff is interested in sys-
tems able to help on medical research and on patients monitoring [6]. In businesses 
and finance, applications on the analysis of product sales, client behaviors or inven-
tory consumptions are essential for today’s business planning ([1], [3]). A survey of 
applications and methods used in temporal data mining has been presented re-
cently [2]. 

Another relevant application of sequential pattern mining is in bioinformatics, 
where different characteristics of proteins and other biologically significant structures 
are to be inferred from mapped DNA sequences. Some important applications in this 
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domain are on molecular sequence analysis, protein structure prediction, gene map-
ping, modeling of biochemical pathways and drug design [8]. 

3   Problem Definition 

Several algorithms have been proposed to deal with the problem of sequential pattern 
mining, but they don't always share the same set of assumptions, which makes it dif-
ficult to compare them. In order to compare the performance of the two most signifi-
cant approaches proposed to date, we present the basic notions needed to clearly de-
fine the problem of sequential pattern mining. 

Definition 1. A sequence is an ordered list of elements called items. A sequence is 
maximal if it is not contained in any other sequence. 

The number of elements in a sequence s is called the length of the sequence and is 
denoted by |s|. A sequence with length k is called a k-sequence. The ith element in the 
sequence is represented by si. The empty sequence is denoted by <>. The result of the 
concatenation of two sequences x and y is a new sequence s denoted by s=xy. 

Definition 2. A sequence a=<a1a2... an> is contained in another sequence b=<b1b2... 
bm>, or a is a subsequence of b, if there exist integers 1≤i1<i2<…<i n≤m such that 
a1=bi1, a2=bi2, …, an=bin. 

A subsequence s' of s is denoted by s'⊆s, and by s'⊂s if s' is a proper subsequence 
of s, i.e. if s' is a subsequence of s but is not equal to s. 

When considering the existence of gap constraints, such as the use of a sliding 
window or some time constraints (as proposed by Srikant [7]), the notion of subse-
quence suffers some changes. In general, we can view this relaxation as an approxi-
mation to the original measure. 

Definition 3. A sequence a=<a1a2... an> is a δ-distance subsequence of b=<b1b2... bm> 
if there exist integers i1<i2<…<i n such that a1=bi1, a2=bi2, …, an=bin. and ik–i k-1≤δ. 
Sequence a=<a1a2... an> is a contiguous subsequence of b=<b1b2... bm> if a is a 1-
distance subsequence of b, i.e., the elements of a can be mapped to a contiguous 
segment of b. 

Note that a contiguous subsequence is a particular case of δ-distance subsequence 
(δ=1) and is equivalent to the original notion of subsequence. A δ-distance subse-
quence s' of s is denoted by s' ⊆ δ s. A contiguous subsequence s' of s is denoted by 
s'∠s. 



242         C. Antunes and A.L. Oliveira 
 

 

Definition 4. Given a database D of sequences and a user-specified minimum support 
threshold σ, a sequence is said to be frequent if it is contained in at least σ sequences 
in the database. A sequential pattern is a maximal sequence that is frequent. 

Given a database D of sequences and a user-specified minimum support threshold 
σ, the problem of mining sequential patterns is to find all of the sequential patterns. 

Note that beside the database and the minimum support threshold, the user may 
supply the δ, i.e. the maximum gap allowed between two consecutive elements in a 
sequence.  

4   Existing Algorithms 

4.1   Apriori-Based Methods  

The first approach to sequential pattern mining was the AprioriAll algorithm [1]. This 
algorithm follows the candidate generation and test philosophy, and looks for all 
patterns without considering the existence of gap constraints. It considers a sequence 
frequent if all of its elements are present (in the given order), on a sufficient number 
of sequences in the database. 

AprioriAll (DB, min_sup) { 
 L1 = { frequent 1-sequences }; 
 int k=2; 
 while (Lk-1 ≠ ∅) { 
  Ck = candidateGeneration(Lk-1, k); 
  Ck = candidatePruning(Ck, k); 
  Lk = supportBasedPruning(Ck); 
  k  k+1 
 } 
 return Maximal Sequences in ∪k Lk 
} 
candidateGeneration (Lk-1, k){ 

 Ck = ∅; 
 for each a∈Lk-1  
  for each b∈Lk-1  
   if (∀ n, 1≤n≤k-2: an=bn) 
    Ck  Ck ∪ {a1…a k-2ak-1bk-1,  
      a1…a k-2bk-1ak-1} 
 return Ck; 
} 

Fig. 1. AprioriAll algorithm and its candidate generation method 

The candidate generation in this case works by joining two frequent k-1-sequences 
when their maximal prefixes are equal. Each pair of such sequences originates two k-
candidates, as illustrated in Fig. 1. 
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The great advantage of AprioriAll resides on its iterative nature and the use of the 
anti-monotonicity property. Using the frequent k-1-sequences, it generates the k-
candidates, thus reducing the number of sequences to be searched in the database in 
comparison with exhaustive search. It also performs an additional reduction on the 
number of candidates, by removing all the candidates that have some non-frequent k-
1-subsequences, as shown in Fig. 2. 

These reductions on the number of candidates are possible since the support of a 
sequence obeys the anti-monotonic property, which says that a k-sequence can't be 
frequent unless all of its k-1-subsequences are frequent. 

 

candidatePruning (Lk-1, Ck, k) { 

 for each s∈Ck 
  if (∃ s' ⊂ s ∧ |s'|=k-1 ∧ s'∉Lk-1) 
   Ck  Ck \ {s} 
 return Ck; 
} 

Fig. 2. Candidate pruning based on anti-monotonic property 

Naturally, the most expensive task is the support-based pruning, since it counts the 
support of each candidate on the full database. AprioriAll achieves best performance 
when the minimum support threshold is high and there are few frequent different 1-
sequences, 2-sequences and so on. This leads to maximal pruning and reduces the 
number of support counts. 

However when gap constraints are used, the AprioriAll algorithm cannot be ap-
plied directly. To illustrate this limitation, consider for example the data in Table 1 
and a minimum support threshold of 40%, which means, in this case, that a pattern 
has to occur at least twice in the database. Additionally, assume that the gap con-
straint is equal to 1, which means that only contiguous sequences are allowed. 

Table 1. Database example 

Database 

fgfgfg 
acjcde 
ababa 
achcde 

noqrst 

 
The first step of AprioriAll will find a, c, d and e as frequent 1-patterns and ac, cd 

and de as frequent 2-patterns. However, the process will finish without discovering 
cde, since there are no 3-candidates. This is due to limitations in the candidate-
generation method, which isn't able to generate all candidates. In fact, while the can-
didate generation process is complete when there are no gap constraints, it becomes 
incomplete when gap constraints are imposed. 
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Although to our knowledge, this property has never been stated clearly, it eventu-
ally led to the definition of a new method for candidate generation that does not suffer 
from this limitation. 

candidateGeneration (Lk-1, k) { 

 Ck = ∅; 
 for each a∈Lk-1 
  for each b∈Lk-1 
   if (∀1≤n≤k-2: an+1=bn ) 
    Ck  Ck ∪ {a1…a k-1bk-1} 
 return Ck; 
} 

Fig. 3. Candidate generation in GSP method 

The GSP algorithm [7] is an evolution of AprioriAll, allowing for the incorpora-
tion of gap constraints. The key difference between these two methods resides on the 
candidate generation procedure. The GSP algorithm creates a new candidate when-
ever the prefix of a sequence is equal to the suffix of another one, as illustrated on 
Fig. 3. 

candidatePruning (Lk-1, Ck, k, gap) { 

 if (gap≠1) 
  for each s∈Ck 
   if (∃ s' ⊂ s ∧ |s'|=k-1 ∧ s'∉Lk-1) 
    Ck  Ck \ {s} 
 else 
  for each s∈Ck 
   if (∃ s' ∠ s ∧ |s'|=k-1 ∧ s'∉Lk-1) 
    Ck  Ck \ {s} 
 return Ck; 
} 

Fig. 4. Candidate pruning in GSP method 

The changes in the generation method imply changes in the candidate pruning 
process. If gaps are not allowed only candidates with some non-frequent contiguous 
subsequence need to be pruned. When gaps are allowed a sequence is pruned if it 
contains a non-frequent subsequence. Figure 4 shows the pseudo-code for candidate 
pruning method. 

4.2   Pattern-Growth Methods 

Pattern-growth methods are a more recent approach to deal with sequential data min-
ing problems. The key idea is to avoid the candidate generation step altogether, and to 
focus the search on a restricted portion of the initial database. 
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PrefixSpan (DB, min_sup) { 
 return MaximalSequences in run(<>,0, DB) 
} 

run (α, length, DB) { 
 f_list = createsFrequentItemList(DB); 
 for each b∈f_list { 
  α'  αb; 
  L  L ∪ α' 
  L L∪run(α',length+1,createProjectedDB (α',DB)) 
 } 
 return L  
} 

createProjectedDB (α, DB) { 
 for each s∈DB 
  if (α ⊆ s) { 
   β s.postfix (α, 1) 
   α-projDB  α-projDB ∪ {β} 
  } 
 return α-projDB; 
} 

Fig. 5. PrefixSpan algorithm and the creation of projected databases method 

 
 
PrefixSpan [5] is the most promising of the pattern-growth methods and is based 

on recursively constructing the patterns, as shown in Fig. 5. Its great advantage is the 
use of projected databases. An α-projected database is the set of subsequences in the 
database, that are suffixes of the sequences that have prefix α. In each step, the algo-
rithm looks for the frequent sequences with prefix α, in the correspondent projected 
database. In this way the search space is reduced in each step, allowing for better 
performances in the presence of small support thresholds. 

Again, the PrefixSpan algorithm performs perfectly without gap constraints but is 
not able to deal with these restrictions. To illustrate that limitation, consider again the 
data in Table 1 and the conditions used before (minimum support threshold of 40% 
and a gap constraint equal to 1). It will find a, c, d and e, which will constitute f_list. 
Then it will call recursively the main procedure with α=a and an α-projected database 
equal to {cjcde, baba, chcde}. Next it will recursively proceed with α=ac and an α-
projected database equal to {jcde, hcde}, which finishes this branch. Similarly for 
element c: run is called with α=c and an α-projected database equal to {jcde, hcde}. 
Since there is no frequent element at distance 1, the search stops and cde is not dis-
covered. This happens because the α-projected database only maintains the suffix 
after the first occurrence of the last element of α. 
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5   Generalized PrefixSpan 

In this section we show how PrefixSpan can be generalized to handle gap constraints, 
an important issue since gap constraints are important in many domains of application 
and PrefixSpan is the most efficient algorithm known for sequential pattern mining, 
especially in the situation of low support thresholds. 

The generalization we propose for PrefixSpan (GenPrefixSpan) in order to be able 
to deal with gap constraints, is based on the redefinition of the method used to con-
struct the projected database. Instead of looking only for the first occurrence of the 
element, every element's occurrence is considered. For example, in the previous ex-
ample, the creation of the c-projected database would give as result {jcde, de, hcde, 
de} instead of {jcde, hcde} as before. 

It is important to note that, including all suffixes after the element's occurrence 
changes the database and may change the number of times that each pattern appears. 
For instance, for the same example the a-projected database would be {cjcde, baba, 
ba, chcde}. In order to deal with this issue, associating an id to each original sequence 
in the database and guaranteeing that each sequence counts at most once for the sup-
port of each element is enough to keep an accurate count on the number of appear-
ances of a given sequence. 

 
 

initProjDB (α, DB, gap) { 
 for each s∈DB { 
  i 1; 
  repeat { 
   i s.nextOccurrence(α, i+1); 
   β s.postfix(α, i) 
   α-projDB α-projDB ∪ {β} 
  } until i + gap > |s| 
 } 
 return α-projDB; 
} 

Fig. 6. The new method to create projected databases 

 
Figure 6 illustrates the new method we propose to create projected databases. This 

new approach is only needed in the first recursion level, since after this isolated step 
the database will contain all of the sequences starting with each frequent element. 

So the generalized PrefixSpan will consist of two main steps: the discovery and 
creation of each frequent element projected database and the usual recursion, as 
shown in Fig. 7. 
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GenPrefixSpan (DB, min_sup, gap) { 
 f_list = createsFrequentItemList(DB); 
 for each b∈f_list { 
  L  L ∪ b 
  L  L ∪ run (b, 1,  
       initProjDB (b,DB, gap)) 
 } 
 return MaximalSequences in L 
} 

Fig. 7. Generalized PrefixSpan main method 

Note that when there is no gap constraint, the creation of projected databases is 
similar to the correspondent procedure defined in original PrefixSpan, since it only 
generates the projection relative to the first occurrence of α. In this manner, the per-
formance of GenPrefixSpan and PrefixSpan are similar in the absence of gap con-
straints. 

6   Comparison 

In this section we present a comparative study between apriori-based and pattern-
growth approaches with and without the presence of gap constraints. In order to do 
that, we use the AprioriAll, GSP and PrefixSpan algorithms in the absence of gap 
constraints, and the GSP and GenPrefixSpan algorithms in the presence of these 
restrictions. 

All experiments were performed on a Pentium II with 300 MHz and 256MB of 
RAM. The sequences were generated and maintained in main memory during the 
algorithms processing.  

All algorithms were implemented using an object-oriented approach allowing for 
the sharing of the basic methods used by the different algorithms and making all 
speed comparisons meaningful.  

6.1   Experiences with Artificially Generated Data 

To perform this study, we used a synthetic data set generator, based on a Zipf distri-
bution, similar to others used on similar studies ([1, 5]). As parameters, this data gen-
erator receives the number of sequences, the average length of each sequence, the 
number of distinct items (or sequence elements) and a Zipf parameter that governs the 
probability of each item occurrence in the data set. The length of each sequence is 
chosen from a Poisson distribution with mean equal to the input parameter correspon-
dent to the average length of each sequence (10 was the chosen value for the average 
sequence length). 

The study is divided in two major sections: the scalability and the performance 
studies. Table 2 lists the parameters of the performed studies. 
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Table 2. Comparative studies performed 

Study 
DB 
size 

Support Gap 
Alphabet 

Size 

         Scalability  33% 0 5 

Variable Support 10000  0 5 

Variable Gap 10000 33%  5 

P
er

fo
rm

an
ce

 

Variable Alphabet 10000 33% 0  

Scalability Study. As it is shown in Fig. 8, the scalability of PrefixSpan when 
adapted to use gap constraints suffers some degradation, having a behavior similar to 
that of apriori-based algorithms. This leaves open the question of whether it is 
possible to generalize projection based methods, such as PrefixSpan, in a way that 
implies minimal impact, when compared with the situation where no gap constraints 
are used.  
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Fig. 8. Performance vs. database size 

 
Note that the worst case to GenPrefixSpan (with gap constraints) is encountered 

when the database is composed of a significant number of sequences with the same 
element repeated several times. In this case, the projected database for each different 
element may be much bigger than the original database, violating the assumption that 
the size of projected database cannot exceed that of the original one, as is the case of 
the original version of PrefixSpan [5]. 

Performance with Variable Support. In terms of performance (Fig. 9), when the 
minimum support threshold varies, the behavior of PrefixSpan is similar with or 
without the use of gap constraints, with the same pattern of growth. This means that 
the advantages of PrefixSpan over apriori-based methods are still present in the 
situation of low value support thresholds. 
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Fig. 9. Performance vs. minimum support threshold 

Performance with Variable Gap Constraints. As expected (Fig. 10), when the gap 
constraint is relaxed, the performance decreases as in apriori-based algorithms, since 
the number of patterns to discover increases. Note that the difference between both 
methods increases with the relaxation of gap constraints. With this relaxation the 
probability to encounter frequent elements in the allowed gap is greater and 
consequently the search for the patterns is less time consuming. 

 

Performance vs  Gap
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Fig. 10. Performance vs. gap value 
 
Performance with Variable Alphabet Size. The impact of the alphabet size on the per-
formance of the methods did not lead to any clear conclusions. The PrefixSpan method seems 
to be better than apriori-based methods over all ranges of the alphabet size, but the results are 
inconclusive and the observed evolution is not easily explainable. It is worth noting that the 
change in alphabet size has a significant and non-trivial impact on the type and number of 
patterns present in the database, as is shown in Fig. 11. 

6.2   Experiences with Real-World Data 

To perform this study, we used the WWW server access logs from the web site of a 
discussion forum. The objective was to identify common patterns of access, in order 
to optimize the layout of the web site and, in the future, to identify and flag abnormal 
behaviors. The dataset is composed of about 7000 sequences, where each sequence 
represents the pages visited by one user when he enters the forum. 
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Fig. 11. Performance vs. alphabet size 
 

In general, the results achieved with the real-life datasets (Figs. 12 and 13) confirm the results 
obtained with the synthetic dataset, despite the significantly different statistics of the problems. 
For this reason, we believe the results presented are relevant and applicable to a large range of 
actual problems. 
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Fig. 12. Performance vs. minimum support threshold 
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Fig. 13. Performance study with variable gap 
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7   Conclusions 

In this paper we have presented the generalization of the PrefixSpan algorithm to deal 
with gap constraints. In order to achieve that goal, we have proposed a new method to 
generate projected databases that store the subsequences of all occurrences of each 
frequent element. 

The modified PrefixSpan method keeps its performance advantages relatively to 
apriori-based algorithms in the more difficult situation of low support thresholds, 
although its relative advantage over these methods is reduced when compared with 
the high support thresholds situation. 

The generalization of projection based methods to gap constrained sequential pat-
tern problems is very important in many applications, since apriori-based methods are 
inapplicable in many problems where low support thresholds are used. In fact, the 
imposition of a gap restriction is critical for the applicability of these methods in areas 
like bioinformatics, which exhibit limited size alphabets and very long sequences. We 
are actively working in applying this methodology to the problem of motif finding in 
bioinformatics sequences, an area that can benefit very much from more sophisticated 
methods for sequential pattern analysis. 
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Abstract. Recently, the detection of a previously unknown, frequently occurring
pattern has been regarded as a difficult problem. We call this pattern as “motif”.
Many researchers have proposed algorithms for discovering the motif. However,
if the optimal period length of the motif is not known in advance, we cannot use
these algorithms for discovering the motif. In this paper, we attempt to dynamically
determine the optimum period length using the MDL principle. Moreover, in order
to apply this algorithm to the multi dimensional time-series, we transform the
time-series into one dimensional time-series by using the Principal Component
Analysis. Finally, we show experimental results and discuss the efficiency of our
motif discovery algorithm.

1 Introduction

Many researchers have been studying the extraction of various features from time-series
data. One of these problems, efficient extraction of previously defined patterns has been
received much attention. This problem may now be essentially regarded as a solved
problem. However, a more interesting problem, the detection of previously unknown,
frequently occurring patterns is still regarded as a difficult challenge. We call this pattern
as “motif”. The term “motif” can be defined by the characteristic that it includes the
subsequences with similar behavior (temporal variation) appeared frequently in the time-
series. Motif extraction is useful to discover association rules from time-series data[1],
or to cluster the time-series data[2], etc.

Many researchers have proposed algorithms for discovering a motif[3][4][5].Among
them, EMMA algorithm[5] has the widest application range that can discover motifs
efficiently. The algorithm extracts the motifs with various period lengths. However, we
need to discover the “true motifs” in the motifs. Therefore, the computation time of
extracting the motifs increases. That is, if the optimal period length is not known in
advance, the algorithm is not directly applicable.

We illustrate an example of different lengths of the period in Fig. 1. The motifs in
Fig. 1a are considered to be valid since they are almost similar. On the other hand, if the
period length is longer than that of Fig. 1a, EMMA algorithm cannot discover the motifs
shown in the Fig. 1b. Similarly, the algorithm may extract too many irrelevant motifs
using a shorter period length. Hence, we need to determine an optimum period of length

P. Perner and A. Rosenfeld (Eds.): MLDM 2003, LNAI 2734, pp. 252–265, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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Fig. 1. Motifs discoverd from the same time-series using EMMA algorithm. Period length of motif
(a) is 30 frames,(b) is 60 frames

of a motif. One idea is to solve the problem by exhaustively applying the algorithm for
all possible period lengths, but, it seems to be impractical.

In our approach, we improve the algorithm that can be applied to the multi di-
mensional time-series data, because, in the real world, spatial-temporal data can be
represented as the multi dimensional time-series but not in the form of one dimensional
time-series data.

For example, in case of motion capturing system, we can obtain 3 dimensional time
series data. Here, an actor puts on 18 markers which reflect infra-red ray (Fig. 2a). He
performs some actions with the markers being surrounded with 6 cameras. The cameras
record the actor’s action as video images and calculate 3-dimensional locations of the
markers. Finally, we obtain the 3 dimensional time-series data as in Fig. 2b. The figure
represents the movement of the right hand while pitching a ball.

In the work [6], Mori et al. reported the motion recognition from the 3-dimentional
time series data obtained from the motion capture system. The recognition process in
this study, requires temporal segmentation. The task is to divide the time series into
subsequences called primitive motion at the points where velocity changes. However, in
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Fig. 2. (a) The motion capture system and the actor who puts on markers. (b) An example of the
3 dimensional time-series data obtained from the motion capture system

this approach, there remains an important problem that it has no fundamental basis for
dividing time-series. To solve this problem in this work, a motif is extracted as a primitive
motion from the time-series data. Then, we improve the accuracy and efficiency of motion
recognition.

In this paper, we attempt to determine the optimum period length of motif dynami-
cally, and discover motif that a human can recognize intuitively from the multi dimen-
sional time-series data. First, we use Principal Component Analysis to transform multi
dimensional time-series data to one dimensional time-series data. Second, based on the
MDL (Minimum Description Length) principle [7] we discover optimum period lengths
of motifs, that are the candidates of a motif. Finally, to discover the motif among the
candidates, we employ simplified EMMA algorithm with the optimum period length.
The advantage of our algorithm lies in that it can reduce the computation time for finding
the motif. It can also find precise motifs than that of EMMA algorithm, from the view
point of human intuition.

2 Dimensionality Reduction of Multi-dimensional Time-Series

To discover motifs from multi dimensional time-series data, we need to solve several
problems. Among these problem, one significant problem is the requirement of huge
amount of calculation time. Another significant problem is the complexity to discover
motif directly from multi dimensional time-series. For this reason, no researcher could
propose an appropriate algorithm yet.

To solve these problems, we transform multi dimensional time-series into one di-
mensional time-series data. We discover the motifs from the one dimensional time-series
using existing motif discovery algorithm. However, in the transformation, we must min-
imize the loss of some information of the original multi dimensional time-series. For
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this purpose, we focus on the PCA (Principal Component Analysis) [8]. It is widely used
in the statistical field recently.

The PCA is an effective method to find the features of the data expressed with some
observed variables. For example, in a statistical field, this analysis is used to determine
the data of two or more stock prices for the indexing purpose. We illustrate specific
method to apply PCA to the time-series data. For example, am dimensional time series
C of length n can be represented as follows:

C = c1, c2, · · · , ct, · · · , cn (1)

ct = (x1t, x2t, · · · , xmt)
In order to apply the PCA, we need to calculate a covariance matrix for the time-series
by using the following equation:





∑
x1tx1t

∑
x1tx2t · · · ∑x1txmt∑

x2tx1t
∑
x2tx2t · · · ∑x2txmt

...
...

. . .
...∑

xmtx1t
∑
xmtx2t · · ·∑xmtxmt



 (2)

Each eigenvalueλi is ordered asλ1 ≥ λ2 ≥ · · · ≥ λm. The eigenvector is represented as
[e1λi

e2λi
· · · emλi

]. Then, the i-th principal component of time-series pct,λi
is calculated

by means of x1, x2, · · · , xm respectively.

pct,λi = e1λi(x1t − x̄1) + e2λi(x2t − x̄2) +
· · · + emλi(xmt − x̄m) (3)

Most of the variance in the data is explained by considering only the first principal
component [8]. As it accounts for most of the information in the data, we use the first
principal component to effectively transform the multi dimensional time series to one
dimensional time-series. Finally, we obtain one dimensional time-series Ċ as follows:

Ċ = ċ1, ċ2, · · · , ċt, · · · , ċn (4)

ċt = e1λ1(x1t − x̄1) + e2λ1(x2t − x̄2) +
· · · + emλ1(xmt − x̄m) (5)

In Eq. 5, the Ċ is a linear combination of the original variables. Hence, iterational
component of the significant dimensional data can be included in the first principle
component. Therefore, we can assume that the discovered motif from Ċ is same as that
of the original multi dimensional time-series C.

3 Detecting an Optimum Period Length and Candidates for a
Motif

To make our motif discovery algorithm useful in the various fields, it is necessary to
dynamically determine a period length of a motif. In this section, we illustrate an algo-
rithm that detects an optimum period length of motif based on the MDL principle. MDL
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principle is proposed by Rissanen [7]. It is used to estimate the optimality of a stochastic
model. The “stochastic model” is specified to presume the “immanent structure” of the
given data in various fields. The principle states that the best model to describe a set of
data is that model which minimizes the description length of the entire data set. Here,
for the time series data, we regard the best model as the motif. In other words, the motif
minimizes the sum of the description length of a given time series data and the descrip-
tion length of the motif itself. Based on this idea, we introduce the algorithm to detect
an optimum period length and candidates for a motif.

3.1 Transforming Time-Series into a Sequence of Symbols

We use the MDL principle for extracting an optimum pattern that is expected to be a
motif. However, there is an underlying problem that the same patterns hardly appear in
the time-series. In addition, we want to extract a pattern without being influenced by the
“noise” of the time-series. For these reasons, we transform the time-series data into a
sequence of symbols that represents the behavior excluding the noise. Then, we detect
an optimum pattern of symbols in the sequence of symbols.

In order to transform time-series data into a sequence of symbols, we use dimen-
sionality reduction algorithm based on a PAA (Piecewise Aggregate Approximation)
representation [5]. Here, we show the visualization of this transformation algorithm in
Fig. 3.

First, we obtain subsequences by shifting the analysis window ofTmin, the minimum
period length of motif (Fig. 3a). Second, each subsequence is transformed into a sequence
of “PAA symbols” (Fig. 3b). The PAA representation is a vector expression that uses
the average value in each small segment. A time series C = c1, · · · , cn of length n can
be represented as a w-dimensional space by a vector C̄ = c̄1, · · · , c̄w:

c̄i =
w

n

n
w i∑

j= n
w (i−1)+1

ci (6)

In order to transform the vector of w dimension into a sequence of “PAA symbols”,
we need to determine “breakpoints”. These breakpoints determine the range of the PAA
value for assigning unique PAA symbol.

We can simply determine the breakpoints that will produce equal-sized area under
Gaussian curve, because the normalized time-series has the feature that it has highly
Gaussian distribution. Breakpoints are a sorted list of numbers B = β1, · · · , βa−1 such
that the area under a N(0, 1) Gaussian curve from βi to βi+1 = 1/a (β0 and βa are
defined as −∞ and ∞, respectively). Then, all PAA coefficients that are below the
smallest breakpoint are mapped to a PAA symbol “a”. All coefficients greater than or
equal to the smallest breakpoint and less than the second smallest breakpoint are mapped
to the PAA symbol “b”, etc.

Finally, “behavior symbol” is assigned for every subsequence of PAA symbols. For
example, the behavior symbol “A” is assigned to the subsequence “ccba” in Fig. 3c.
Here, from a view point of our definition of the motif, we can say that discovering pattern
from this sequence of behavior symbols C̃ = c̃1, · · · , ˜cna(na = n− Tmin + 1) is same
as discovering motif from original time-series.
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Fig. 3. Visualization of the algorithm of transforming time-series into a sequence of symbol. (a)
we obtain subsequences by shifting the analysis window. (b) Each subsequence is transformed
into a sequence of PAA symbols, that is based on PAA representation C̄. (c) “behavior symbol”
is assigned for every pattern in the order of PAA symbols

3.2 Estimating Extracted Motif Candidate Based on MDL Principle

To estimate the optimality of the extracted pattern from the sequence C̃ using the MDL
principle, we need to define a description length of sequence of symbols. We assume
that np is the length of a subsequence SC appeared in the sequence C̃ and sp is the
number of unique symbols used in SC. First, we need log2np bits to encode the number
of symbols of SC. Then, encoding the labels of all np symbols requires nplog2sp bits.
Hence, the description length of SC is defined as follows:

DL(SC) = log2np + nplog2sp (7)

In addition, we need to define the description length DL(C̃|SC). This is the de-
scription length of C̃ where a subsequence SC is replaced with one symbol. The length
of such a sequence is ńa and the frequency of appearance SC in C̃ is q. The description
length DL(C|SC) is calculated as follows:

DL(C̃|SC) = log2ńa + ńalog2(sa + q) (8)

Where, log2ńa is the number of bits required to encode the number of symbols of C̃.
ńalog2(sa + q) is the number of bits required to encode the labels of all ńa symbols.
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Finally, MDL estimation function MDL(C̃|SC) of C̃ to SC is defined as follows:

MDL(C̃|SC) = DL(C̃|SC) +DL(SC)
= log2ńa + ńalog2(sa + q)

+log2np + nplog2sp (9)

We consider that the subsequence SC which has the minimum value of the MDL esti-
mation function is the optimum pattern of C̃.

3.3 The Optimum Pattern Extracting Algorithm

In this section, we illustrate the optimum pattern detection algorithm using the definition
in Sect. 3.2. Figure 4 shows the visualization of the algorithm. We obtain subsequences
of symbols from the sequence C̃ by shifting analysis window with certain lengths. For
instance, in Fig. 4a, we obtain the subsequences, such as “ABC”, “BCB”, “CBB” etc.
Then, we regard the pattern which appears frequently as the best pattern of the current
symbol sequence (in Fig. 4a, it is “BCB”). We calculate MDL estimation function M1
and length of the pattern L1. In addition, we calculate the location of the pointer P1
which shows the beginning of the pattern. For instance, in Fig. 4a, the obtained pointers
are located at 2, 5, 10 etc. Then, we replace these patterns with another symbol such as
“Á” in Fig. 4b. The above analysis is repeated until there is no pattern that appears more
than twice in the sequence of symbols. (such as the sequence in Fig. 4c).

When the analysis is finished, the pattern with the smallest value of MDL estimation
function is regarded as the best pattern in the sequence of C̃. Using the length of the
pattern Lp, the optimum period length of the motif Topt is calculated as follows:

Topt = Tmin + Lp (10)

We consider this pattern as the candidate of motif. Here, we focus on the fact that the
sequence of the symbols represents the time-series data. We can guess that the sequence
C̃ is obtained by shifting the analysis window. Hence, we can simply consider that a
subsequence of original time-series which begins at the pointer P is regarded as the
candidates of motif.

4 The Motif Discovery Algorithm

In this section, we describe the motif discovery algorithm from multi dimensional time-
series. First, we transform multi dimensional time-series into one dimensional time series
based on PCA described in Sect. 2. Then, we need to normalize one dimensional time-
series. Because we need to reduce the influence of user-defined threshold of the distance
of the ADM algorithm [5]. The ADM algorithm is a part of the EMMA algorithm.
Second, an optimum period length is calculated based on MDL principle. Finally, we
discover a motif from the candidates by simplified EMMA algorithm.

In EMMA algorithm, each subsequence of a time-series is stored in a hash table
to group similar subsequence together. The address of the hash table with the largest
number of subsequences is called MPC (Most Promising Candidate). Every subsequence
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Fig. 4. Discovery of optimum motif period length and motif candidate from symbol sequence

in MPC is regarded as a candidate for a motif. However, the motifs may not be discovered
from these candidates as they are shown in Fig. 1b. It is due to the invalidity of these
candidates extracted only on the basis that they appear frequently in the time-series data.

On the other hand, in our algorithm, we use the candidates of motif which is extracted
based on the MDL principle as the MPC. From the point of validity of the MDL principle,
these subsequences are the best candidates of the motif to the time-series data. We can say
that they are the optimum candidates in a broad sense, because they are extracted from
a sequence of “behavior symbols”. That is, these subsequences are appeared frequently
in a time-series data.

On the contrast, in the EMMA algorithm, the motif is discovered from the candidates
by the ADM algorithm [5]. Figure 5 shows the visualization of the algorithm. The ADM
algorithm returns the best motifs from the original MPC subset. These subsequences
have the feature that the distance between each two counterparts of the motifs is smaller
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Fig. 5. Visualization of the ADM algorithm. (a) Discovering candidates of motifs using our algo-
rithm. In this example, the number of candidates is 7. (b) Calculate distances between every two
candidates and cluster candidates whose distances are lower than the user defined threshold of
distance between each of the two candidates. (c) A cluster that has the most number of candidates
is regarded as the best motifs

than the threshold of the distance. However, if the number of motifs is smaller than a
certain value, it is considered that the extracted motif does not qualify as a “motif” as
defined in Sect. 1.

Then MPC is recalculated and the algorithm retries to discover the motif with the new
candidates in new MPC. This increases the computation time because of the invalidity
of Lin’s MPC determination method described above. On the other hand, our algorithm,
needs no iteration for using the ADM algorithm. Because most subsequences of our
candidates can turn into “true” motifs due to the validity of extracted candidates. Hence,
we can say that our algorithm is better than the EMMA algorithm from the view point
of computation time.

5 Experimental Evaluation

In this section, to show the efficiency of our motif discovery algorithm, we extract motif
from multi dimensional time-series data set. We use 3 dimensional time-series data set
of human motion obtained from the motion capture system.

First, we show the effects of using different Tmin value. We assume that it is possible
to discover motifs with various period length using small Tmin value. We also assume
that motifs discoverd using large Tmin value may not satisfy the definition of motif. In
Fig. 6 and Fig. 7, the examples of motifs discoverd using various Tmin value are shown.
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Fig. 6. Examples of discoverd motif from the time series data “Feet movement while Walking”
using various value of Tmin

We can intuitively recognize the optimum period lengths of the time series data
which is about 90 in Fig. 6, and about 40 in Fig. 7. In Fig. 6a,b,c it seems that extracted
motifs using the Tmin values which are less than 90 have similar behavior and satisfy
the definition of motif. On the other hand, in Fig. 7, it seems that all extracted motifs
satisfy the definition of motif. However, motifs extracted using the Tmin values which
are more than 40 (Fig. 7b,c,d) are not the most frequently occuring pattern in the time
series. From this result, we can prove that it is possible to extract the optimum motifs
that have various optimum period lengths with small Tmin value. So, we use Tmin = 30
for the following experiments.

Figure 8 shows the motifs extracted from time series data using our motif discovery
algorithm. From the result, it is observed that each motif is discovered using different
period lengths. It is also observed that every extracted motif satisfies the definition of
motif.

Next, we direct our attention toward considering the motif in terms of the validity
of multi dimensionality. Figure 9 shows an example of each coordinate of the motif. As
seen from these results, the motifs of coordinate x and y satisfy the feature of motif.
Because, we can intuituvely find that these motifs have the same behavior. On the other
hand, the motif of coordinate z is far from the characteristic of a motif. It occurs due to
our method of dimensionality reduction. In this process, the PCA regards coordinate x
and y as significant coordinates, but coodinate z as an insignificant coordinate. So, the
algorithm mainly extracts information based on the former two coordinates.
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Fig. 7. Examples of discoverd motif from the time series data “Head movement while Running”
using various value of Tmin

However, it has a validity from the viewpoint of the human motion. We can recognize
intuitively the feature of motion in case of walking. That is, the coodinate “y” (expressing
the movement towards the upper and lower sides), the coodinate “x” (expressing the
movement towards left and right), and the coodinate “z” (expressing movement towards
backward and forward). For this reason, our motif discovery algorithm is useful for
analysing various multi dimensional time-series data.

Besides, we estimate the efficiency of our algorithm.We can evaluate the efficiency of
the proposed algorithm by simply considering the ratio of how many times the Euclidean
distance function is evaluated by our algorithm, over the number of times it must be
evaluated by the EMMA algorithm. So, we define the value of efficiency as follows:

efficiency =
number of times our algorithm calls Euclidean dist

number of times EMMA calls Euclidean dist
(11)

In these experiments, we extract motifs using our algorithm and EMMA algorithm for
about 600 time-series data. The length of each time-series is 600. The result of our
algorithm’s efficiency are shown in Table 1. The result indicates a one to two order of
magnitude speedup over the EMMA algorithm.
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Fig. 8. The motif discoverd in various 1-dimension time series transformed from 3-dimension
time series. The first figure represents “Feet movement while Walking”, the second one represents
“Neck movement while running”

Table 1. The efficiency of our motif discovery algorithm on verious motion datasets

Dataset batting kicking pitching running skipping walking
efficiency 0.0530 0.0709 0.0647 0.0842 0.0876 0.0724

6 Conclusions and Further Work

In this paper we presented an algorithm for efficiently discovering a motif from multi
dimensional time-series data by dynamically detecting an optimum period length of
motif. We proved our algorithm’s advantage that, it can extract a motif that human can
recognize intuitively. Moreover, the computation time of motif extraction is shorter than
the other motif discovery algorithm such as EMMA algorithm. From the result of our
experimentation, our algorithm is effective to mine the various unexpected periodicities
or extracting rules from time-series, etc. There are several directions to extend this work:

– Although all data with the same behavior are transformed into sequence of symbols,
it may be possible that all sequences of symbols are not necessarily be the same at
all. It is due to the lack of removing “noise” from time series data completely in
the process of generating the symbol sequence. For this problem, we will use the
technique of pattern matching of symbol sequence that is not affected by “noise”.
For example, this method may be widely used in the genome analysis etc.

– A threshold of distance is used in the ADM algorithm that slightly influence the
extraction of motifs. Thus, we hope to determine it dynamically.
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Fig. 9. An example of discoverd motif from the original 3-dimension time series, “Feet movement
while Walking.” The figures represent coordinate “x”, “y”,“z”, respectively

– Several researchers have suggested that the Euclidian distance may be inappropriate
in some domains [9]. We hope to generalize our results to work with other distance
measures. This may be more robust and more effective for multi dimensions.
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Abstract. In the literature, return-based approaches which directly used security
prices or returns to control portfolio weights were often used. Inspired by the arbi-
trage pricing theory (APT), some other efforts concentrate on indirect modelling
using hidden factors. In this paper, we investigate how the gaussian temporal fac-
tor analysis (TFA) technique can be used for portfolio optimization. Since TFA is
based on the classical APT model and has the benefit of removing rotation inde-
terminacy via temporal modelling, using TFA for portfolio management allows
portfolio weights to be indirectly controlled by several hidden factors.

1 Introduction

Portfolio management has evolved as a core decision making activity for investors and
practitioners in the financial market nowadays. Among the various machine learning
methodologies suggested, the most popular one is based on maximizing the well-known
Sharpe ratio [1]. In implementation, trading could be based on training a trading system
on labelled data [2] or directly maximizing the expected profit via the so-called adaptive
supervised learning decision networks [3,4]. In this paper, these approaches were gen-
erally referred to as return-based portfolio management because they either explicitly
treated the weights as constants or to depend directly on the security price or returns.

Inspired by the arbitrage pricing theory (APT) in finance, which assumes that the
cross-sectional expected returns of securities is linearly related to k hidden economic
factors, typical statistical techniques such as principal component analysis (PCA), inde-
pendent component analysis (ICA) [5,6], and maximum likelihood factor analysis [7]
have been used. However, should we adopt either PCA or ICA for estimating the hidden
factors, we have to compromise on the terms of zero noise. Likewise, we have to make a
compromise on rotation indeterminacy if we use conventional factor analytic techniques.

In this paper, we aim to investigate using the technique temporal factor analysis
(TFA) [8] for portfolio optimization. Since TFA is based on the classical APT model
and has the benefit of removing rotation indeterminacy via temporal modelling, using
TFA for portfolio management allows portfolio weights to be indirectly controlled by
several hidden factors.

The rest of the paper is organized in the following way. Sections 2 and 3 briefly
review the APT and the gaussian TFA models respectively. Section 4 illustrates how the
APT-based adaptive portfolio management can be effected with algorithms proposed in
this paper. Section 5 concludes the paper.

P. Perner and A. Rosenfeld (Eds.): MLDM 2003, LNAI 2734, pp. 266–275, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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2 Review on Arbitrage Pricing Theory

TheAPT begins with the assumption that then×1 vector of asset returns,Rt, is generated
by a linear stochastic process with k factors [9,10,11]:

Rt = R̄ + Aft + et (1)

where ft is the k×1 vector of realizations of k common factors,A is the n×k matrix of
factor weights or loadings, and et is a n× 1 vector of asset-specific risks. It is assumed
that ft and et have zero expected values so that R̄ is the n× 1 vector of mean returns.

3 Overview of Temporal Factor Analysis

Suppose the relationship between a state yt ∈ R
k and an observation xt ∈ R

d is
described by the first-order state-space equations as follows [8,12]:

yt = Byt−1 + εt, (2)

xt = Ayt + et, t = 1, 2, . . . , N. (3)

where εt and et are mutually independent zero-mean white noises with E(εiεjT ) =
Σεδij , E(eiej

T ) = Σeδij , E(εiej
T ) = 0, Σε and Σe are diagonal matrices, and δij is

the Kronecker delta function.
We call εt the driving noise upon the fact that it drives the source process over

time. Similarly, et is called measurement noise because it happens to be there during
measurement. The above model is generally referred to as the TFA model. In the context
of APT analysis, (1) can be obtained from (3) by substituting (R̃t − R̄) for xt and ft
for yt. The only difference between the APT model and the TFA model is the added
(2) for modelling temporal relation of each factor. The added equation represents the
factor series y = {yt}Tt=1 in a multi-channel auto-regressive process, driven by an
i.i.d. noise series {εt}Tt=1 that are independent of both yt−1 and et. Specifically, it
is assumed that εt is gaussian distributed. Moreover, TFA is defined such that the k
sources y(1)

t , y
(2)
t , . . . , y

(k)
t in this state-space model are statistically independent. The

objective of TFA is to estimate the sequence of yt’s with unknown model parameters
Θ = {A,B, Σε, Σe} through available observations.

4 Gaussian TFA for Adaptive Portfolio Management

When the APT-based gaussian TFA model is adopted for portfolio management,
portfolio weights adjustment can be made under the control of independent hidden
factors that affect the portfolio. In the sequel, we illustrate how this can be achieved
under the following four scenarios:
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Transaction Cost Short Sale Permission
Scenario I No No
Scenario II Yes No
Scenario III No Yes
Scenario IV Yes Yes

4.1 Scenario I: NO Transaction Cost and Short Sale NOT Permitted

The assumptions underlying this scenario are no transaction cost and short sale not
permitted. Consequently, we consider the return of a typical portfolio which is given by
[12]

Rt = (1 − αt)rf + αt

m∑

j=1

β
(j)
t x

(j)
t , subject to






αt > 0,
0 ≤ βt ≤ 1,∑m
j=1 β

(j)
t = 1.

(4)

where rf denotes the risk-free rate of return, xt denotes returns of risky securities, αt
the proportion of total capital to be invested in risky securities and β(j)

t the proportion
of αt to be invested in the jth risky asset.

Instead of focussing on the mean-variance efficient frontier, we seek to optimize the
portfolio Sharpe ratio (Sp) [4] with Sp = M(RT )/

√
V (RT ) given by [12]. In other

words, the objective function to maximize is:

max
ψ,φ

Sp =
M(RT )√
V (RT )

subject to






αt = exp (ζt),
ζt = g(yt, ψ),
β

(j)
t = exp (ξ(j)t )/

∑m
r=1 exp (ξ(r)t ),

ξt = f(yt, φ).

(5)

whereM(RT ) = 1
T

∑T
t=1Rt is the conditional expected return and V (RT ) = 1

T

∑T
t=1

[Rt−M(RT )]2 is a measure of risk or volatility, {yt}Nt=1 is the time series of independent
hidden factors that drives the observed return series {xt}Nt=1, g(yt, ψ) and f(yt, φ) are
some nonlinear functions that map yt to respectively ζt and ξt which in turn adjusts the
portfolio weights αt and β(j)

t respectively.
Maximizing the portfolio Sharpe ratio in effect balances the tradeoff between maxi-

mizing the expected return and at the same time minimizing the risk. In implementation,
we can simply use the gradient ascent approach. The time series {yt}Nt=1 can be es-
timated via the gaussian TFA algorithm in [12]. Although the functions g(yt, ψ) and
f(yt, φ) are not known a priori, it may be approximated via the adaptive extended
normalized radial basis function (ENRBF) algorithm in [13].

Like radial basis function (RBF) network, ENRBF is one of the popular models
adopted for function approximation. The general form of RBF is

fk(x) =
k∑

j=1

wjϕ([x − µj]TΣj
−1[x − µj]) (6)



Optimizing Financial Portfolios from the Perspective of Mining Temporal Structures 269

ENRBF is an improved modification of RBF by replacingwj with a linear vector function
WT

j x + cj and dividing the term ϕ([x − µj]TΣj
−1[x − µj]) over the aggregate of all

terms to arrive at

fk(x) =

∑k
j=1(Wj

Tx + cj)ϕ([x − µj]TΣj
−1[x − µj])

∑k
j=1 ϕ([x − µj]TΣj

−1[x − µj])
(7)

where Wj is a parameter matrix.
Basically, each WT

j x + cj represents a local linear segment. The ENRBF net-
work approximates a globally nonlinear function by joining all piecewise linear
segments weighted by probability. The set of parameters to be estimated is Θ =
{µj, Σj,Wj, cj}kj=1.

Specifically, g(yt, ψ) and f(yt, φ) can be modelled by the ENRBF shown below.

g(yt, ψ) =
k∑

p=1

(WT
p yt + cp)ϕ(µp, Σp, k) (8)

f(yt, φ) =
k̂∑

p=1

(ŴT
p yt + ĉp)ϕ(µ̂p, Σ̂p, k̂) (9)

where ϕ(µp, Σp, k) = exp (−0.5(yt−µp)TΣp
−1(yt−µp))

∑k
r=1 exp (−0.5(yt−µr)TΣp

−1(yt−µr))
.

The set of parameters in (8) and (9) to be estimated is Θ where Θ = ψ ∪ φ, ψ =
{µp, Σp,Wp, cp}kp=1 and φ = {µ̂p, Σ̂p,Ŵp, ĉp}k̂p=1. In general, for each θ ∈ Θ,
updating takes place adaptively in the following form:

θnew = θold + η0∇θSp (10)

where η0 is the learning step size, ∇θSp denotes the gradient with respect to θ in the
ascent direction of Sp. Typically, the adaptive algorithm [14] shown in Table 1 can be
adopted for implementation.

4.2 Simulation

Data Considerations. All simulations in this paper are based on the past average fixed
deposit interest rate, stock and index data of Hong Kong. Daily closing prices of the
1-week bank average interest rate, 3 major stock indices as well as 86 actively trading
stocks covering the period from January 1, 1998 to December 31, 1999 are used. The
number of trading days throughout this period is 522. The three major stock indices are
respectively Hang Seng Index (HSI), Hang Seng China-Affiliated Corporations Index
(HSCCI) and Hang Seng China Enterprises Index (HSCEI). Of the 86 equities, 30 of
them are HSI constituents, 32 are HSCCI constituents and the remaining 24 are HSCEI
constituents. The index data are directly used for adaptive portfolio management while
the stock prices are used by gaussian TFA for recovering independent hidden factors yt.
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Table 1. An adaptive algorithm for implementation of the APT-based portfolio management

Updating rules for the parameter set ψ
µp

new = µp
old + η(∇ζT Sp)ϕ(µp, Σp, k)τ(µp, Σp,Wp, cp, k)(yT − µp)

Σp
new = Σp

old + η(∇ζT Sp)ϕ(µp, Σp, k)τ(µp, Σp,Wp, cp, k)κ(µp, Σp)
Wnew

p = Wold
p + η(∇ζT Sp)yTϕ(µp, Σp, k)

cnew
p = coldp + η(∇ζT Sp)ϕ(µp, Σp, k)

Updating rules for the parameter set φ
µ̂new
p = µ̂old

p + η̂(∇
ξ
(j)
T

Sp)(yT − µ̂p)ϕ(µ̂p, Σ̂p, k̂)χ(µ̂p, Σ̂p,Ŵp,q, ĉp,q, k̂)

Σ̂new
p = Σ̂old

p + η̂(∇
ξ
(j)
T

Sp)κ(µ̂p, Σ̂p)ϕ(µ̂p, Σ̂p, k̂)χ(µ̂p, Σ̂p,Ŵp,q, ĉp,q, k̂)

Ŵnew
p,q = Ŵold

p,q + η̂(∇
ξ
(j)
T

Sp)yTϕ(µ̂p, Σ̂p, k̂)

ĉnew
p,r = ĉoldp,r + η̂(∇

ξ
(j)
T

Sp)ϕ(µ̂p, Σ̂p, k̂)

where η and η̂ are learning rates,
M(RT ) = 1

T

∑T
t=1Rt, V (RT ) = 1

T

∑T
t=1[Rt −M(RT )]2

∇ζT Sp =
[
V (RT )−M(RT )

(
RT −M(RT )− 1

T

∑T
t=1(Rt−M(Rt))

)]

T
√

[V (RT )]3

(
∑m

r=1 exp (ξ(r)
T

)x(r)
T

∑m
r=1 exp (ξ(r)

T
)

− rf

)

· exp (ζT ),

∇
ξ
(j)
T

Sp =

[
V (RT )−M(RT )

(
RT −M(RT )− 1

T

∑T
t=1(Rt−M(Rt))

)]
exp (ζT )x(j)

T
exp (ξ(j)

T
)

T
√

[V (RT )]3
( ∑m

r=1 exp (ξ(r)
T

)
)2( ∑m

r=1 exp (ξ(r)
T

)−exp (ξ(j)
T

)
)−1 ,

ϕ(µp, Σp, k) =
exp(−0.5(yT−µp)T Σp

−1(yT−µp))
∑k

r=1 exp(−0.5(yT−µr)T Σr−1( mathbfy
T

−µr))
,

κ(µp, Σp) = Σp
−1(yT − µp)(yT − µp)TΣp

−1

−0.5diag[Σp
−1(yT − µp)(yT − µp)TΣp

−1],

τ(µp, Σp,Wp, cp, k) =
(Wp

T yT+cp)−∑k
r=1(Wr

T yT+cr)ϕ(µr,Σr,k)
∑k

r=1 exp(−0.5(yT−µr)T Σr−1(yT−µr))
,

χ(µp, Σp,Wp,q, cp,q, k) =
(Wp,q

T yT+cp,q)−∑k
r=1(Wp,r

T yT+cr)ϕ(µr,Σr,k)
∑k

r=1 exp(−0.5(yT−µr)T Σr−1(yT−µr))
,

Wp,q denotes the p-th column of the q-th matrix,
diag[M ] denotes a diagonal matrix that takes the diagonal part of a matrix M ,
ζT = g(yT , ψ) as defined in (6) and ξ(j)T is the j-th output of f(yT , φ) as defined in (7).

Methodology. We consider the task of managing a portfolio which consists of four
securities, the average fixed deposit interest rate and the three major stock indices in
Hong Kong. The fixed deposit interest rate is used as the proxy for the risk-free rate
of return rf . The first 400 samples are used for training and the last 121 samples for
testing. In the test phase, we first make prediction on ŷt and x̂t with ŷt ≈ Byt−1 and
x̂t ≈ Aŷt. Moreover, learning is carried out in an adaptive fashion such that the actual
value of xt at time t is used to extract yt and modify the parameters once it is known
(i.e., once the current time t is passed into t+1). The APT-based algorithm in Table 1 is
adopted that uses hidden independent factors extracted by TFA for controlling portfolio
weights. We refer to this approach APT-based portfolio management. For each yt under
test, we can adaptively get ζt = g(yt, ψ) and ξt = f(yt, φt) and then the portfolio
weights αt = exp (ζt) and β(j)

t = exp (ξ(j)t )/
∑m
r=1 exp (ξ(r)t ). Finally, returns can be

computed via (4). For the sake of comparison, we also implement a traditional approach
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Table 2. Daily risk-return statistics of portfolio constituents

Component Name Mean Return Risk
Average interest rate 0.0148% 0.00%
HSI 0.18% 1.48%
HSCCI 0.03% 2.51%
HSCEI -0.20% 2.55%

that directly uses stock returns xt instead of hidden factors yt [4]. Daily risk-return
statistics of the portfolio constituents are given in Table 2.

Results. Graphical comparison of profit gain between the two approaches using test data
is shown in Fig. 1a. Daily risk-return statistics of the portfolios are given in Table 3a.

4.3 Scenario II: HAS Transaction Cost but Short Sale NOT Permitted

Scenario II differs from Scenario I in taking into account the effect of transaction cost.
Since any change on β(j)

t leads to a transaction that incurs a cost on return ct given by

ct = −αt
m∑

j=1

rc|β(j)
t − β

(j)
t−1|p(j)

t /p
(j)
t−1

= −αt
m∑

j=1

rc|β(j)
t − β

(j)
t−1|(1 + x

(j)
t ) (11)

where rc is a constant denoting the rate of transaction cost. Consequently, we consider
the portfolio return adjusted for transaction cost given by [12]

Rt = (1 − αt)rf + αt

m∑

j=1

[
β

(j)
t x

(j)
t − rc|β(j)

t − β
(j)
t−1|(1 + x

(j)
t )
]
, (12)

subject to






αt > 0,
0 ≤ βt ≤ 1,∑m
j=1 β

(j)
t = 1.

The APT-based algorithm in Table 1 could still be adopted in this case except that
the two terms ∇ζT

Sp and ∇
ξ
(j)
T

Sp become respectively

∇ζT
Sp =

[
V (RT )−M(RT )

(
RT −M(RT )− 1

T

∑T
t=1(Rt−M(Rt))

)]

T
√

[V (RT )]3
(
∑m
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exp (ξ(j)
T )x(j)

T∑m
r=1 exp (ξ(r)

T )
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∑m
r=1 exp (ξ(r)

T )
− exp (ξ(j)

T −1)
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r=1 exp (ξ(r)
T −1)

|(1 + x
(j)
T )] − rf ) exp (ζT ),

∇
ξ
(j)
T

Sp =
[
V (RT ) −M(RT )

(
RT −M(RT ) − 1

T

∑T
t=1(Rt −M(Rt))

)]

· exp (ζT )[x(j)
T

− rcsign(exp (ξ(j)T ) − exp (ξ(j−1)
T ))][

∑m
r=1 exp (ξ(r)T )

− exp (ξ(j)T )] exp (ξ(j)T )/[T
√

[V (RT )]3(
∑m
r=1 exp (ξ(r)T ))2]
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Simulation. For the purpose of simulation we fix the rate of transaction cost at rc =
0.1%. Graphical comparison of profit gain between the two approaches using test data is
shown in Fig. 1b while daily risk-return statistics of the portfolios are given in Table 3b.

4.4 Scenario III: NO Transaction Cost but Short Sale IS Permitted

Scenario III differs from Scenario I in that short sale is now permitted. By removing the
nonnegative constraints on αt and βt in (4), we get

Rt = (1 − αt)rf + αt

m∑

j=1

β
(j)
t x

(j)
t − rc|β(j)

t − β
(j)
t−1|(1 + x

(j)
t )

subject to
m∑

j=1

β
(j)
t = 1 (13)

and the new objective function

max
ψ,φ

Sp =
M(RT )√
V (RT )

subject to






αt = ζt = g(yt, ψ),
β

(j)
t = ξ

(j)
t /

∑m
r=1 ξ

(r)
t ,

ξt = f(yt, φ).
(14)

In implementation, the algorithm in Table 1 could be adopted except the two terms
∇ζT

Sp and ∇
ξ
(j)
T

Sp become respectively

∇ζT
Sp =

[
V (RT )−M(RT )

(
RT −M(RT )− 1

T

∑T
t=1(Rt−M(Rt))

)]

T
√

[V (RT )]3

·
(∑m
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[ ξ
(j)
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(j)
T∑m
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(r)
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(j)
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(r)
T

− ξ
(j)
T −1

∑m
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|(1 + x
(j)
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]− rf

)

∇
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T
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[
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(
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ζT x
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T −ξ(j)

T

)

T
√

[V (RT )]3
(∑m
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Simulation. For the purpose of simulation short selling is not applicable to the return-
based approach. Graphical comparison of profit gain between the two approaches using
test data is shown in Fig. 1c while daily risk-return statistics of the portfolios are given
in Table 3c.

4.5 Scenario IV: HAS Transaction Cost and Short Sale IS Permitted

Scenario IV differs from Scenario I in that the effects of both transaction cost and short
sale on portfolio selection have to be treated appropriately. As a result, we have

Rt = (1 − αt)rf + αt
∑m
j=1

[
β

(j)
t x

(j)
t − rc|β(j)

t − β
(j)
t−1|(1 + x

(j)
t )
]
, (15)

subject to
∑m
j=1 β

(j)
t = 1

Here we have the objective function same as (14). The APT-based algorithm in Table 1
could still be adopted in this case except that the two terms ∇ζT

Sp and ∇
ξ
(j)
T

Sp become

respectively
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Simulation. In simulation we fix the rate of transaction cost at rc = 0.1% and short
selling is not applicable to the return-based approach. Graphical comparison of profit
gain between the two approaches using test data is shown in Fig. 1d while daily risk-
return statistics of the portfolios are given in Table 3d.
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Fig. 1. Comparative profit gain of APT-based and return-based portfolios

4.6 Performance Evaluation

To summarize the experimental results of the above four scenarios, we have noted the
following two phenomena. First, the APT-based portfolio in general performs better than
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Table 3. Daily risk-return statistics of the portfolio for different scenarios

Return-based Portfolio APT-based Portfolio Change in Sharpe Ratio
∆Sp

Scenario I
Mean Return 0.06% 0.14% –
Risk 0.48% 0.81% –
Sharpe Ratio 0.1250 0.1728 ↑ 38.24%

Scenario II
Mean Return 0.04% 0.12% –
Risk 0.42% 0.73% –
Sharpe Ratio 0.0952 0.1644 ↑ 72.69%

Scenario III
Mean Return 0.06% 0.19% –
Risk 0.48% 0.92% –
Sharpe Ratio 0.1250 0.2065 ↑ 65.20%

Scenario IV
Mean Return 0.04% 0.16% –
Risk 0.42% 0.88% –
Sharpe Ratio 0.0952 0.1818 ↑ 90.97%

the return-based portfolio if the scope of comparison is limited to within each scenario,
as evidenced by higher Sp attained in Table 3. It should be noted that higher Sp may
arise as a consequence of one of the following situations: i) higher expected return,
lower overall volatility; ii) higher expected return, same overall volatility; iii) same
expected return, lower overall volatility; iv) both expected return increase or decrease,
with expected return increases (decreases) at a faster (lower) rate than overall volatility.
Second, if we compare the performance of APT-based portfolios across all the four
scenarios, especially the portfolio Sharpe ratio of scenario III against I (↑ 19.50%) and
scenario IV against II (↑ 10.58%), we may conclude that performance may be further
improved whenever short sale is permitted.

The first phenomenon reveals the fact that independent hidden factors may be more
effective in controlling portfolio weights. Possible rationales include dimensionality
reduction as there are usually only a few hidden factors for a large number of securities.
What seems to be a more important revelation is that the classical APT [9] model is still
helpful here.

Although short selling is expensive for individual investors and not generally permis-
sible for most institutional investors [15] in many markets, relevant experimental results
reveal the hypothetical potential benefit such facility might add to the portfolio returns.
The benefit mainly arises from the exploitation of downside trend in market price in
addition to upward movement. This in turn reduces the chance that the fund is left idle
due to declining stock prices for most stocks, which is more or less a phenomenon when
the general market atmosphere is gloomy.
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5 Conclusion

In this paper, we introduce how to utilize theAPT-based gaussian TFA model for adaptive
portfolio management. Since TFA is based on the classicalAPT model and has the benefit
of removing rotation indeterminacy via temporal modelling, using TFA for portfolio
management would allow portfolio weights to be indirectly controlled by several hidden
factors. Simulation results reveal thatAPT-based portfolio management in general excels
return-based portfolio management and portfolio returns may be somehow enhanced by
short selling, especially when the general market climate is not that favorable.
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Abstract. This paper presents the collocational network, a method originating 
in corpus linguistics, as a tool for visualizing sequences of texts. A collocational 
network is a two-dimensional picture of the most central words in a text and the 
connections between them. When collocational networks are created out of se-
quences of documents, they offer the user the possibility to quickly discover the 
most significant differences between the documents. As a case study, a se-
quence of financial reports is turned into collocational networks for visual com-
parison. 
 
 

1    Introduction 

In this article collocational networks, based on a simple method originating in cor-
pus linguistics, are used in order to visualize the textual contents of a sequence of 
texts. The aim is to propose this method for producing a network of the most central 
concepts in a text and the connections between them, thus allowing for a visual 
comparison to be made. A method of this kind could be useful for processing a 
number of different types of sequential texts, but in this article it is used for visual-
izing the contents of quarterly reports of a telecommunications company. Financial 
reports are particularly suitable for a study of this kind, as they usually have a quite 
uniform structure from one quarter to the next, while the textual contents may vary 
quite significantly. 

There is also a need among shareholders and analysts for a method which visual-
izes series of reports while still allowing the user to spot the changes and decide 
what their significance is. This paper approaches this matter from a decidedly non-
technical viewpoint, partly because of its origins in linguistics, but more impor-
tantly, because of its possible application to non-technical contexts such as a quick 
analysis of new financial data. 
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2    Collocational Networks 

2.1    Background 

Collocational networks are two-dimensional networks which contain interlinked col-
locations, i.e. words which occur together in a text. The concept of collocational net-
works originates in an article by Williams [1]. In his study, Williams uses the network 
as a corpus linguistic tool in order to create specialised dictionaries.  In this article the 
method will be used for text visualization, but with a similar question in mind: what 
are the central concepts in the text, and how are they linked to each other? Instead of 
collecting a large corpus of specialised texts as Williams has done, here each text will 
be treated as a miniature corpus and turned into a collocational network. 

The idea of finding the central contents of a text through linguistic methods has 
been explored extensively by Phillips [2]. Phillips argues that traditional linguistics 
cannot adequately account for the concept of subject matter, as subject matter relies 
on regularities in the lexical organisation of text. As an alternative, Phillips suggests 
what he calls a knowledge-free analysis of the terms in a text. An analysis of this kind 
could presumably reveal systematic textual patterning, which in turn contributes to 
the semantic structure of the text and functions as a basis for the emergence of the no-
tion of content.  

Williams [1], whose article is the main source for the method presented in this 
study, draws some of his ideas from Phillips’ study. His work is slightly different, 
though, as his aim is to find words central to a particular sublanguage instead of 
words central to a particular text. This leads him to work with text corpora rather than 
individual texts. This study constitutes a return to Phillips’ original pursuit of the con-
tents of a text, conducted with a method used by Williams for extracting data from a 
corpus. 

In this article, collocation will primarily be interpreted simply as “the occurrence 
of two or more words within a short space of each other in a text” following Sinclair 
[3], a central work within corpus linguistics. Another important factor in this method 
is the concept of significant collocation. Significant collocation takes place when two 
or more words occur together more frequently than would be expected by coinci-
dence. Following Williams [1], significant collocation is measured using the Mutual 
Information or MI score. The MI score, an information theoretic concept introduced 
in linguistics by Church & Hanks [4], compares the frequency of co-occurrence of 
node word and collocate with the frequency of their occurrence independently of each 
other. The MI score is calculated as follows: 
  

MI(n,c) = log2(f(n,c)N / f(n)f(c)) (1) 

 
where n stands for node, c for collocate and N for the size of the text.  

2.2    Creating Networks 

A starting point for the construction of a collocational network is the establishing of a 
nuclear node, a word which has a high concentration of collocates, and thus can be 
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considered to represent a concept that is central to the text. The collocates of the 
nuclear nodes are traced, and these collocates are then treated as nodes, the collo-
cates of which are traced. This allows for the construction of a collocational net-
work. At some point words that have occurred earlier in the network are found. 
These occurrences define the outer limits of the network. 

This approach gives us an opportunity to visualize the concepts that are empha-
sised in a particular text. These concepts are reflected through the words that consti-
tute the nodes of the network.  This approach also gives us a possibility to examine 
which concepts are most frequently linked to each other, by revealing which words 
regularly appear within a close proximity to each other. 

During the drawing of the networks a number of other words with little relevance 
for the report as a whole were left out. Such words were prepositions, articles, con-
junctions, words referring to the time span of the report (quarter, first, second etc.) 
as well as words referring to figures or currency.  

The initial stage of the analysis was the calculating of the Mutual Information 
(MI) score for all words occurring within a span of four words from each other. A 
maximum span of this size is recommended by Sinclair [3] for a general study of 
collocations in English. The texts used in this study consisted of approximately 
3000 words each, and an MI score of 2.00 was found to produce a network of a size 
suitable for these texts. Lowering the score would have brought in words which oc-
cur together only occasionally, whereas a higher limit would have produced a net-
work with only the most frequent combinations, leaving out many of the interesting 
changes which occur among the mid-frequency words.  

The construction of the networks started with the locating of the most frequent 
word in the text. It was given the status of central nuclear node in the network and 
placed on the left. Its most significant collocate (i.e. the word giving the highest 
MI-score) was then traced and linked onto the right side of the nuclear node. Next, 
the second most significant collocate was traced and linked to the nuclear node, un-
derneath the most significant collocate. When all the collocates of the nuclear node 
had been linked in a similar manner, these collocates where then given the status of 
nuclear nodes and their collocates were then traced and linked. 

This procedure was repeated until all collocates with an MI score above 2.00 had 
been placed on the network. In some cases the construction of the main network 
stopped as no more collocates to the nuclear nodes could be found, but some other 
pairs or chains of collocates could still be found in the text. Starting from the most 
frequent of these remaining words, separate networks were drawn underneath or to 
the right of the main network. 

When reading the networks it should be kept in mind that the networks presented 
in this article do not take into account the order in which the words occur in the 
text. A collocate might occur to the left or to the right of the nuclear node in the 
text, but in the networks the nuclear node is always on the left and its collocates are 
on the right. It should also be remembered that words presented as collocates in the 
networks do not always occur next to each other in the text, but within a span of 
four words. 
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3    Case Study: A Visualization of a Sequence of Quarterly Reports 

The material studied in this article consists of sequential quarterly reports published in 
2000 and 2001 by telecommunications company Ericsson. Financial reports of this 
kind are of great interest to shareholders and analysts, who constantly receive numer-
ous reports produced by listed companies. There is the need to quickly establish an 
opinion about the contents of these reports - where do they indicate the companies 
will be going?  This applies to the textual contents of the reports as well as to the fi-
nancial figures, although the financial ratios in particular have traditionally received 
more attention. There are, however, studies [5], [6] which show that the texts in these 
reports are of great communicative importance as well and should therefore not be 
overlooked.  

When creating the networks, some connections can be expected as the inclusion of 
words in the networks is based on the statistical significance of collocation. This 
means that: 

 
−   a word which is very frequent in the text is likely to appear in the network. 
−   a word which often occurs together with a frequent word in the text is likely to ap-

pear in the network. 
−   pairs of words which almost exclusively occur together in the text are likely to ap-

pear in the network. 
 
 

Fig. 1. Collocational network of Ericsson’s report 3/2000. The network consists of 32 words 
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Fig. 2. Collocational network of Ericsson’s report 4/2000. The network consists of 14 words 

3.1    Analysis of the Networks 

Figures 1 and 2 contain the collocational networks for Ericsson’s quarterly reports 
3/2000 and 4/2000. As can be seen, a remarkable change takes place between these 
networks. Structurally, they are completely different. There is also a significant differ-
ence between the lexical items used and the number of lexical items in the networks. 
This is also obvious when looking at the reports: during this period the reports undergo 
several structural changes. New headings are introduced and old ones are abandoned or 
reorganized.  

Network 3/2000 starts with the most frequent word, Ericsson, which is linked to five 
collocates. One of these collocates, increased, is linked to sales, which has four other 
collocates of its own. One of these collocates, systems, is linked to mobile, which has 
five more collocates. These linkages mean that the main network for 3/2000 consists of 
three parts, connected by collocational pairs. In addition to this, there are several sepa-
rate collocational pairs and small networks outside the main network. 

The structure of network 4/2000 is very different. It consists of a main network at-
tached around the most frequent word, we, and a smaller, separate network around op-
erating. We is a new word in this network, and the most frequent word in network 
3/2000, Ericsson, has disappeared. In addition to these two networks, there is one sepa-
rate collocational pair, consisting of two new words, additional and restructuring. The 
number of words in this network is much smaller than in the previous network (33 vs. 
14), and the structure is much less complex. The most obvious reason for this is the fact 
that report 3/2000 consists of approximately 3600 words, whereas report 4/2000 con-
sists of approximately 2100 words. 

In 3/2000, Ericsson’s third quarter report for 2000, Ericsson is the most frequent 
word and thus the starting point for the network. In the text, Ericsson is also a very cen-
tral word. It is used together with a number of different verbs, in most cases as a subject. 
This is clearly reflected in the network, where four out of five collocates (expects, has, 
will, increased) are verbs. The fifth collocate, 3g, stands for third generation networks, a 
concept in new technology that is emphasised very strongly in the report. 
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Sales, the second most frequent word in the text constitutes another nuclear node. It 
is closely linked to the verb increased. Ericsson, increased and sales form a chain, 
which also occurs as such in the text three times. Sales is also linked to increase as well 
as to increased. It should be noted that no lemmatisation has been carried out in this 
study, which means that different word-forms occur separately. In this case, increased is 
also linked to Ericsson, which means that it occurs in slightly different contexts from 
increase, although these are both collocates of sales.   

The collocates of sales are mainly business words. One of them is market, a fairly 
frequent word in the text.  Market also has two collocates which can be called different 
word-forms of the same lemma, area and areas. These two collocates of market could 
well have been combined into a single one through lemmatisation of the text, as they 
occur in similar contexts. Still, lemmatisation would not have served the purposes of 
presenting the context of all significant collocations, as there is also a notable counter-
example in the text. This is Ericsson and Ericsson’s, two words which occur in very dif-
ferent contexts both in the text and in the network. Ericsson’s usually occurs as an at-
tribute whereas Ericsson occurs as a subject in a much more varied environment. The 
last part of the main network is concentrated around mobile, and it consists mainly of 
collocates which are typical for the telecommunications industry. Two of the collocates,  
phones and infrastructure only occur with mobile. Internet occurs frequently with mo-
bile, but also in the complementary phrase fixed internet and in other, varying contexts. 

Collocational pairs outside the main network are capital and gains, operators and 
network, consumer and products and cash and flow. Capital occurs almost exclusively 
in the phrase capital gains, twice in return on capital and once in start capital. Gains 
only occurs once independently of capital, in the phrase gains from sale. Capital gains 
usually occurs in accounting-related passages. Operators and network occur together in 
the phrase network  operators, but occasionally also separately. Network operators is 
the name of one of the business segments of the company, and it is therefore quite a fre-
quent phrase in the text. Consumer Products is the name of another segment, and this is 
why consumer and products also appear quite frequently in the text. In 4/2000, the net-
work for the fourth quarter in 2000, we is the most frequent word. Ericsson, which was 
the most frequent word in the previous report, only occurs ten times in this report and 
therefore disappears from the network. The company has switched from referring to it-
self by name to using the pronoun we instead. 

Have, the most significant collocation of we, occurs in the text with the subject we in 
all instances except one, where the subject is delivery failures. The main verb is differ-
ent for every occurrence (some examples are generated, achieved, decided, increased), 
which means that none of these verbs is frequent enough to appear in the network.   

The next collocate, mobile, also has a collocate of its own, phones. In the text mobile 
also occurs with words like subscribers and Internet. Mobile is often also used with sys-
tems, the fourth collocate of we, but this link does not appear in the network, as the MI 
score for this collocation is below 2. 3g is also used quite frequently in this report, often 
in the vicinity of we, and thus it appears in the network as a collocate of we. 

The fifth collocate of we is sales. This word occurs in varying contexts, telling both 
about increases and decreases in sales.  In the network, sales is only linked to orders. 
The reasons for this connection might not be obvious from a linguistic point of view, 
but a look at the text shows that these words often occur together in lists like orders, 
sales and income, which functions as a headline, and phrases such as sales up X%, or-
ders up X%. 
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A smaller network, not linked to the main one, consists of operating and its collo-
cates income, adjusted and margin. In the text, operating usually occurs in either of 
the collocations operating income or operating margin. It also occurs once with losses 
and twice with expenses, but these collocations are too infrequent to appear in the net-
work. Adjusted is a word typically used in the text in accounting contexts, and this 
applies to the other words in this group as well. 

In order to take a look at how the texts develop Ericsson’s two first reports for 
2001 were also turned into collocational networks. 

Fig. 3. Collocational network of Ericsson’s report 1/2001. The network consists of 12 words 

 

Fig. 4. Collocational network of Ericsson’s report 2/2001. The network consists of 23 words 

A brief look at these networks shows that the change continues. Network 1/2001 is 
very sparse, containing only 14 words, most of which are basic accounting terms. In 
contrast, the following network is much more complex as it reflects the contents of a 
more verbose text. 
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This brief analysis indicates that collocational networks definitely are a tool for 
visualizing changes in series of documents, more so than for visualizing single docu-
ments. As an example, from a financial analyst’s point of view the change from in-
creased sales (3/2000) to additional restructuring (4/2000) can be very thought pro-
voking, particularly as it is followed by efficiency program in 1/2001. 

4    Conclusion 

The collocational network is a very simple method for visualizing the surface struc-
ture of texts, thus allowing for a comparison of changes that take place within a se-
quence of texts. A simple network can easily be created out of any document and used 
as a guide to the main contents of the text. The method has, however, got some limita-
tions. The networks only reveal collocations that are frequent enough to exceed the 
limits of significance. This means that small changes, which may be significant to the 
text despite their infrequence, may go unnoticed.  

Clustering the networks according to their contents and structure could easily carry 
this study further. In the context of financial reports, however, this has not been car-
ried out, as it is in the readers’ interest to know exactly what changes have occurred. 
It is not enough for them to know the degree of resemblance between the reports. The 
point of view of the user has been an important guideline in developing this method. 
These networks are proposed as a simple data mining tool which requires only some 
basic knowledge of statistics. In fact, the usefulness of the networks depends more on 
the user’s knowledge of the subject matter of the texts than on her knowledge of data 
mining or statistics. A user-oriented, context-dependent analysis of the networks 
should reveal their degree of applicability in a particular situation. Such an analysis is 
not possible within the scope of this paper, but remains the object for further research. 
 
Acknowledgements. Thanks to Antti Arppe and Barbro Back for their helpful com-
ments. 
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Abstract. We examine the complexity of Depth First and FP-growth
implementations of Apriori, two of the fastest known data mining al-
gorithms to find frequent itemsets in large databases. We describe the
algorithms in a similar style, derive theoretical formulas, and provide
experiments on both synthetic and real life data to illustrate the theory.

1 Introduction

We examine the theoretical and practical complexity of Depth First (DF , see [6])
and FP-growth (FP, see [4]) implementations of Apriori (see [1]), two of
the fastest known data mining algorithms to find frequent itemsets in large
databases. There exist many implementations of Apriori (see, e.g., [5,7]). We
would like to focus on algorithms that assume that the whole database fits in
main memory, this often being the state of affairs; among these, DF and FP are
the fastest. In most papers so far little attention has been given to theoretical
complexity. This paper is a continuation of [3].

Apriori is an algorithm that finds all frequent itemsets in a given database
of transactions; frequent sets are the necessary building blocks for association
rules, i.e., if-then-rules of the form “if a customer buys products X and Y , he
or she also buys product Z”. So the situation is the following: we are given
products and customers, where every customer buys a set of products, the so-
called transaction. More general, an itemset is an arbitrary set of products; a k-
itemset has k elements. The support of an itemset is the number of customers that
buy all products from this itemset – and maybe more. An itemset is frequent if
and only if its support is larger than or equal to minsup, a certain threshold given
in advance. The Apriori algorithm successively finds all frequent 1-itemsets, all
frequent 2-itemsets, all frequent 3-itemsets, and so on. The frequent k-itemsets
are used to generate candidate (k + 1)-itemsets, where the candidates are only
known to have two frequent subsets with k elements. (In fact, the candidates are
uniquely constructed out of these two subsets.) A pruning step discards those
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Fig. 1. Example trie

candidates for which not all subsets are frequent. This relies on the property
that all subsets of frequent itemsets are frequent too. Finally the supports of the
remaining candidates are computed (by means of a run through the database)
in order to determine the frequent ones.

The main application of frequent itemsets is in the area of association rules.
These are often used in the analysis of retail data and in medical environments.
Moreover, frequent itemsets are relevant for other topics in data analysis, such
as clustering and pattern recognition. The techniques can be applied in more
general contexts: instead of binary data one can use data with continuous or
categorical values; it is also possible to introduce hierarchies.

The crux of any implementation of Apriori is the chosen representation
for the candidates and the way to check their support. DF builds a trie of all
candidate sets, and then pushes all customers through this trie – one at a time.
Eventually a trie containing all frequent itemsets remains. In the example trie
from Fig. 1 we have 5 items 1, 2, 3, 4 and 5, and minsup = 25. The small
numbers indicate the supports of the itemsets, for instance the support of the
itemset {3, 4} is 33. The trie has just been augmented with 2 and its candidate
subtrie. A ∗ indicates that the corresponding support is not known yet. From
the picture we infer that the only frequent itemsets so far are {3}, {4}, {5}
and {3, 4}, and {2} itself; note that every path in the trie from the root node
downward identifies a unique itemset. For instance {3, 4, 5} and {4, 5} are not
frequent here, since the corresponding paths do not occur in the trie. Since {3, 5}
is not frequent, {2, 3, 5} is not a candidate. In the current step all customers are
pushed through the part of the trie rooted at 2, in the meantime updating all
counters.

FP proceeds differently. It makes use of a so-called FP-tree (see Sect. 4; FP
means Frequent Pattern) to maintain databases of parts of transactions that
matter in the future. Instead of a trie it internally has a recursion tree in which
the candidates are gathered. Informally speaking, in the example trie from Fig. 1
(this being an implementation of the recursion tree), the node 2−68 would also
contain all 68 transactions that have 2, restricted to the products 3, 4 and 5. An
FP-tree is built that efficiently contains all these transactions, and subdatabases
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are derived for the recursive steps. More details can be either found in the original
papers [6,4] or in the following sections.

We will give a theoretical basis for the analysis of the two algorithms. We
have chosen for a somewhat informal presentation of the algorithms, intertwined
with our analysis. We will present practical results, and we mention several dif-
ficulties. Indeed, FP is a complicated algorithm, involving recursion and serious
garbage collection; the algorithm also allows several refinements that are hard
to analyze. In this paper we first describe the algorithms in parallel with a theo-
retical analysis, we then present practical results, and finally provide conclusions
and issues for further research. For some of the proofs we refer to [3].

2 Definitions

Let m denote the number of transactions (also called customers), and let n
denote the number of products (also called items). Usually m is much larger
than n. For a non-empty itemset A ⊆ {1, 2, . . . , n} we define:

– supp(A) is the support of A: the number of customers that buy all products
from A (and possibly more);

– sm(A) is the smallest number in A;
– la(A) is the largest number in A.

In line with this we let supp(∅) = m. We also put la(∅) = 0 and sm(∅) = n+1. A
set A ⊆ {1, 2, . . . , n} is called frequent if supp(A) ≥ minsup, where the so-called
support threshold minsup is a fixed number given in advance.

We assume every 1-itemset to be frequent; this can be effected by the first step
of the algorithms we are looking at, which might be considered as preprocessing.

3 The Depth First Algorithm – Complexity

In the Depth First algorithm a trie of frequent itemsets is built. Suppose that
all frequent itemsets in {k + 1, . . . , n} have been gathered in a trie T . The root
node is now augmented on the left side with k. Then T is placed in the trie
under k, providing new candidate itemsets. In the example trie from Fig. 1 we
have k = 2. Then the necessary supports (for this new subtrie) are calculated by
“pushing” all customers through the trie: for every customer the paths starting
at k are examined in a depth first fashion and checked against the customer,
meanwhile updating the node counters denoting the supports so far. Infrequent
sets are removed once all customers have been queried. The complexity of this
algorithm largely depends on these queries, and we shall therefore pay special
attention to them. Omitting the printing of the results, the algorithm can be
described as follows:

procedure DF (database D)
for k := n− 1 down to 1 do

augment the trie in the root with k
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attach a copy of the old trie underneath this k
for all transactions in D

update counters in the subtrie starting from this k

A “database query” is defined as a question of the form “Does customer C
buy product P?” (or “Does transaction T has item I?”), posed to the original
database. Note that we have mn database queries in the “preprocessing” phase
in which the supports of the 1-itemsets are computed and ordered: every field of
the database is inspected once. (By the way, the sorting, in which the items are
assigned the numbers 1, 2, . . . , n, takes O(n log n) time.) The number of database
queries for DF equals:

m(n− 1) +
∑

A�=∅
A frequent

sm(A)−1∑

j=1

supp({j} ∪A \ {la(A)}) . (1)

For a proof, see [3].
It makes also sense to look at the number of nodes of the trie, which is

connected to the effort of maintaining and using the datastructures. Counting
each trie-node with the number of items it contains, the total is computed to be:

n +
∑

A�=∅
A frequent

sm(A)−1∑

j=1

1 = n+
∑

A�=∅
A frequent

[sm(A) − 1] =
∑

A frequent

[sm(A) − 1] . (2)

Notice that the complexity heavily depends on the sorting order of the items
at the top level. It turns out that an increasing order of items is beneficial here.

4 The FP-Growth Algorithm – Complexity

The FP-growth algorithm is a clever implementation of Apriori. The algorithm
proceeds recursively. Suppose that a frequent itemset B has been found. The
algorithm has saved all transactions that support B, restricted to items i with
i > la(B) and such that B∪{i} is frequent, in a “local database” D (in the form
of an FP-tree; we shall return to this later). Now for these i’s a recursive call
(with A = B ∪ {i} as frequent itemset; note that i = la(A)) is made – unless for
basic cases. Omitting the printing of the results, the algorithm can be described
as follows:

procedure FP (itemset B, database D)
for all i > la(B) with B ∪ {i} frequent do
(i.e., for all items i occurring in D)

set D′ = the subset of transactions in D that support i
count support for all items k from D′ with k > i (%)
remove infrequent items and items k with k ≤ i from D′

build new FP-tree for D′

if there is anything left (#) call FP(B ∪ {i}, D′)
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Although the title of [4] suggests otherwise, the algorithm also “generates”
candidate itemsets: the recursion tree that operates underneath the surface can
be viewed as doing so. In this case a node gets as its candidate children all its
right siblings – but only if they are frequent. Because the child node is only a
real candidate if the parent node (or rather: the entire path from the root down
to the node) is frequent, we see that candidates (with t items) are now known
to have at least two frequent subsets with t − 1 items. The local databases are
handed down the recursion tree, where customers not buying a node are omitted.

Let us define a “database query” in this case as a question of the form
“Does customer C buy product P?” posed to a local database D, necessary
for the counting in step (%). The number of database queries (except for the
“preprocessing” phase) for FP equals:

∑

A�=∅
A frequent

n∑

j=la(A)+1
{j}∪A\{la(A)} frequent

supp(A) . (3)

A consequence of Formula (1) and Formula (3) is that the contribution of
the 1-itemsets is exactly the same for both DF and FP. In fact, this number
equals

n∑

i=1

(n− i) supp({i}) , (4)

which is minimal exactly if the 1-itemsets are sorted increasingly. The contribu-
tion for longer itemsets is more complex – and different for the two algorithms.

An FP-tree is an efficient datastructure that stores the whole local database
of customers that buy (at least) some itemset A. For the current discussion it
is not necessary to provide full detail on this subject, but it is good to know
that every path in the FP-tree keeps track of an itemset along with its support.
However, contrary to the situation in the tries above, itemsets are not uniquely
represented, but may occur as subset of several itemsets. In Fig. 2 the node 2−8

tells us that there are 8 customers (out of 17 buying item 1) that buy the itemset
{1, 2}; however, there are 5 + 1 + 3 = 9 customers buying the scattered itemset
{1, 4}.

Again we try to compute the number of nodes involved, this number being
related to the effort necessary to build the FP-trees. In this case the situation is
much more complex, since the recursive algorithm builds and destroys nodes on
the fly, and in any FP-tree the transactions sharing the same prefix are joined
into one path, thereby diminishing the number of nodes. Note that the nodes we
count are no trie (or recursion tree) nodes, but the nodes necessary to maintain
the FP-trees. The number of inspections necessary to create the FP-trees equals

mn+
∑

A�=∅
A frequent

n∑

j=la(A)+1
A∪{j} frequent

supp(A) =
∑

A frequent

n∑

j=la(A)+1
A∪{j} frequent

supp(A) . (5)
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Fig. 2. Example FP-tree

And finally, let us examine the number of tree nodes for the FP-trees. Counting
each node with its support (thereby establishing a rough upper bound), this is
equal to the number of ones in the databases that are processed:

n∑

i=1

supp({i}) +
∑

A�=∅
A frequent

n∑

j=la(A)+1
A∪{j} frequent

supp(A ∪ {j})

=
∑

A frequent

n∑

j=la(A)+1
A∪{j} frequent

supp(A ∪ {j}) . (6)

Note that FP is a real implementation of Apriori (except for the pruning
step), since every candidate itemset is known to have two frequent subsets. In
case of DF only one subset is certainly frequent!

5 Practical Complexity

Using the well-known IBM-Almaden synthetic database (see [2]) and a real re-
tail database (with 4,698 items and 62,797 transactions) we shall examine the
“real” complexity of the two algorithms. This should be compared to the theo-
retical complexity from the previous sections. The parameters for generating a
synthetic database are the number of transactions D (in thousands), the average
transaction size T and the average length I of so-called maximal potentially large
itemsets. The number of maximal frequent itemsets was set to L = 2,000 and
the number of items was set to N = 1,000, following the design in [2]. The exper-
iments were conducted at a Pentium-III machine with 256 MB memory at 733
MHz, running Windows NT. The programs were developed under the Borland
C++ 5.02 environment, but are also usable with the Gnu C++ compiler.

Table 1 presents the results from the experiments. The following figures are
included: the number of frequent 1-itemsets (this number plays the role of n, since
in previous sections we assumed all 1-itemsets to be frequent), the total number
of frequent itemsets, the execution time in seconds for both algorithms (for FP
averaged over three runs to compensate for possible garbage collection), and the
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number of database queries according to Formula (1) and Formula (3), respec-
tively. Also tabulated are the number of trie nodes (for DF ; see Formula (2)),
respectively the real number of tree nodes (for FP; Formula (6) provides an
upper bound).

The figures in Table 1 show some interesting phenomena. One of them is
the surprising difference between the performance of the two algorithms for the
retail data set at support 0.25%. This is a result of the different character of
this real-life data set which turns out to be a worst-case scenario for the DF
algorithm. Compared to the artificial data sets, the retail data contains a lot
more frequent 1-itemsets but few longer frequent itemsets. For DF that results
in a huge number of candidate 2-itemsets that have to be counted but turn
out to be infrequent. That is also reflected in the difference between the small
number of tree nodes for FP and the large number of trie nodes for DF for this
particular case.

In fact the number of candidate 2-itemsets (influenced by n) affects the per-
formance of DF in one more way through the procedure of copying. In this
procedure, the current frequent itemsets are copied under the new root item
to be counted. Even though the infrequent items are not copied, they are still
traversed in order to find the frequent ones. Further experiments showed that
this results in a high number of node-visits which explains why for D100T20I6,
minsup 0.5%, DF creates more trie nodes than for the retail data at 0.25% and
still for the retail data performs much worse.

A different picture can be seen in the figures for the three artificial data sets.
There, due to the higher percentage of real frequent itemsets from the candidate
itemsets, DF performs better than FP in most of the cases. Only for the lowest
support in D100T20I6 and D100T20I4, DF shows slower runtime due to the
rapid increase in the number of trie nodes that are generated and visited.

6 Conclusions and Further Research

We gave a theoretical analysis of Depth First and FP-growth implementations
DF and FP of Apriori. Formulas (1) and (3) capture the number of database
queries for the two algorithms, whereas the number of memory cells needed for
the datastructures are captured by Formulas (2) and (6).

The experiments show that the execution time is proportional to both the
number of queries and the number of nodes of the datastructures. From the
experiments one might conclude that DF outperforms FP for datasets with
larger values of the ratio m/n. But if there are fewer transactions compared to
the number of items, FP seems better.

FP, as used in the experiments in Sect. 5 and as described in [4], has three
refinements that improve its efficiency:

1. Identical transactions are identified in the FP-tree. From then on, the algo-
rithm treats them as single ones, keeping track of the correct supports by
means of an extra counter. This did not occur too often in our experiments.
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Table 1. Experimental results

D100T20I6
minsup 0.5% 1.0% 1.5% 2.0%
# fr. 1-itemsets 730 561 435 358
# fr. itemsets 25,040 1,090 493 361
DF exec. time 29 11 8 6
FP exec. time 22 14 11 9
# queries DF 804,898,976 427,097,723 301,111,212 234,051,516
# queries FP 442,562,012 329,761,608 252,044,086 198,043,844
# nodes DF 10,558,723 401,703 116,816 65,303
# nodes-real FP 1,961,267 1,479,935 1,322,362 1,188,134
# nodes-formula FP 17,071,465 2,442,218 1,740,313 1,514,332
D100T20I4
minsup 0.5% 1.0% 1.5% 2.0%
# fr. 1-itemsets 688 559 439 369
# fr. itemsets 9,438 2,046 548 382
DF exec. time 23 12 8 6
FP exec. time 19 14 12 10
# queries DF 731,815,487 446,136,987 315,448,527 251,949,116
# queries FP 417,996,012 338,850,828 262,917,783 213,788,927
# nodes DF 3,912,166 676,159 134,778 72,546
# nodes-real FP 1,908,370 1,544,726 1,389,513 1,267,268
# nodes-formula FP 8,629,486 3,663,093 1,876,177 1,596,385
D100T20I2
minsup 0.5% 1.0% 1.5% 2.0%
# fr. 1-itemsets 635 527 445 359
# fr. itemsets 5,435 1,415 708 441
DF exec. time 20 11 9 6
FP exec. time 20 15 14 12
# queries DF 757,631,634 432,277,091 331,223,803 249,973,785
# queries FP 396,861,892 321,545,022 271,150,238 210,231,042
# nodes DF 2,512,289 456,566 174,620 83,544
# nodes-real FP 2,265,841 1,584,755 1,476,595 1,324,171
# nodes-formula FP 5,827,026 3,137,017 2,284,728 1,828,513
Retail data
minsup 0.25% 0.50% 0.75% 1.00%
# fr. 1-itemsets 2,101 920 493 320
# fr. itemsets 3,058 1,086 536 330
DF exec. time 66 12 4 2
FP exec. time 7 4 3 2
# queries DF 778,171,180 281,647,840 114,469,871 66,731,996
# queries FP 605,209,096 213,361,480 82,454,945 46,351,860
# nodes DF 4,148,742 571,763 142,475 54,486
# nodes-real FP 828,336 545,504 383,085 290,001
# nodes-formula FP 1,175,688 751,809 545,116 434,039
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2. If the database “collapses”, i.e., in situation (#) from the procedure in Sect. 4
all transactions turn out to be prefixes of one of them, the recursion termi-
nates. This happens if the FP-tree is a list. Instead of giving all subsets of the
current k-itemset I, the algorithm states that the 2k − 1 non-empty subsets
of I are frequent. During experiments this hardly ever occurred: at most 100
times during one run.

3. At every step, and not only in the first one, the children are again sorted
with respect to their supports.

We would like to examine the theoretical and practical behavior with respect
to these refinements. Also, it can be interesting to use hash-tables instead of
FP-trees.
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Abstract. Databases of sequences can contain consecutive repetitions
of items. This is the case in particular when some items represent
discretized quantitative values. We show that on such databases, a
typical algorithm like the SPADE algorithm tends to loose its efficiency.
SPADE is based on the used of lists containing the localization of the
occurrences of a pattern in the sequences and these lists are not appro-
priated in the case of data with repetitions. We introduce the concept
of generalized occurrences and the corresponding primitive operators
to manipulate them. We present an algorithm called GO-SPADE that
extends SPADE to incorporate generalized occurrences. Finally we
present experiments showing that GO-SPADE can handle sequences
containing consecutive repetitions at nearly no extra cost.

Keywords: frequent sequential pattern mining, generalized oc-
currences, SPADE

1 Introduction

Mining sequential patterns is an active data mining domain dedicated to sequen-
tial data. For example, customer purchases, Web log access, DNA sequences,
geophysical data, and so on. The objective is to find all patterns satisfying some
given criterion that can be hidden within a set of event sequences. Among the
selection criterion proposed in the past (e.g., syntactic properties, similarity with
a consensus pattern) the minimal frequency is still one of the most commonly
used. Basically, the problem can be presented as follows: Let I = {i1, i2, . . . , im}
be a set of m distinct items. Items are ordered by a total order on I. An event
(also called itemset) of size l is a non empty set of l items from I : (i1i2...il),
which is sorted in increasing order. A sequence α of length L is an ordered list of
L events α1, . . . , αL, denoted as α1 → α2 → ... → αL. A database is composed of
sequences, where each sequence has a unique sequence identifier (sid) and each
event of each sequence has a temporal event identifier (eid) called timestamp. In
a sequence, each eid is unique and if an event ei precedes event ej in a sequence,

P. Perner and A. Rosenfeld (Eds.): MLDM 2003, LNAI 2734, pp. 293–306, 2003.
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then the eid of ej must be strictly greater than the eid of ei. Such a database can
be represented by a table like, for example, the left table of Fig. 2. A sequential
pattern (or pattern) is a sequence. We are interested in the so-called frequent
sequential patterns defined as follows. A sequence sa = α1 → α2 → . . . → αn
is called a subsequence of another sequence sb = β1 → β2 → . . . → βm if and
only if there exist integers 1 ≤ i1 < i2 < . . . < in ≤ m such that α1 ⊆ βi1 ,
α2 ⊆ βi2 , . . ., αn ⊆ βin . Let N be a positive integer called absolute support
threshold, a pattern p is frequent in a database D if p is a subsequence of at least
N sequences of D. In this paper, we also use interchangeably relative support
threshold expressed in the percentage of the number of sequences of D. A lot
of work has been done since the introduction of the frequent sequential pattern
mining problem in 1995 [2]. Each presents its own interests depending on the
characteristics of the database to mine (e.g., [6,10,7,4,8,11,13,12]).
In this paper we consider the problem of mining frequent patterns in sequences
where same items tend to be repeated in a consecutive way. This corresponds
in particular to the important practical situation where databases are built in
part from quantitative time series. In this case, these time series are discretized
(using for example the method proposed in [3]) and the discrete values are en-
coded using items. This has an impact on the form of the resulting sequences
that tend to contain more consecutive occurrences of the same items. Indeed,
this research is motivated by sequential pattern mining from stock market data
where we observed this situation [5]. For example, if items are used to encode a
discretized stock price value having slow variations, we will often find in the se-
quences several consecutive occurrences of the same item. As far as we know, no
specific work has been done to tailored the current algorithms towards this kind
of data containing repetitions. Figure 1 shows the behavior of the SPADE algo-
rithm [11,13] (a typical sequential pattern mining algorithm) on such datasets.
The results of the experiments presented in Fig. 1 correspond to extractions
on two datasets: set1 r0 and set1 r5. set1 r5 contains the same sequences that
set1 r0 in which a few additional consecutive repetitions of some items have been
added (see Sect. 5.1 for a description of these datasets). The curves of Fig. 1
represent the costs (in term of execution time) for the extraction of different
amounts of frequent patterns on each dataset, i.e., for different support thresh-
olds. These curves show that to extract a given number of frequent patterns,
SPADE execution time is much more important on the dataset containing more
consecutive repetitions (set1 r5).

The main contribution of this paper is to show that this extra extraction cost
can be reduced drastically by using a more compact information representation.
We propose such a representation and present an extension of SPADE, called
GO-SPADE, that operates directly on it. We show that in practice it can be
used to handle efficiently the consecutive repetitions of items in the data. This
practical interest can be seen in particular the bottom right graph on Fig. 5
that presents the same experiments than Fig. 1 using both SPADE and GO-
SPADE. This figure shows notably that the presence of consecutive repetitions
has nearly no impact on GO-SPADE extraction time for a given amount of
frequent patterns.
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Fig. 1. Evolution of SPADE execution time on datasets with consecutive repetitions

This paper is organized as follows. Section 2 gives an overview of related work
in the sequential pattern mining field. Section 3 presents in a synthetic way the
SPADE algorithm before to introduce in Sect. 4 our contribution which is a novel
SPADE-based algorithm. Section 5 presents experimental results that illustrate
how GO-SPADE gains in efficiency compared to SPADE in the case of datasets
presenting consecutive repetitions. We conclude in Sect. 6 by a summary and
directions for future work.

2 Related Work

In the data mining community, the computation of the sequential patterns has
been studied since 1995, e.g., [6,10,7,4,8,11,13,12]. It has lead to several algo-
rithms that can process huge sets of sequences. These algorithms use three
different types of approaches according to the way they evaluate the support
of sequential pattern candidates. The first family contains algorithms that are
based on the A-Priori scheme [1] and that perform a full scan of the database to
evaluate the support of the current candidates, e.g., [2,10,7]. In these approaches,
a particular effort is made to develop specific structures to represent the sequen-
tial patterns candidates to speed-up the support counting operations (e.g., the
dedicated hash tree used in [10]). The second family (e.g., [4,8]) contains algo-
rithms that try to reduce the size of the dataset to be scaned by performing
projections of the initial database. The last family (e.g., [11,13,12]) concerns
algorithms that keep in memory only the information needed for the support
evaluation. These algorithms are based on the so called occurrence lists which
contain the descriptions of the location where the pattern occur in the dataset.
The projection database and occurrence list approaches seem to be more effi-
cient than the first one in the case of low support threshold and long sequential
patterns since the occurrence lists and the projected databases become more
and more smaller. As far as we know, no comparative studies has been done
enabling to affirm whether one approach is definitely better than the others. In
the frequent itemset extraction field, these three families also exist (e.g., [9,14,
1]) and according to the experimental results of [14], it seems that techniques
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based on occurrence lists are more efficient at very low support thresholds (while
this is not always the case for higher thresholds).

Databases containing consecutive repetitions of items present a new specific
problem and, to our knowledge, has not been studied yet. We propose an algo-
rithm based on SPADE [11,13]. It uses generalized occurrences lists to represent
consecutive occurrences of patterns.

3 The SPADE Algorithm

In this section, we recall the principle of the SPADE algorithm [11,13]. SPADE
repeats two basic operations: a generation of candidate patterns and a support
counting step. Let us introduce some needed concepts. A pattern with k items is
called a k-pattern. For example, the pattern B → ACD → CDFG is a 8-pattern.
A prefix of a k-pattern z is a subpattern of z constituted by the k−1 first items of
z (items in the last event of z are ordered according to the lexicographical order)
and its suffix corresponds to its last item. For example, the prefix of the pattern A
→ BC is the subpattern A → B and its suffix is item C. SPADE uses two frequent
k-patterns z1 and z2 having the same (k−1)-pattern as prefix to generate a (k+
1)-pattern z. We denote this operation as merge(z1, z2). The support counting
for the newly generated pattern is not made by scanning the whole database.
Instead, SPADE has stored in specific lists, called IdLists, the positions where
z1 and z2 occur in the database. It then uses these two lists denoted IdList(z1)
and IdList(z2) to determine where z occurs. Then IdList(z) allows to compute
directly the support of z. The computation of IdList(z) is a kind of join and is
denoted join(z1, z2). There are several different merge and join operations used
depending on the form of z1 and z2 for merge and on the form of z1, z2 and z
for join. Before describing in more details these operations and the structure of
IdLists we give an abstract formulation of SPADE (algorithm 1).

To reduce the memory consumption and to enhance the efficiency, the SPADE
algorithm uses various important optimizations (in particular a notion of equiv-
alence class of patterns, dedicated breadth-first and depth-first search strategies
and also a specific processing for 1-patterns and 2-patterns). These optimizations
are not related to the problem tackled in this paper and we refer the reader to [11,
13] for their descriptions.

The IdList of a pattern z contains only the information needed to compute
the support of z and the IdLists of the patterns that will be generated using
z. IdList(z) is a set of pairs 〈sid, eid〉, each pair describing an occurrence y of
z in the database. sid is the identifier of the sequence containing y and eid is
the timestamp of the last event of y. Examples of IdLists for 1-patterns are
given in Fig. 2 and for the same database, the two Right-Tables of Fig. 3 present
examples of IdLists for the 2-patterns C → D and CD.

The support of pattern z is obtained by counting the number of distinct
sids present in IdList(z). For example, in Fig. 2, the support of A and E are
respectively 2 and 1.

During the merge operation of the generation step, SPADE distinguishes
two kinds of patterns: sequence patterns and event patterns, depending on the
temporal relation between the prefix and the suffix of a pattern. A pattern having
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Algorithm 1 (abstract SPADE)
Input: a database of event sequences and a
support threshold.
Output: the frequent sequential patterns
contained in the database.

Use the database to compute:
- F1 the set of all frequent items
- IdList(z) for all element z of F1

let i := 1
while Fi �= ∅ do

let Fi+1 := ∅
for all z1 ∈ Fi do

for all z2 ∈ Fi do
if z1 and z2 have the same prefix then

for all z obtained by merge(z1, z2) do
Compute IdList(z) by join(IdList(z1), IdList(z2)).
Use IdList(z) to determine if z is frequent.
if z is frequent then
Fi+1 := Fi+1 ∪ {z}

fi
od

fi
od

od
i := i+ 1

od
output

⋃
1≤j<i

Fj

Fig. 2. A database and IdList for items A, B, C, D and E
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prefix p and suffix s is called an event pattern, denoted ps if s occurs at the same
time than the last item of p. If s occurs strictly after the last item of p, the
pattern is called a sequence pattern and is denoted p → s. For example, pattern
AB → C → BDF having pattern AB → C → BD as prefix and item F as suffix
is an event pattern. Pattern AB → C whose prefix is AB and suffix is C is a
sequence pattern.

Let z1 and z2 be patterns having the same prefix p with respective suffix s1
and s2. The merge operation used to generate a new pattern depends on the
form of z1 and z2 (i.e., an event pattern or a sequence pattern). The form of z
determines the kind of join performed to compute IdList(z) from IdList(z1)
and IdList(z2). If z is an event pattern (resp. a sequence pattern) the join is
made using a procedure called EqualityJoin (resp. TemporalJoin). We present
these generation cases and then describe the join operations.

– when z1 and z2 are event patterns (generation case 1):
z1 and z2 are of the forms z1 = ps1 and z2 = ps2. The pattern generated by
merge is z = ps1s2 and its IdList = EqualityJoin(IdList(z1),IdList(z2)).

– when z1 is an event pattern and z2 a sequence pattern (generation case 2):
z1 and z2 are of the forms z1 = ps1 and z2 = p → s2.
The pattern generated by merge is z = ps1 → s2 and we have
IdList(z)=TemporalJoin(IdList(z1),
IdList(z2)).

– when z1 and z2 are sequence patterns: z1 and z2 are of the forms z1 = p → s1
and z2 = p → s2. If s1 �= s2, three patterns are generated:

• (generation case 3) the pattern generated by merge is z = p → s1s2 and
IdList(z) = EqualityJoin(IdList(z1),IdList(z2)).

• (generation case 4) the pattern generated by merge is z = p → s1 → s2
and IdList(z) = TemporalJoin(IdList(z1),IdList(z2)).

If s1 = s2 and z1 = z2 = p → s1 (generation case 5), there is only one gener-
ated pattern z = p → s1 → s1 and IdList(z) = TemporalJoin(IdList(z1),
IdList(z2)).

The two join operations are defined as follows:
Computation of IdList(z) using TemporalJoin(IdList(z1),IdList(z2)): For
each pair 〈s1, e1〉 in IdList(z1) and each pair 〈s2, e2〉 in IdList(z2) check if
〈s1, e1〉 represents an occurrence y1 preceeding the occurrence y2 represented by
〈s2, e2〉 in a sequence (i.e., s1 = s2 and e1 < e2). If this is the case, it means that
the events in y1 and y2 form an occurrence of z, then add 〈s1, e2〉 to IdList(z).

Computation of IdList(z) using EqualityJoin(IdList(z1),IdList(z2)): For
each pair 〈s1, e1〉 in IdList(z1) and each pair 〈s2, e2〉 in IdList(z2) check if
〈s1, e1〉 represents an occurrence y1 ending at the same time than the last event
of occurrence y2 represented by 〈s2, e2〉 (i.e., s1 = s2 and e1 = e2). If this is the
case, y1 and y2 form an occurrence of z and then add 〈s1, e1〉 to IdList(z).

We now describe on an example how these joins are performed. Let con-
sider the IdList of items C and D represented in Fig. 3 (from the example
database of Fig. 2). The IdList of pattern C → D is obtained performing a
TemporalJoin between IdList(C) and IdList(D) as follows: for a given pair (s,
e1) in IdList(C), SPADE checks whether there exists a pair (s, e2) in IdList(D)
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Fig. 3. Temporal and equality joins on IdList(C) and IdList(D)

with e2 > e1, which means that item D follows the item C in the sequence s.
If this is true, then the pair (s, e2) is added to the IdList of pattern C → D.
The resulting list is represented in Fig. 3. The IdList of pattern CD is com-
puted by EqualityJoin(IdList(C),IdList(D)) and is depicted on Fig. 3. This
EqualityJoin is performed as follows: for a given pair (s, e1) in IdList(C),
SPADE checks whether there exists a pair (s, e2) in IdList(D) with e2 = e1,
which means that item D occurs at the same time than item C in the sequence
s. If this is true, then the pair (s, e2) is added to the IdList of pattern CD.

4 The GO-SPADE Algorithm

4.1 Motivations

Let us revisit the example of Fig. 2 and consider the IdList for item A. This
item occurs in a consecutive way in the sequences: at eid 1, 2 and 3 in the first
sequence and at eid 1, 2, 3 and 4 in the second one. Such a situation can appear
in several kind of databases in particular when the events come from some quan-
titative data such as time series with smooth variations. SPADE IdList stores
one line per occurrence, that is 3 lines for the occurrences of item A in sequence
1 and 4 lines for sequence 2. We introduce the concept of generalized occurrence
to compact all these consecutive occurrences. For example, the 3 consecutive
occurrences of item A in sequence 1 can be represented by only one generalized
occurrence of the form 〈1, [1, 3]〉 containing the sequence identifier (i.e., 1) and
an interval [1,3] containing all the eids of the consecutive occurrences. When
the pattern contains several events, the interval contains all eids of the con-
secutive locations of the last event. For example, for pattern A → B, its four
occurrences in sequence 1 in Fig. 4 are represented by the single generalized
occurrence 〈1, [3, 6]〉.

Using such a representation enables to reduce significantly the size of the
IdLists, as soon as some consecutive occurrences appear in the database. This
compact form of IdList containing generalized occurrences is termed GoIdList.
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Fig. 4. GoIdList vs. IdList

Figure 4 illustrates these reductions and also shows how these reductions are
propagated during the join operations. For example, IdList(A) contains 7 oc-
currences while the GoIdList(A) contains only 2 generalized occurrences. This
figure also presents the reductions obtained for IdList(B) and for the IdLists
of A → B, B → A and AB resulting from TemporalJoin and EqualityJoin
operations on IdList(A) and IdList(B).
In the following, we present our new algorithm, GO-SPADE based on new join
operations using GoIdLists.

This approach not only reduces the memory space used during an extraction
process, it also reduces significantly the join cost , and thus the overall execution
time. These effects (memory and time gains) will be described and analyzed in
Sect. 5. For example,

4.2 GO-IdList: An IdList of Generalized Occurrences

A generalized occurrence represents in a compact way several occurrences of a
pattern z, and contains the following informations:

– An identifier sid that corresponds to identifier of a sequence where pattern
z occurs.

– An interval [min,max] corresponding to consecutive occurrences of the last
event of pattern z.

Such a generalized occurrence is denoted as a tuple 〈sid, [min,max]〉.
A GoIdList is a list containing all the generalized occurrences of a sequential

pattern. The generalized occurrence list of the sequential pattern z is denoted
by GoIdList(z).
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4.3 GO-SPADE Algorithm

The overall principle of GO-SPADE is the same that the one of SPADE presented
in Algorithm 1. The generation process remains the same as in SPADE (i.e., a
new pattern z is generated from two generator patterns z1 and z2 sharing a same
prefix p).

The difference between the two algorithms is that in GO-SPADE the occur-
rences of the patterns are stored in generalized occurrence lists and that the
TemporalJoin and EqualityJoin computations are replaced by dedicated pro-
cedures operating on this generalized form of occurrence.

We now present the new TemporalJoin in Algorithm 2 and, in Algorithm 4,
the new EqualityJoin.

Algorithms 2 and 4 generate a new GoIdList from the GoIdLists of two
generator patterns z1 and z2. They proceed in a similar way. The nested loops of
lines 1 and 2 iterate on the elements of GoIdList(z1) and GoIdList(z2). For each
pair (〈sid1, [min1,max1]〉, 〈sid2, [min2,max2]〉), the algorithms call a function
to join these two generalized occurrences using respectively LocalTemporalJoin
(algorithm 3) and LocalEqualityJoin (algorithm 5). Algorithm 2 just checks
before that min1 < max2 in order to verify that at least one occurrence of
〈sid1, [min1,max1]〉 terminates before the end of at least one occurrence of
〈sid2, [min2,max2]〉. Test in line 5 (resp. line 4) verifies that the generalized
occurrence returned by LocalTemporalJoin (resp. LocalEqualityJoin) is valid.
If it is the case, then it can be added to the current generated GoIdList (line 6,
resp. line 5). These algorithms terminate after having proceeded with all couples
of generalized occurrences (〈sid1, [min1,max1]〉, 〈sid2, [min2,max2]〉) returning
the computed GoIdList.

Algorithm 2 (TemporalJoin)
Input: GoIdList(z1), GoIdList(z2)
Used subprograms: LocalTemporalJoin
Output: a new GoIdList

Initialize GoIdList to the empty list.
1.for all occ1 ∈ GoIdList(z1) do
2. for all occ2 ∈ GoIdList(z2) do
3. if (min1 < max2) then
4. let 〈v, add〉 := LocalTemporalJoin

(〈sid1, [min1,max1]〉,
〈sid2, [min2,max2]〉)

5. if add then
6. Insert v in GoIdList
7. fi
8. fi
9. od
10.od
11.output GoIdList

Algorithm 3 (LocalTemporalJoin)
Input: Two generalized occurrences
〈sid1, [min1,max1]〉
and 〈sid2, [min2,max2]〉
Output: 〈v, add〉 where:
v = 〈sid, [min,max]〉 and add, a boolean
value that is false if v cannot be created.

1. let add := false
2. let v := null
3. if (sid1 = sid2) then
4. find min the minimum element x

of [min2, max2]
such that x > min1

5. let sid := sid1

6. let max := max2

7. let v := 〈sid, [min,max]〉
8. let add := true
9.fi
10.output 〈v, add〉
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Algorithm 4 (EqualityJoin)
Input: GoIdList(z1), GoIdList(z2)
Used subprograms: LocalEqualityJoin
(Algorithm 5)
Output: a new GoIdList

1.for all occ1 ∈ GoIdList(z1) do
2. for all occ2 ∈ GoIdList(z2) do
3. let 〈v, add〉 :=

LocalEqualityJoin(occ1,occ2)
4. if add then
5. Insert v in GoIdList
6. fi
7. od
8.od
9.output GoIdList

Algorithm 5 (LocalEqualityJoin)
Input: Two generalized occurrences
〈sid1, [min1,max1]〉
and 〈sid2, [min2,max2]〉
Output: 〈v, add〉 where:
v = 〈sid, [min,max]〉 and add, a boolean
value that is false if v cannot be created.

1. let add := false
2. let v := null
3. if (sid1 = sid2) then
4. if (min1 ≤ max2 and max1 ≥ min2 ) then
5. let sid := sid1

6. let min := max(min1,min2)
7. let max := min(max1,max2)
8. let v := 〈sid, [min,max]〉
9. let add := true
10. fi
11.fi
12.output 〈v, add〉

Algorithm 3, LocalTemporalJoin, generates a new generalized occurrence
from the two input ones. It first verifies that the two generalized occurrences
are from a same sequence, that is sid1 = sid2 (line 3). Lines 4 to 8 generate
a new generalized occurrence. Line 4 sets the min value of the generalized oc-
currence to be created with the minimum element of [min2, max2] which is
greater than min1. This means that min is the first occurrence of the general-
ized occurrence 〈sid2, [min2,max2]〉 that strictly follows the first occurrence of
〈sid1, [min1,max1]〉. Secondly, Line 5 sets the sid value. Then, line 6 sets the
max value of the new generalized occurrence to max2 (the location of the last
occurrence corresponding to z2).

Algorithm 5, LocalEqualityJoin, first verifies that the two generalized occur-
rences come from the same sequence and then checks in line 4 if the intersection
of the two intervals [min1, max1] and [min2, max2] is empty or not. If the
intersection is not empty, it means that there exists occurrences of the new pat-
tern ending at each eid in this intersection. Then the algorithm sets [min,max]
to the intersection of [min1, max1] and [min2, max2] , and sets the value of
sid.

4.4 Soundness and Completness

Definition 1. (v represents y) Let y be an occurrence of pattern z in a
sequence S from a database β. LetGoIdList(z) be the generalized occurrence list
of this pattern and let v be one generalized occurrence from GoIdList(z) denoted
by the tuple 〈sid, [min,max]〉. We say that v represents y if sid(v) = Id(S) and
min ≤ end(y) ≤ max where end(y) denotes the eid of the last event of y.

Definition 2. (soundness) Let S be a sequence of β and z be a pattern with
its generalized occurrence list GoIdList(z). GoIdList(z) is sound if for all v in
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GoIdList(z), where v is of the form 〈sid, [min,max]〉 with sid(v) = Id(S), we
have: for all integer tf in [min,max], there exists an occurrence of z in S such
that end(y) = tf .

Theorem 1. For all patterns z, the GoIdList(z) generated by GO-SPADE is
sound.

Definition 3. (completness) Let z be a pattern, GoIdList(z) its generalized
occurrence list. GoIdList(z) is complete if for all S in β and for all y such that
y is an occurrence of z in S, then there exists v in GoIdList(z) such that v
represents y

Theorem 2. For all patterns z, the GoIdList(z) generated by GO-SPADE is
complete.

The following theorem follows directly from Theorem 1 and 2.

Theorem 3. (correctness) For all patterns z, the support determined by GO-
SPADE using GoIdList is the same as the support determined by SPADE using
IdList.

5 Experimental Results

We present experimental results showing that the behavior of SPADE algorithm
is greatly enhanced by the use of generalized occurrences when datasets contain
consecutive repetitions. Both GO-SPADE and SPADE algorithms have been
implemented using Microsoft Visual C++ 6.0, with the same kind of low level
optimization to allow a fair comparison. All experiments have been performed
on a PC with 196 MB of memory and a 500 MHz Pentium III processor under
Microsoft Windows 2000.

The experimentations have been run on synthetic datasets generated using
the Dataquest generator of IBM [2]. Two datasets have been generated using
the following parameters: C10-T2.5-S4-I1.25-D1K over an alphabet of 100 items
(called set1) and C10-T2.5-S4-I1.25-D10K over an alphabet of 1000 items (called
set2). The first one contains 1000 sequences, the second one 10000 sequences.
In both cases, the average size of the sequences is 10 (see [2] for more details
on the generator parameters). In these datasets, the time interval between two
time stamps is 1, and there is one event per time stamp.

In order to have datasets presenting parameterized consecutive repetitions
on certain items, we performed a post-processing on set1 and set2. Each item
founded in an event of a sequence has a probability fixed to 10% to be repeated.
When an item is repeated, we simply duplicate it in the next i consecutive
events. If the end of the sequence is reached during the duplication process
the sequence is not extended (no new event is created) and thus, the current
item is not completely duplicated. For dataset set1 (resp. set2) we denote
set1 r{i} (resp. set2 r{i}) the dataset obtained with a repetition parameter of
value i. For the sake of uniformity, set1 (resp. set2) is denoted set1 r0 (resp.
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Fig. 5. Evolution of the total number of occurrences used (top left), of the total number
of comparisons (top right) and of the total execution time (bottom left). Influence of
consecutive repetitions on SPADE vs. Go-SPADE (bottom right)

set2 r0). The post-processing on set1 r0 leads to the creation of 5 new datasets
set1 r1,. . ., set1 r5. They all have been created simultaneously, to repeat the
same items in all the new datasets. For example, if item A occurring in sequence
10 at timestamp 5 is chosen to be repeated, then it will be added to event at
timestamp 6 in sequence 10 in set1 r1, and to events at timestamps 6 and 7 in
sequence 10 in set1 r2, and so on.

5.1 Generalized Occurrences Impact on the List Sizes

Generalized occurrences represent in a compact way all consecutive occurrences
that can be found in a sequence database. The top left graph of Fig. 5 shows
the sizes of IdLists and GoIdLists (in number of elements) for extractions
performed on files set1 r0, set1 r1, . . ., set1 r5 using several support thresholds
(7.5%, 5% and 2.5%). The number of occurrences used by SPADE is greater
than the number of generalized occurrences used by GO-SPADE. As expected,
this reduction is more important when the consecutive repetition parameter
increases.

5.2 Generalized Occurrences Impact on the Join Costs

As shown in the previous experiments, the size of GoIdList is smaller than the
size of IdList. This reduction has a direct impact on the join costs. Indeed,
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let ns and ms be the number of occurrences of two generator patterns in a se-
quence s. In the worst case, and assuming that there are nbSeq sequences in
the database, the number of comparisons needed to perform one join between
these two generator patterns is

∑
s nsms, s ∈ [1, . . . , nbSeq]. Suppose now that

all ns and ms are reduced by an average factor of γ ≤ 1, then the number of
comparisons becomes

∑
s γ

2nsms, s ∈ [1, . . . , nbSeq]. In this case, the number
of comparisons used by GO-SPADE is reduced by γ2 compared to SPADE.
The top right graph of Fig. 5 shows this reduction in practice during extractions
performed on set1 r0 to set1 r5 with support thresholds 2.5% and 7.5%. For ex-
ample, the cost in term of number of comparisons needed during a GO-SPADE
extraction at 2.5% is significantly lower than the cost for SPADE at the same sup-
port threshold and furthermore is close to the cost for SPADE extraction at 7.5%.

5.3 Generalized Occurrences Impact on the Execution Time

The reduction of the list sizes and the reduction of the comparison number
enable to greatly reduce the overall execution time of extractions. This is
illustrated on the bottom left graph of Fig. 5, that presents the execution
time of SPADE and GO-SPADE on datasets set1 r0 to set1 r5 for support
thresholds 2.5%, 5% and 7.5%.

In Fig. 1 (Sect. 1), we have presented how the time needed by SPADE
(to extract a given number of patterns) increases in presence of sequences
containing consecutive repetitions. The bottom right graph of Fig. 5 completes
these results with the corresponding times for GO-SPADE. It shows that the
execution time of GO-SPADE to find a given number of patterns remains quite
the same in presence of repetitions.

6 Conclusion and Future Works

We considered databases of sequences presenting some consecutive repetition of
items. We showed that the SPADE algorithm [11,13], a typical sequential pat-
tern extraction algorithm, turns out to become significantly less efficient on this
kind of databases. SPADE is based on lists containing information about the
localization of the patterns in the sequences. The consecutive repetitions lead to
a defavorable growth of the size of these occurrence lists and thus increase the
total extraction time. We defined a notion of generalized occurrences to handle
in a compact way the pattern localizations. We propose an algorithm, called GO-
SPADE, that extends SPADE to handle these generalized occurrences. Finally,
we showed by means of experiments that GO-SPADE remains efficient when
used on sequences containing consecutive repetitions. In the data mining com-
munity, the frequent sequential pattern extraction process has been enhanced by
the consideration of other constraints that the minimal frequency to specify be-
forehand the relevancy of extracted patterns. These constraint specifications can
be used to reduce both the number of extracted patterns and the search space.
The c-SPADE algorithm [12], a constrained version of SPADE, is an example
of such a constrained-base sequential pattern mining algorithm. A promising
direction for future work is to extend c-SPADE with an appropriated form of
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generalized occurrences to process efficiently sequences with consecutive repeti-
tions. Furthermore, we can now proceed with the real data about stock market
analysis that has motivated this research.
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Abstract. When modeling technical processes, the training data
regularly come from test plans, to reduce the number of experiments
and to save time and costs. On the other hand, this leads to unobserved
combinations of the input variables. In this article it is shown, that
these unobserved configurations might lead to un-trainable parameters.
Afterwards a possible design criterion is introduced, which avoids this
drawback. Our approach is tested to model a welding process. The
results show, that hybrid Bayesian networks are able to deal with yet
unobserved in- and output data.

Keywords: Bayesian network, modeling, manufacturing process,
laserbeam welding

1 Introduction

Modeling of technical processes is applied in many parts of industrial every-
day life, e.g. in model based control and quality management. Particularly in
the domain of manufacturing, there are two, closely intertwined problems. We
have to tackle with few, in most of the cases incomplete, data. The reason is
the way tests are executed. Each test causes expenses for material and for the
staff, carrying out the experiments. This cost pressure leads to test plans [1,10].
The main idea is to make less experiments, knowing that the used test plan is
not able to reveal all possible interdependencies. Particularly interdependencies
between multiple parameters are neglected. Therefore only in seldom cases all
possible combinations of variables are tested.

Modeling with Bayesian networks(BN) has many advantages, e.g. the pos-
sibility of structure learning and to deal with hidden variables. But one of the
drawbacks in Bayesian modeling is the sensitivity to missing combinations, if
parameters, representing these combinations, are part of the network. In the
training process, these parameters are trained as usual, that is depending on
the frequency of the occurring cases. When the output for a yet unpresented
example has to be predicted, this results in a faulty output.
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As the usage of discrete nodes causes this phenomenon, a possible solution
would be the restriction to continuous nodes, with the disadvantage, that only
linear functions could be modeled. Additionally it is not possible to treat each
random variable as continuous random variable. The other possibility is to rely
purely on a-priori knowledge. But in most of the cases it will be hard to get
exact a-priori knowledge. This article shows the critical structures, to be deduced
from the test plan, and discusses possible workarounds. The method is applied
to the problem of modeling a welding process with 6 input parameters and one
output parameter. Some of the parameters are discrete, others are continuous,
thus a hybrid Bayesian network[2,7,8] is used for modeling. This enables us to
model also nonlinearities. In our example two different methods are used. For
one input parameter, the squared value is used as additional input. On the other
side it is possible to represent a variable both as discrete and continuous random
variable. Using this method also steep slopes can be modeled, e.g. the failure of
the welding process. The combination of discrete and continuous nodes allows
also the approximation of nonlinear functions by multiple Taylor series [3].

This article is structured as follows. Section 2 gives a brief introduction to
hybrid Bayesian networks, Sect. 3 deals with modeling of manufacturing data
derived from test plans. Afterwards, in Sect. 4, the data to be modeled are
introduced. Section 4 is followed by the applied model and the obtained results.
In comparison to other modeling methods, like neural networks and classification
trees, we are able to predict both input and output signals with the same model,
as the Bayesian network represents a joint distribution of all in- and output
parameters, so that arbitrary variables are predicted by marginalization. The
article finishes with a conclusion which contains an outlook to further research.

2 Bayesian Networks

Bayesian networks represent a multivariate distribution P (X1, X2, · · · , Xn) of
random variables X1, X2, · · · , Xn. In this article P denotes a distribution of
discrete random variables, p is used for continuous ones. Using the Bayes rule,
the probability of a configuration x1, · · · , xn, i.e. an instantiationXi = xi of every
random variable, can be calculated as a product of conditional probabilities [15]

P (x1, x2, · · · , xn) = P (x1)
n∏

i=2

P (xi|xi−1, · · · , x1) . (1)

In many cases, Xi does not depend on all random variables X1, · · · , Xi−1, but
only on a subset Pa(Xi) ⊆ {X1, · · · , Xi−1}, called the parents Pa(Xi) of Xi.
Using these independencies the chain rule (1) rewrites to

P (x1, x2, · · · , xn) = P (x1)
n∏

i=2

P (xi|pa(Xi)) , (2)

where pa(Xi) denotes the instantiation of Pa(Xi). Usually the dependencies
between random variables are represented in a acyclic graph, with the random
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variables as nodes and directed edges from the parents Pa(Xi) to Xi. As an
example, Fig. 1 might be used. The parents of node H are {X1, X2, X3, X4},
thus there are edges Xi → H from Xi to H. It is assumed, that H is a hidden
node, which are drawn in shaded manner in this article. To distinguish discrete
nodes from continuous ones, the former are drawn as circle or ellipse, the latter
as square or rectangle. The next section discusses so called hybrid Bayesian
networks, where discrete and continuous nodes are used at the same time.

2.1 Hybrid Bayesian Networks

At the beginning of the development of BNs, only networks with discrete nodes
were used. That means that discretization is needed for all continuous variables.
Additionally, a great number of parameters is required, to describe exactly a
BN with discrete nodes. If only continuous nodes are regarded, it is possible to
use a Gaussian network instead, where normal distributions are associated with
every random variable, whose mean is calculated as linear combination of its
predecessor’s values. I.e. the distribution p of a random variable X with parents
Y is

p(x|y) = N (µX0 +wXy, σX) (3)

with N as the one-dimensional normal distribution. When y = 0 the mean of the
normal distribution is µX0 ,wX is the weight vector between Y andX. Of course,
it is possible to regard X also as a multidimensional random variable, but, for
the purpose of the article, it is sufficient to use a one-dimensional distribution.
If not only continuous variables are used, or if non-linearities are required, these
needs are met by hybrid BNs as described in [7,8,11,14].

The set of nodes of a hybrid BN contains both discrete and continuous nodes.
Discrete nodes, having only discrete predecessors, are handled as usual. I.e. each
node X stores the conditional probabilities P (X|Pa(X)) in a table, which is
used for calculation of joint and marginal distributions. Major changes are made
for continuous nodes, having both discrete and continuous predecessors. As in
Gaussian networks, the values of continuous nodes are still assumed to be normal
distributed, but this time a mixture of normal distribution is used with P(xp),
the probability of the parents having configuration xp, as the mixing coefficients.
As defined in [4], a configuration for a set of nodes is a set of states with exactly
one state for each variable. Therefore, there are different means µX0 [xp], weights
wX [xp] and standard deviations σX [xp] for every possible configuration. The
distribution of node X, given that the continuous parents Y have value y and
configuration xp for the discrete parents, is

p(x|y,xp) = P(xp)N (µX0 [xp] +wX [xp]y, σX [xp]) . (4)

If a continuous node has no discrete parents, there is only one possible config-
uration, and the equation is reduced to the pure Gaussian case. It remains the
problem, whether discrete nodes are allowed to have continuous parents. Some
authors, e.g. Lauritzen [7] [8] and Olesen [14] assume, that there are no such
nodes allowed, which simplifies training of BNs. At the moment there are two
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main approaches, discussed e.g. in [12], to deal with continuous predecessors of
discrete nodes. In [9] the junction tree algorithm, used for inference in BNs, is
expanded for BNs with continuous nodes as predecessors of discrete nodes.

3 Modeling of Manufacturing Processes

In Sect. 2.1 an introduction to the parameterization of hybrid Bayesian networks
is given. The reader should keep in mind, that for every possible configuration xp
of the parent nodes there is a set of parameters to be adapted. For a discrete node
X this is usually a table with conditional probabilities P (x|xp), for continuous
nodes the weights w[xp], means µ[xp] and dispersions σ[xp] have to be stored.
This section gives a brief overview about test plans, mainly to show that the
used test plan leads to special restrictions on the used structure.

Test plans are used to save time and money for a lot of tests, which might
be redundant. The reason might be, that also the influence of parameter combi-
nations is explored, which have no effect on the output parameter, according to
the engineer, executing the test. Imagine a simple, linear process with four input
parameters X1, · · · , X4, and one output Y . Suppose that combinations of three
different variables have no influence on the output of the experiment. In this
case, the test plan in Table 1 can be used, where the input of X4 is calculated as
the product of X1 to X3. The symbols ’-’ and ’+’ represent a low respectively
a high instantiation of the random variables. The product · is defined, so that
the product of two different values is negative, the product of two equal values is
positive. As X4 is the product of X1, · · · , X3, there is no way to distinguish be-
tween the influence of X4 and the combined influence of X1, · · · , X3, which is no
drawback, as it was supposed that X1 ·X2 ·X3 has no influence on the outcome
of the experiment. On the other hand, 50% of the experiments are saved. As test
plans are applied regularly to explore the interdependencies within a process, it
is necessary to discuss the effect of test plans in Bayesian modeling. Simple BNs
to represent the influence of Xi on Y are depicted in Figs. 1 and 2. The hid-
den node H on the left hand side has as parameter a table with all conditional
probabilities P (h|x1, x2, x3, x4), including e.g. P (h| − − − −), which represents
a never tested combination.

Table 1. Example of a simple test plan

X1 X2 X3 X4 = X1 ·X2 ·X3 Y

- - - -
- - + +
- + - +
- + + -
+ - - +
+ - + -
+ + - -
+ + + +
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X1 X2 X3 X4

Y

H

Fig. 1. Critical node H

X1 X2 X3 X4

Y

Fig. 2. Critical node Y

X1 X2 X3 X4

X12 X24 X23 X34

Y

Fig. 3. Robust model

The same problem occurs in Fig. 2, where the parameters µY [x1, x2, x3, x4]
and σY [x1, x2, x3, x4] can not be trained. Of course a pure continuous model will
solve the problem, but in this case only linear models can be represented.

Models, as depicted in Fig. 3, might help. They show the following features:

– There is no node representing the influence of a combination of 3 variables.
When designing the test plan, it is concluded, that these combinations have
no influence on Y .

– For all nodes with discrete parents all configurations of the parents are ob-
served.

Thus the preconditions for a robust modell are fulfilled. The reader should notice
that this consideration provides also a criterion for structure learning, which can
easily be tested. The variance analysis, usually used to evaluate tests, provides
further hints for the structure of the Bayesian network.

The principles discussed in this section are applied to develop a model of
the welding process discussed in Sect. 4. The resulting model, together with the
result, is presented in Sect. 5.

4 Welding

The welding process is part of a shortened process chain for the manufacturing
of complex, hollow bodies, that consists of the processes hydroforming, cutting,
and joining by laser beam welding. Two blanks are inserted in a hydroforming
tool, formed by pressing fluid between the blanks and cutted by shear cutting.
The next process is the welding of the flange by a welding robot that is integrated
in the forming tool. For a description of the complete process chain see [5,6].

The first input parameter of the welding process is the type of weld (Confer
Fig. 4 for a complete list of the used parameters). Lap edge joint and lap seam
joint were investigated. Also, the number of welds is from interest. To achieve a
closed impermeable weld, the beginning of the weld has to be welded again at
the end of the process. This double welding may have a negative effect on the
welding quality. Furthermore, the necessary accuracy of the welding robot has
to be examined by determing the influence of defocussing and of a weld offset.
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Fig. 4. In- and output parameters of welding process
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The results of these experiments are depicted in Fig. 5. Since the welding process
takes place just after the hydroforming and cutting, the blanks are contaminated
with hydroforming media and lubricant. The effect of this contamination has to
be determined. To ensure a constant welding velocity, a setting angle of 30◦ must
be applicated in the corners of the flange. The last and surely most important
input factor is the welding velocity. The effect of the velocity is displayed in
Fig. 6. The output parameters of the welding process are welding depth, tensile
force, pore volume, formability and impermeability of the weld. In this article,
only the dependency of the tensile force on the input parameter is modeled.

5 Results

The principles discussed in Sect. 3 are applied to model the welding process,
introduced in Sect. 4. A variance analysis shows, that the contamination has
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nearly no effect on the tensile force and that both, the angle, and the type
of joint, have an influence on the tensile force. Thus, there is no node for the
contamination.

When developing the structure of the BN, the problem occurs, that there are
no data available for the lap seam joint, together with an angle of +/− 30◦. So
the problem of untrainable parameter occurs. To avoid the risk of failure, the
two unobserved configurations are mapped with equal probability to neighboured
configurations. E.g. the lap seam joint with an angle = 30◦ is mapped to the lap-
edge joint with an angle of 30◦, and the lap seam joint with 0◦. This mapping is
done by the deterministic node H2. This means, that the conditional probability
table, which determines the behaviour of H2 is not changed during training.

Figure 6 shows, that the tensile force depends nonlinearly on the velocity v.
To enable the model to learn this nonlinearity, an additional node, representing
the squared velocity, is added. The mean of node FH1 and the weights of the
edges v → FH1, and v2 → FH1, are initialised, so that F is approximated by
a regression polynomial of second order. The used model is depicted in Fig. 7,
the obtained results for an angle of 0◦ are shown in Fig. 8. The tensile force
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Fig. 10. Tensile force depending on defocussing

depends also on the number of joints. Node H1 represents the difference of the
tensile force for a second joint. That is H1 = 0 for one joint and larger than 0 for
a second joint. The results of FH1 and H1 are added, i.e. both links H1 → FH2
and FH1 → FH2 are initialised to 1, so that FH2 represents the tensile force for
intact seams.

The failure of the seam is caused by the offset or defocussing being larger
than a threshold. This threshold is represented by the two means of Offset
and Defocusing, triggered by the nodes Od and Dd respectively. Again, a good
initialisation is essentially.

The discrete node H3 has two states, representing an intact or defective
joint, which triggers the node F . In case of an intact joint the tensile force is
determined by FH2, otherwise the node F predicts approximately the mean of
the tensile force of all defective joints. For a comparison of the predicted tensile
force, depending on the offset and on the defocussing, see Figs. 9 and 10. The
results in Fig. 10 are best for an offset of 0 mm, as the largest part of the
experiments are executed with that offset.

To test our model, the Bayesian network was trained with the EM algorithm,
which is already implemented in the BN-toolbox [13], which was used for the
experiments described in this article.

As training data, we got 48 blocks with 6 examples each. To test, whether our
model is able to make predictions also for unseen configurations, we trained our
net with 47 blocks. Afterwards we compare the predictions with the measured
values of the remaining block. To calculate the predictions, all the remaining,
observed, variables are entered as evidence and the mean of the marginal distri-
bution is taken as prediction. For continuous random variables (v, F ), we used
the relative error

ecr =
|vm − vp|

vm
100% (5)

as quality criterion. In equation (5) vm denotes the measured value, and vp
the predicted one. For discrete random variables (Number of joints, joint type,
angle), the error is defined as quotient between the number of misclassifications
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Table 2. Relative error

Variable Number of joints Velocity Angle Joint type Tensile force

er 37.7% 22.1% 50.4% 15.5 % 17.04%

nm and the total number of classifications nt.

edr =
nm
nt

100% . (6)

The results are given in Table 2. For the offset and defocusing exact predictions
can not be expected. Only predictions for the equivalence class, e.g. failure caused
by offset or not, can be made. For the offset there are 3 misclassifications in the
48 blocks tested. For the defocusing 2 blocks are not correctly classified.

6 Conclusion

The usage of test plans is widely spread in manufacturing. Even simple test
plans result in unobserved configurations, as the number of experiments grows
exponentially with the number of variables.

This article has shown, that unskilful modeling might lead to a complete
failure of the model. In contrary, when all configurations of discrete parents are
observed, this results in a stable model. This principle is applied to the modeling
of a welding process. The results show, that the discussed model is able to deal
with evidences, not seen before, e.g. our model is able to predict the tensile
force of yet unobserved velocities and offsets. In comparison to neural networks,
a Bayesian network is also able to predict input variables, when the output is
given. The price for this advantage is a higher effort for modeling, even if there
are lot of structure learning algorithms available.
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tele- und multimediale Präsentation. PhD thesis, Universität Erlangen-Nürnberg,
Meisenbach, Bamberg, 2002. http://www.integrierte-fertigung.de.

7. S.L. Lauritzen. Propagation of probabilities, means, and variances in mixed graph-
ical association models. Journal of the American Statistical Association, Vol.
87(420):1098–1108, December 1992.

8. S.L. Lauritzen and F. Jensen. Stable Local Computation with Conditional Gaus-
sian Distributions. Technical Report R-99-2014, Aalborg University, Department
of Mathematical Sciences, September 1999.

9. Uri Lerner, Eran Segal, and Daphne Koller. Exact inference in networks with
discrete children of continuous parents. In Uncertainty in Artificial Intelligence:
Proceedings of the Seventeenth Conference (UAI-2001), pages 319–328, San Fran-
cisco, CA, 2001. Morgan Kaufmann Publishers.

10. Douglas C. Montgomery. Design and Analysis of Experiments. Wiley, New York,
fifth edition edition, 2000.

11. Kevin P. Murphy. Inference and Learning in Hybrid Bayesian Networks. Technical
Report CSD-98-990, University of California, Computer Science Division (EECS),
January 1998.

12. Kevin P. Murphy. A variational approximation for bayesian networks with dis-
crete and continuous latent variables. In Kathryn Blackmond Laskey and Henri
Prade, editors, Proceedings of the Fifteenth Conference on Uncertainty in Artificial
Intelligence, San Francisco, 1999. Morgan Kaufmann Publishers Inc.

13. Kevin P. Murphy. The Bayes Net Toolbox for Matlab. Computing Science and
Statistics, 33, 2001.

14. K.G. Olesen. Causal probabilistic networks with both discrete and continuous vari-
ables. IEEE Transaction on Pattern Analysis and Machine Intelligence, 3(15):275–
279, 1993.

15. J. Pearl. Probabilistic reasoning in intelligent systems. Morgan Kaufmann Pub-
lishers, Inc., 1988. ISBN 0-934613-73-7.



 

P. Perner and A. Rosenfeld (Eds.): MLDM 2003, LNAI 2734, pp. 317–327, 2003. 
© Springer-Verlag Berlin Heidelberg 2003 

Using Bayesian Networks to Analyze Medical Data 

In-Cheol Kim1  and  Yong-Gyu Jung2 

Department of Computer Science, Kyonggi University 
San 94-6 Yiui-dong, Paldal-gu, Suwon-si, Kyonggi-do, 442-760, Korea 

1kic@kyonggi.ac.kr    
2ygjung@shjc.ac.kr 

Abstract. Due to many possible causes involved with infertility, it is often dif-
ficult for medical doctors to diagnose the exact cause of the problem and to de-
cide the correct therapy. A Bayesian network, in general, is widely accepted as 
an effective graphical model for analyzing biomedical data to determine asso-
ciations among variables and to make probabilistic predictions of the expected 
values of   hidden variables. This paper presents Bayesian network-based analy-
sis of infertility patient data, which have been collected from the IVF clinic in a 
general hospital for two years. Through learning Bayesian networks from the 
clinical data, we identify the significant factors and their dependence relation-
ships in determining the pregnancy of an infertility patient we classify the pa-
tient data into two classes (pregnant and not-pregnant) using the learned Bayes-
ian network classifiers. From this medical data mining, we discovered the new 
domain knowledge that the age of female partner and stimulants like hCG, FSH, 
LH, Clomiphene, Parlodel and GnRH play the key role in pregnancy of an in-
fertility patient.  Through the experiments for investigating the prediction accu-
racy, Bayesian network classifiers showed the higher accuracy than non-Bay-
esian classifiers such as the decision tree and k-NN classifier. 

1   Introduction 

For most prospective parents, getting pregnant takes an average of six months. Even 
after having frequent intercourse without birth control for one year, 10 percent to 15 
percent of couples continue to have difficulty getting pregnant. When this happens, the 
couple is considered to have a problem with infertility. Infertility can be caused by a 
reproductive problem in the man, the woman, or both partners. Approximately 20 
percent of couples evaluated have more than one reason for their infertility. Reproduc-
tive problems explaining infertility occur with roughly equal frequency in men and 
women. But in the case of female infertility, the age of a woman has a significant 
impact on the infertility. In general, pregnancy rates diminish progressively every five 
years after the age of 30. After the age of 44, pregnancy rates are exceedingly low, 
even when fertility medications are used [9]. In order to resolve an infertility problem, 
we should identify and treat the cause of the problem correctly. But such correct diag-
nosis and treatment require the patients to have extensive tests for ovulatory, womb, 
uterocervical canal, laparoscopy and others.  Recently, medically assisted conception 
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methods like IVF-ET (In Vitro Fertilization) through insemination of oocyte and 
sperm are being widely used as treatments. The typical treatment process executed in 
IVF clinics is like the followings: First, oocyte and sperm are obtained separately for 
fertilization. To obtain as many oocytes as possible, ovulatory stimulants like hCG, 
FSH, LH, Clomiphene, Parlodel, GnRH are used. These stimulants make pituitary to 
increase the follicle stimulating hormone. Next, sperm and oocytes are fertilized in 
Vitro. This subprocess is called IVF (In Vitro Fertilization). If IVF fails, through the 
subprocess called ICSI (Intra-Cytoplasmic Sperm Injection), the sperm is injected into 
oocyte. 

Computationally there have been attempts from medical domain to analyze vari-
ous treatment factors to predict the success of therapy [1, 7, 13]. A Bayesian network 
is widely accepted as a graphical model, which is not only useful to illustrate the de-
pendencies among variables under conditions of uncertainty, but also to make prob-
abilistic predictions of the expected values of hidden variables [11]. Furthermore, in 
addition to observed data, prior domain knowledge can be easily incorporated in con-
structing and interpreting the Bayesian networks. This paper presents Bayesian net-
work-based analysis of infertility patient data, which have been collected from the IVF 
clinic in a general hospital for two years. Through learning Bayesian networks from 
the clinical data, we identify the significant factors and their dependence relationships 
in determining the pregnancy of an infertility patient. And then we classify the patient 
data into two classes (pregnant and not-pregnant) using the learned Bayesian network 
classifiers.  

2   Bayesian Networks 

In general, a Bayesian network describes the probability distribution over a set of 
variables by specifying a set of conditional independence assumptions along with a set 
of conditional probabilities. A Bayesian network, also called Bayesian belief network, 
is a directed acyclic graph (DAG) with conditional probabilities for each node [8, 12]. 
In a Bayesian network, each node represents a problem variable and each arc between 
nodes represents a conditional dependency between these variables. Each node con-
tains a conditional probability table that contains probabilities of the node being a 
specific value given the values of its parents. The joint probability for any desired 
assignment of values <y1, y2, y3, …, y n> to the tuple of network variables <Y1, Y2, Y3, 
…, Y n> can be computed by the formula 
 

                                           ))(|(),...,(
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where Parents(Yi) denotes the set of immediate predecessors of Yi in the network. The 
values of P(yi|Parents(Yi)) are  the values noted in the conditional probability table 
associated with node Yi [13]. 
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Fig. 1. A Bayesian network 

 

Table 1. Conditional probability table 

 A, B A, ~B ~A, B ~A, ~B 

D 0.4 0.1 0.8 0.2 

~D 0.6 0.9 0.2 0 

 
To illustrate, the Bayesian network in Fig. 1 represents the joint probability dis-

tribution over the Boolean variables A, B, C, D, E, and F. The network nodes and arcs 
represent the assertion that D is conditionally dependent of its immediate parents A 
and B, but conditionally independent of its nondescendants C and E. The Table 1 
shows the conditional probability table associated with the variable D. This table pro-
vides only the conditional probabilities of D given its parent variables A and B. The 
top left entry in this table, for example, expresses the assertion that P(D=True |  
A=True, B=True)= 0.4.  

We can use a Bayesian network to infer the value of some target variable given 
the observed values of the other variables. This inference step can be straightforward 
if values for all of the other variables in the network are known exactly. In the case of 
<A=True, B=False, C=True, E=True, F=False>, for example, consider the target 
value of D based on the Bayesian network in Fig. 1.  Because the variable D is de-
pendent on only its immediate parents A and B, we need to compare two conditional 
probabilities P(D=True | A=True, B=False) and P(D=False | A=True, B=False).  Ta-
ble 1 shows these posterior probabilities of D are 0.1 and 0.9 respectively. Based on 
these posterior probabilities of D, we may infer that the value of D must be True in 
this case. Hence, a Bayesian network can be used as a classifier that gives the poste-
rior probability distribution of the classification node given the values of other attrib-
utes. 

Cheng’s work [2] defined several different classes of Bayesian network classifi-
ers: (a) Naïve Bayesian Network (NBN), (b) Bayesian Network Augmented Naïve-
Bayes (BAN), (c) General Bayesian Network (GBN). A Naïve Bayesian Net-
work(NBN) is a very simple kind of Bayesian networks that assumes the attributes (or 
variables) are independent given the classification node.  
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(a) 

 
(b) 

 
(c) 

Fig. 2. (a) Naïve Bayesian Network (NBN), (b) Bayesian Network Augmented Naïve-Bayes 
(BAN), (c) General Bayesian Network (GBN) 

 
A NBN has the classification node as the parent node of all other nodes (see Fig. 2a). 
No other connections are allowed in a NBN. Although the independence assumption is 
obviously problematic, NBN has surprisingly outperforms many sophisticated classifi-
ers over a large number of datasets. As an effort to relax the problematic independ-
ence assumption, more general classes of Bayesian networks like BAN and GBN have 
been suggested. BAN allows attributes to form an arbitrary graph (see Fig. 2b). Unlike 
the other Bayesian classifiers, GBN treats the classification nodes as an ordinary node 
(see Fig. 2c).  

In order to improve the NBN classifiers, there have been also some efforts for se-
lecting feature subset in addition to relaxing independence assumption. In a Bayesian 
network, we call as the Markov blanket of a node n a subset of nodes, which is the 
union of n’s parents, n’s children, and the parents of n’s children. The Markov blanket 
of a node n corresponds a subset of nodes within a boundary that shields the node n 
from being affected by any node outside the boundary. If we learn an unrestricted 
GBN, we can get a natural feature subset by selecting only features within the Markov 
blanket around the classification node. 

The two major tasks in learning a Bayesian network are learning the graphical 
structure, and then learning the conditional probability table entries for that structure. 
It is trivial to learn the conditional probabilities for a given structure from a complete 
dataset. But, it is known to be very hard to learn the optimal Bayesian network struc-
ture from the dataset. There are two different classes of Bayesian network structure 
learning methods: the scoring-based algorithms and the conditional independence(CI)-
based algorithms. The CI-based learning algorithms are widely accepted to be more 
efficient than the scoring-based algorithms in practice. 

3   Data Collection and Preprocessing 

The infertility patient data used for our experiment were collected from a general 
hospital located in Seoul for two years. This infertility patient dataset contains about 
400 treatment records of patients who had visited the IVF clinic in the hospital from 
Jan. 2000 to Dec. 2001. Each record consists of 39 different attributes (38 instance 
attributes + an additional class attribute). While each instance attribute represents one 
of the patient’s basic information, symptoms, clinical tests, and treatment methods, the 
class attribute represents the final pregnancy test. 38 different instance attributes are 
given below: patient’s name, the age of female partner, the age of male partner, the 
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infertile period, noticeable symptoms, follicle stimulations, IVF methods, E2 level 
hormone, endometriosis thickness, the number of oocytes per stages (mature, inter I, 
inter II, immature, atretic, post), Intracytoplasmic oocytes of total, the number of em-
bryos per state (1day, 2day, entire), ET method, assisted hatching, zona thickness, the 
period elapsed since embryos transfer, the number of embryos transferred(G1, G2, 
G3, G4, G5), PN arrested embryos, total number of embryos transferred, granular 
macrophage colony stimulating factor, male infertility factors (semen volume, cell 
count, sperm mobility of raw semen, strict morphology percentage before treatment, 
strict morphology of sperm treated), immune bead test, WBC cell count in raw semen, 
and beta hCG level. 

 

Table 2. Discrete attributes 

Attribute Description Value Description Value 

Indication 
(IND) 

Endometriosis  
Immunological 
Ovarian   
O and T  
O and U  
Peritoneal  

A 
B 
C 
D 
E 
F 

P and T 
Tubal 

T and U 
Uterine 

Unexplained 

G 
H 
I 
J 
U 

Stimulation Long Protocol 
Short Protocol 
Ultra Short ‘’ 
HMG only  
FSH 

L 
S 
U 
H 
F 

Parlodel 
Follicular 

Null 
Clomiphene 
FSH-HMG 

P 
RF 
N 
C 

FSH-H 

IVF IVF-ET C ICSI I 

ETM Wallace W Default T 

ETD Second day 
Third day 

STD 
TTD 

Fifth day 
Sixth day 

FTD 
SXTD 

Clin True 1 False 0 

 
 
Based on domain experts’ advices, we reduced the dimension of the collected dataset 
by selecting 9 most relevant ones out of the total 39 attributes and removing the re-
maining ones. While Table 2 shows the set of 6 discrete attributes, Table 3 lists the set 
of 3 continuous attributes. In order to reduce the number of values for a given con-
tinuous attribute, we applied a discretization technique for dividing the range of the 
attribute into intervals. Among various discretization methods, the widely used ones 
are: Equal Width Interval Binning, Holte’s 1R Discretizer [6], Recursive Minimal 
Entropy Partitioning [3]. In our research, Holte’s 1R Discretizer was applied to discre-
tize the continuous-value attributes. 1R Discretizer is a supervised discretization 
method using binning. After sorting the continuous values, 1R divides the range of 
continuous values into a number of disjoint intervals and adjusts the boundaries based 
on the class labels associated with the continuous values.  
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Table 3. Discretization of continuous attributes 

Attribute Description Value Description Value 

Female age 

(FA) 

20 ~ 34 

35 ~ 40 

L 

M 

over 40 H 

Total 

ICT 

Null 

1 ~ 5 

6 ~ 10 

N 

L 

M 

11 ~ 15 

16 ~ 20 

over 20 

MH 

H 

HH 

Total embryos 

transferred(TO) 

Null 

1 ~ 5 

N 

Normal 

6~10 

over 10 

SHIGH 

HIGH 

 
 

 

Fig. 3. A sample dataset 

 
Unlike simple binning methods such as Equal Width Interval Binning, 1R uses the 
available class information to overcome the problem which forces to put two instances 
with the same class label in two different intervals. Figure 3 shows three attributes 
discretized in this way.  

Additionally the required preprocessing step was data cleaning to handle incom-
plete, noisy, and inconsistent data. The records with either any missing data or incon-
sistent data were all simply eliminated from the dataset. After such data cleaning, the 
clean dataset containing only 269 records was obtained. Figure 3 shows a sample 
dataset contained in a MS Excel file. 

4   Experiments 

4.1   Learning Bayesian Networks 

In order to analyze the feature dependencies and to make predictions of pregnancy, we 
learned three different types of Bayesian networks (NBN, BAN, and GBN) from the 
preprocessed dataset. Cheng’s CBL algorithm [2], which is an efficient CI-based 
learning algorithm, was applied. This algorithm requires O(N2) mutual information 
tests. For learning both NBN and BAN from the infertility patient dataset, the classifi-
cation node representing the final pregnancy test(clin) was set to be the root node. For 
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learning GBN, on the other hand, the classification node was treated as an ordinary 
node. Unlike other types of Bayesian networks, NBN required no structure learning 
from the training data as the structure is given a priori. We learned the structure of 
BAN by allowing all attribute nodes except the root node to form an arbitrary graph. 
Figures 4, 5, and 6 show the learned NBN, BAN, and GBN respectively. Due to space 
problem, the conditional probability tables for each node are not shown.  
 

 

c lin

IVF

IC T

TO

ETM

ETD

F A

IN D

s t im u lat io n

 Fig. 4. Naïve Bayesian Network (NBN) 
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Fig. 7. Naïve Bayesian Network with Se-
lected Features (NBNSF) 
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Fig. 5.  Bayesian Network Augmented Naïve-
Bayes (BAN) 
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Fig. 8. Bayesian Network Augmented 
Naïve-Bayes with Selected Features 
(BANSF) 
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Fig. 6. General Bayesian Network (GBN) 
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Fig. 9. General Bayesian Network with 
Selected Features (GBNSF) 

 
 
From Fig. 6, we can see that the classification node, clin, still does not have any 
parents in the learned GBN, although the learner treated it as an ordinary node. The 
gray-colored nodes (FA, Stimulation, ETM, TO, and IND) in GBN represent the 
nodes within the Markov blanket of the classification node. The corresponding 
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attributes are female age, type of stimulation, use of Wallace, total number of 
transferred embryos, and symptoms. These attributes may be considered to be the 
most important features directly affecting the pregnancy of infertility patients. Hence 
we have attempted to reduce the dimension of the dataset to the set of these six 
features, which contains the class attribute. Then from the reduced dataset, new NBN, 
BAN, and GBN have been generated. The newly learned NBN, BAN, and GBN are 
denoted as NBNSF, BANSF, and GBNSF respectively (see Figs. 7, 8, and 9).  
 

 

Table 4. Conditional probabilities P(Clin=true | FA,Stimulation)  

Stimulation FA=H FA=L FA=M 

C .2083333 .5833333 .2083334 
F .2962963 .4074074 .2962963 

FSH-H .2777778 .2777778 .4444444 
H .2777778 .4444444 .2777778 

L .0574713 .6091954 .3333333 
N .3333333 .3333333 .3333334 
P .3809524 .2380952 .3809524 

RF .2777778 .4444444 .2777778 
S .1282051 .3589744 .5128205 
U .2777778 .4444444 .2777778 

 

4.2    Dependency Analysis 

Unlike NBN and BAN assuming every possible dependency between the classification 
node and each attribute node, GBN without such assumption tends to represent only 
the actual dependencies supported by the training data. In other words, learning a 
GBN from the given dataset can find a subset of features significantly affecting the 
classification of an instance. The Markov blanket of the classification node can be 
considered as such a subset of feature nodes. From Fig. 6, therefore, we can see that 
the pregnancy of an infertility patient depends primarily on the five features such as 
female age, type of stimulation, use of Wallace, total number of transferred embryos, 
and symptoms.  

Due to its inherent assumption of attribute-independence, NBN in Fig. 4 does not 
have any dependency links between attributes nodes themselves. From Figs. 5 and 6, 
on the other hand, we can see that both BAN and GBN could find such conditional 
dependencies among attributes nodes themselves. Furthermore, we can also see that 
such inter-attribute conditional dependencies found by BAN are the same as those 
ones by GBN. 
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Fig. 10. Graph representing P(Clin=true | FA,Stimulation) 

 
From Figs. 8 and 9, we can see that after feature reduction both BANSF and GBNSF 
still conserve the same inter-attribute dependencies as BAN and GBN. Table 4 shows 
the conditional probabilities P(Clin=true | FA,Stimulation) of the pregnancy of an 
infertility patient, given the age of female and the type of stimulation. From Table 4, 
we can see that if the female patient is young, stimulants of clomiphene (C) and long 
protocol (L) treatment can help increase the possibility of pregnancy. The most 
significant features in determining the pregnancy of an infertility patient and the 
conditional dependencies among them found through learning Bayesian networks, 
especially GBN, are currently accepted as an interesting discovery in the viewpoint of  
domain experts. 

4.3    Pregnancy Prediction 

For the purpose of evaluating the prediction accuracy of each Bayesian network clas-
sifier, we conducted the experiments in three different ways. The patient dataset of 
269 records was split into the training dataset of 244 records and the test dataset of 25 
records. Each classifier learned from the separate training dataset, and then, was tested 
on both the training dataset and the test dataset. In another series of experiments, each 
classifier was tested using 10-fold cross validation method. In order to compare 
Bayesian classifiers with non-Bayesian classifiers in terms of the prediction accuracy, 
we tested the decision-tree classifier (by C4.5 algorithm) and k-NN(k-nearest 
neighbors) classifier in the same ways. Additionally, In order to investigate the effect 
of feature reduction, we also experimented with NBNSF, BANSF, and GBNSF.  

Table 5 provides the prediction accuracy of each classifier. From Table 5, we 
can see that all Bayesian classifiers showed the higher prediction accuracy than non-
Bayesian classifiers such as the decision tree and k-NN classifier. We can also see that 
among the Bayesian network classifiers, GBN was proved to be the best classifier with 
respect to our dataset.  
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Table 5. Classification accuracies 

Classifiers Training Data Test  Data AVG of 10-fold cross 

validation 

DT(C4.5) 

k-NN (k=3) 

77.4% 

78.9% 

64.3% 

66.7% 

73.9% 

74.8% 

NBN 

BAN 

GBN 

78.4% 

81.9% 

81.4% 

67.1% 

70.0% 

72.9% 

75.5% 

78.8% 

79.2% 

NBNSF 

BANSF 

GBNSF 

79.9% 

82.4% 

79.4% 

74.3% 

71.4% 

65.7% 

78.4% 

79.6% 

75.9% 

 
Among the Bayesian network classifiers with selected features, BANSF showed the 
higher accuracy than NBNSF and GBNSF. Figure 11 shows the effect ratio by feature 
reduction. From Fig. 11, we can see that the prediction accuracy of NBN has been 
improved most drastically. 
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Fig. 11. Effect ratio by feature reduction 

5   Conclusions 

This paper presented Bayesian network-based analysis of infertility patient data, 
which have been collected from the IVF clinic in a general hospital for two years. 
Through learning Bayesian networks from the clinical data, we identified the signifi-
cant factors and their dependence relationships in determining the pregnancy of an 
infertility patient. We classified the patient data into two classes (pregnant and not-
pregnant) using the learned Bayesian network classifiers. From this medical data min-
ing, we discovered the new domain knowledge that the age of female partner and 
stimulants like hCG, FSH, LH, Clomiphene, Parlodel and GnRH play the key role in 
pregnancy of an infertility patient. Through the experiments for investigating the pre-
diction accuracy, Bayesian network classifiers showed the higher accuracy than non-
Bayesian classifiers such as the decision tree and k-NN classifier. 



Using Bayesian Networks to Analyze Medical Data        327 

 

References 

[1]  Ahmed Y. Tawfik and Krista Strickland: Mining Medical Data for Causal and Temporal 
Patterns, Proceedings of the 4th European Conference on the Principles and Practice of 
Knowledge Discovery in Databases (2000). 

[2]  Cheng, J. and Greiner, R. : Learning Bayesian Belief Network Classifiers –  Algorithms 
and System, Proceedings of the 4th Canadian Conference on Artificial Intelligence 
(2001). 

[3]  Dougherty, J., Kohavi, R., and Sahami, M. : Supervised and Unsupervised Discretization 
of Continuous Features”, Pro ceedings of ICML’95  (1995) 194–202. 

[4]  Gorrill, Marsha J., Kaplan, Paul F., Patton, Phillip E., Burry, Kenneth A.: Initial Experi-
ence with Extended Culture and Blastocyst Transfer of Cryopreserved Embryos, Ameri-
can Journal of Obstetric & Gynecology, vol. 180, no. 6 (1999). 

[5]  Hyuk Jung, Infertility: What is Problem – The Origin and Therapy, Woori Publishing 
(1997). 

[6]  Jiawei Han, Micheline Kamber, Data Mining: Concepts and Techniques, Morgan Kauf-
manm (2001). 

[7]  Jorge C. G. Ramirez, Diane J. Cook, Lynn L. Peterson, Dolores M. Peterson: An Event 
Set Approach to Sequence Discovery in Medical Data, Intelligent Data Analysis, vol. 4, 
no.6 (2000) 513– 530. 

[8]  Kevin Patrick Merphy: Dynamic Bayesian Networks –  Representation, Inference and 
Learning, PhD Thesis, UC Berkeley, Computer Science Division, July (2002). 

[9]  Korea Society of Obsterics and Gynecology: Gynecology, Calvin Publishing (1991) 389–
436. 

[10]  N. Friedman, M. Linial, I. Nachman, D. Pe’er: Using Bayesian Networks to Analyze 
Expression Data, Journal of Computational Biology (2000). 

[11]  Pearl, J.: Probabilistic Reasoning in Intelligent Systems, Morgan Kaufmann (1988). 
[12]  Tom M. Mitchell: Machine Learning, McGraw-Hill (1997). 
[13]  Wynne Hsu, Mong Li Lee, Bing Liu, Tok Wang Ling : Exploration Mining in Diabetic 

Patients Databases –  Findings and Conclusions, Proceedings of KDD-2000 (2000) 430–
436.  



A Belief Networks-Based Generative Model for
Structured Documents. An Application to the

XML Categorization

Ludovic Denoyer1 and Patrick Gallinari1

Laboratoire d’Informatique de Paris VI
LIP6

France
{ludovic.denoyer, patrick.gallinari}@lip6.fr

http://www-connex.lip6.fr

Abstract. We present a generative Bayesian model for the modeling of
structured (e.g. XML) documents. This model allows us to simultane-
ously take into account structure and content information. It is used here
for classifying XML documents. We adopt a machine learning approach
and the model parameters are learned from a labeled training set of rep-
resentative documents. We discuss the role of structural information for
classification and describe experiments on a small collection of class la-
beled structured documents. We also present preliminary results showing
how this model could classify documents with DTDs not represented in
the training set.

1 Introduction

The development of large electronic document collections ands Web resources
has been paralleled by the emergence of different structured format proposals,
aimed at encoding content information in a suitable form, for a variety of infor-
mation needs. In addition to providing standard representations, these formats
allow us to enrich the document content with additional information (e.g. meta-
data, comments etc...) and allow to store and access this content in a more
efficient way. Some proposals (e.g. RDF for Web documents) have gained some
popularity. At the same time, description languages like XML have become stan-
dards and are already widely used by different communities. For text documents,
these representations encode both structural and content information. Flat doc-
ument collections will probably be superseded in the near future by structured
collections.

There is an important need to adapt existing information access methods to
these new document representations so that they take all the benefit of these
richer representations and also answer new information access challenges and new
user needs. Current Information Retrieval (IR) methods have mainly been devel-
oped for handling flat document representations and cannot be easily adapted
to deal with structured representations. In this paper, we focus on the particular
task of structured document categorization.
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Intuitively, like for other IR tasks, structure might seem to play an important
role in categorization. A word will not have the same meaning or the same sig-
nificance depending on its position into the document (title, metadata, keyword,
etc). Also, a large and complex document might be relevant to a specific class
even when only one of its subparts is relevant to the class. This information is
hardly exploited at all in classical document representations.

In this article, we examine the role of structural information for document
categorization and propose methods for exploiting both the content and the
structure information for categorization tasks. We describe a generative catego-
rization model based on belief networks. This work offers a natural framezork
for encoding structured representations and allows us to perform inference both
on the whole document and on document subparts.

2 Previous Works

Text categorization is a classical information retrieval task which has motivated
a large amount of work over the last fews years. Most categorization models
have been designed for handling bag of words representations and do not con-
sider word ordering or document structure. Generally speaking, classifiers fall
into two categories: generative models which estimate class conditional densities
P (document/Class) and discriminant models which directly estimate the poste-
rior probabilities P (Class/document). The naive Bayes model [11] for example
is a popular generative categorization model whereas among discriminative tech-
niques support vector machines [8] have been widely used over the last few years.
[19] makes a complete review of flat document categorization methods. Note that
more recently, models which take into account sequence information have been
proposed [4].

The expansion of the Web has motivated a series of works on Web page cat-
egorization - viz. the last two Trec competitions [20]. Web pages are built from
different type of information (title, links, text, etc) which play different roles.
There has been several attempts to combine these information sources in order
to increase page categorization scores. There is not yet a clear conclusion on the
relevance of combining these different types of information, however, this is work
in progress. Many authors propose combining different classifiers each of them
being trained on a specific information source. For example [17] compares three
HTML page classifiers: one operates on the flat textual content of the pages, a
second on page and section titles and a third on hyperlinks text. Experiments
performed on one of the few available labeled HTML dataset, WebKB [2], show
that indeed titles and hyperlinks information is relevant for the task and allow to
increase performance compared to a purely flat textual representation. [12] maps
a structured document onto a vector by encoding different structural elements
(title, links, text) into different parts of the vector. For each part, he makes use
of a frequential term representation (tf-idf), where the frequencies are computed
on this specific type of structural element. He then uses classical classifiers on
these vectors. However, this does not bring any improvement on WebKB. Du-
mais and Chen [6], make use of the HTML structure (tags) in order to select
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the more relevant document parts for the categorization problem. [21] classify
hypertexts by combining 3 classifiers which operate on the different parts of the
document (linked pages, HTML tags, metadata). All these approaches deal only
with HTML, they propose simple schemes either for encoding the page structure
or for exploiting the different types of information by combining basic classifiers.
They represent an initial attempt to take into account HTML structure and do
not allow us to exploit more complex structures. These models exploit a priori
knowledge about the particular semantics of HTML tags, and as such cannot be
extended to more complex languages like XML where tags may be defined by
the user. We will see that our model does not exploit this type of semantics and
is able to learn from data the importance of tag information.

The previous models use a priori information about the nature of the tag,
i.e this model uses the information that the title of an HTML page is described
between the tag called < title > and < /title >. We will see that our model
does not use any information about the significance of the tags of an
XML document.

Some authors have proposed more principled approaches to deal with the
general problem of structured document categorization. These models are not
specific to HTML even when they are tested on HTML databases due to the lack
of a reference XML corpus. [5] for example proposes the Hidden Tree Markov
Model (HTMM) which is an extension of HMMs to a structured representa-
tion. They consider tree structured documents where in each node (structural
element), terms are generated by a node specific HMM. [16] have proposed a
Bayesian network for classifying structured documents. This is a discriminative
model which computes directly the posterior probability corresponding to the
document relevance for each class.

From a categorization model perspective, Bayesian networks (BN) have been
used for information retrieval for some time, mainly for ad-hoc tasks. Inquery
[1], is a well known retrieval engine based on BNs which operates on flat text.
Other authors have also used BNs for the retrieval of structured documents,e.g.
[14], [15]. Outside the field of information retrieval, some models have been
proposed to handle structured data. The hierarchical HMM (HHMM) [7] is also
a generalization of HMMs to structured data, it has been tested on handwriting
recognition and on the analysis of English sentences, similar HMM extensions
have been used for multi-agent modeling [13]. However, inference and learning
algorithms in these models are too computationally demanding for handling large
IR tasks. The inference complexity for HHMM is O(NT 3) whereN is the number
of states in their HMM and T the length of the text in words, for comparison
our model is more like O(N + T ) as will be seen later.

The model we propose is a generative model which has been developed for
the categorization of any tree like document structure (typically XML docu-
ments). This model bears some similarities with the one in [5], however, their
description being very general, we cannot further compare the models. Their
model is adapted to the semantic of HTML documents and considers only the
inclusion relation between two document parts. Ours is generic and can be used
for any type of structured document, even when tags do not convey semantic
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information, it allows considering different types of relations between structured
elements: inclusion, depth in the hierarchical document, etc. This model could
be considered as a special case of the HHMM [7] since it is simpler and since
HHMM can be represented as particular BNs [13]. It is computationally much
less demanding and has been designed for handling large document collections.

[22] presents an extension of the Naive Bayes model to semi-structured doc-
uments where essentially global word frequencies estimators are replaced with
local estimators computed for each path elements.

3 Document Structure

A structured document d will be represented as a Directed Acyclic Graph (DAG).
Each node of the graph represents a structural entity of the document, and
each edge represents a hierarchical relation between two entities (for example,
a paragraph is included in a section, two paragraphs are on the same level of
the hierarchy, etc). For keeping inference complexity to a reasonable level, we
do not consider circular relations which might appear in some documents (e.g.
Web sites), this is a simplifying assumption which is not too severe since this
definition already encompasses many different types of structured documents.

Each node of the DAG is composed of:

– a label: for example, labels can be section, paragraph, title and represent
the structural semantic of a document.

– a textual information which is the textual content associated to this node
if any.

A structured document then contains three types of information:

1. the logical structure information represented by the arcs of the DAG. (the
position of the tag in an XML document)

2. the label information (the name of the tag in an XML document)
3. the textual information

Figure 1 is a simple example of structured document.

4 The Generative Model

We now present our BN model which allows to handle these 3 types of informa-
tion. This model can be used with any XML document without using a priori
informations about the semantic of the structure (i.e: we do ignore the signifi-
cance of the tags describe in the DTD). We first briefly introduce BNs and then
describe the different elements of the model.

4.1 Belief Networks

Belief networks [9] are stochastic models for computing the joint probability
distribution over a set of random variable. They are DAGs whose nodes are the
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Label : PARAGRAPH
Text : "This is the second paragraph"

Label : PARAGRAPH
Text :"This is the first paragraph "

Label : SECTION
Text : "This is the first section."

Label : INTRODUCTION
Text : "This document is an

example of structured document "

Label : SECTION
Text : "The second section is
composed of one single paragrah"

Label : PARAGRAPH
Texte : "This is the third paragraph"

Label : DOCUMENT
Text :

Fig. 1. An example of structured document represented as a Direct Acyclic Graph.
This document is composed of an introduction and two sections. The first section has
two paragraphs and the second one. Each part of the document is represented by a
node with a label and a textual information

random variables and edges correspond to probabilistic dependence relations
between 2 variables. The structure of the DAG reflects conditional independence
properties between variables, the joint probability of a set of variables writes:

P (x1, ..., xn) =
∏
i=1..n P (xi/pa(xi)) where (pa(xi)) denotes the parents of

xi in the DAG.

4.2 Model Components

Let d = (wd, sd) denote a document, with wd the textual content and sd the
structural organization of the document. We will construct a generative model
with parameters θ for computing the probability of a document:

P (d|θ) = P ((wd, sd)|θ) = P (sd|θ)P (wd|sd, θ) (1)

In the following, we will successively detail the model components for the
structural P (sd|θ) and content P (wd|sd, θ) terms.

The Structural Probability: P (sd|θ)
We encode the structural information of a document into a belief network. This
information sd is the realization of a set of random variables denoted sd =
{sid}, i ∈ [1..|sd|] (where |sd| is the number of structured nodes for document
d), with sid ∈ Λ where Λ is the set of all the possible labels for the nodes
of the DAG representing document d. Note that Λ depends on the DTD of the
training XML documents. The corresponding BN structural parameters are then
the quantities {P (sid|pa(sid))} which are the probabilities to observe sid given its
parents pa(sid) in the BN. In our model, we will construct one BN for each
document. This BN can be thought of as a model of the structured document
generation, where the generation process goes as follows: someone who wants
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to create a document about a specific topic will sequentially and recursively
create the document organization and then fill the corresponding nodes with
text. For example he first creates sections after what, for each section, he creates
subsections etc... recursively. At the end, in each ”terminal” node, he will create
the textual information of this part as a succession of words. This is a typical
generative approach which extends to structured information the classical HMM
approach for modeling sequences. The corpus will then be represented as a series
of BN models, 1 per document. Each will compute its structural density as:

P (sd|θ) =
|sd|∏

i=1

P (sid|pa(sid)) (2)

In order to have a robust estimation of the BN parameters, we will share sets
of parameters among all the collection BNs. For the structural part, we make the
hypothesis that the {P (sid|pa(sid))} depend only on the labels of nodes sid and
pa(sid). i.e. two nodes in two different BNs which share the same label and whose
parents also share the same labels will have the same transition probability.

Let us assume for now that our documents are XML documents which follow
a specific DTD. Our ”structural model” is based on the following ideas:

– Λ the set of values for the sid, corresponds to the set of values for the tags
in the DTD.

– We want to be able to take into account two types of structural information:
1. The inclusion information. We want to represent the fact that a part

(for example, a paragraph) is included into an other part (for example,
a section).

2. A sequential information which indicates how the different parts do ap-
pear sequentially in the document. e.g. a paragraph is followed by an
other paragraph, or the first section follows the introduction, etc.

– Model complexity should remain low enough for the classification of large
corpus: we will then use only first order dependencies between document
parts.

Within this framework, several BN models may be associated to a docu-
ment d. Figure 2 illustrates two of the models we have been working with. The
DAG structure of Model 2 is copied from the tree structure of the document
and reflects only the inclusion relation. The same type of relation is used in
[5]. Model 1 contains both inclusion information (vertical edges) and sequence
information (horizontal edges). Both models are an overly simplified representa-
tion of the real dependencies between document parts. This allows to keep the
complexity of learning and inference algorithms low and to have robust infer-
ence models. Statistical models that work best are often very simple compared
to the underlying phenomenon (e.g. naive Bayes in text classification or Hidden
Markov Models in speech recognition), practioners of BNs have experienced the
same phenomenon. In our tests on the WebKB collection, the two models be-
have similarly, in the experiments we show results for model 1. Note that other
instances of our generic model could have also been used here.
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Document

Introduction Section Section

Paragraph Paragraph Paragraph

Document

Introduction Section Section

Paragraph Paragraph Paragraph

MODEL 1 MODEL 2

Fig. 2. Two possible structural belief networks constructed for the document pre-
sented in Fig. 1. For example in MODEL 1, we can compute the probability:
P (sd) = P (intro|titre)P (sec|intro)P (sec|sec)P (par|sec)P (par|par)P (par|sec) with
Λ = {intro, document, sec, par} representing the label document, introduction, section
or paragraph

Textual Probability: P (wd|sd, θ)
Let wd = wid, i ∈ [1..|wd|] be the set of all word instances of the document d,
wid ∈ V where V represents the space of all the possible terms (the vocabulary).
We make the following hypothesis:

– H1: the probability of a word wid depends only on the label of the node
that contains this word, i.e. P (wdi /s

d
i ) only depends on the value of sdi and

not on the place of the node in the tree.
– H2: in a node, words are independent (Naive Bayes assumption)

Let sel(wid) = sjd (sel = structural element) be the function which indicates
that word wid is in the node labeled sjd, we then have:

P (wd|sd, θ) =
|wd|∏

i=1

P (wid|sel(wid), θ) (3)

As for the structure, both hypothesis H1 and H2 have been made to keep
computation feasible. Hypothesis H1 means that word generation does not de-
pend on the father label of the node it belongs to. For the generative model this
means that the document creator generates words by considering only the local
context of the part he is currently writing. We could have considered a more
realistic process where word occurrence depends on the whole document path
which leads to this word at the price of more complex estimation models.

The naive Bayes hypothesis H2 is not mandatory here and any other term
generative model (e.g. HMM) could be used instead, however this hypothesis
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allows for a robust density estimation and it is not clear that more sophisticated
models could lead to any performance improvement.

Final Belief Network
Combining Eqs. (2) and (3), we get:

P (d|θ) =
|sd|∏

i=1

P (sid|pa(sid), θ)
|wd|∏

i=1

P (wid|sel(wid), θ) (4)

The BN corresponding to the document in Fig. 1 is given in Fig. 3.

Document

Introduction Section Section

Paragraph Paragraph Paragraph

This

Document

structured

of

example

an

is

document

section

first

the

is

this

paragraph

single

one

of

composed

is

section

second

the

paragraph

first

the

is

this

paragraph

second

the

is

this

paragraph

third

the

is

this

Fig. 3. The final belief network constructed to represent the document in 1. The ran-
dom variables corresponding to the word variables are represented with rectangles
whereas the random variables corresponding to the tags variables are represented with
circles

4.3 Learning

In this model, there are two sets of parameters to learn the transition and emis-
sion probabilities respectively denoted by ˆP (si|sj) and ˆP (wi|sj).

θ = { ˆP (si|sj)}si,sj∈Λ
⋃

{ ˆP (wi|sj)}wi∈V,sj∈Λ

In order to learn the θ, we use the EM algorithm. In this network, since
evidence is available for any variable, this amounts to a count of each possible
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values of the random variables. In our case, the EM algorithm is a maximum
likehood (ML) solving.

We want to maximize the log-likehood for all the BNs. Using Eq. (4), we
have:

L =
∑

d∈D

|sd|∑

i=1

logP (sid|pa(sid), θ) +
|wd|∑

i=1

logP (wid|sel(wid), θ) (5)

For simplification, the model parameters P (sid|pa(sid)) and P (wid|sel(wid)) are
denoted θsi

d,pa(s
i
d) and θwi

d,sel(w
i
d). Equation 5 then writes:

L =
∑

d∈D

|sd|∑

i=1

log θsi
d,pa(s

i
d) +

|wi
d|∑

i=1

log θwi
d,sel(w

i
d) (6)

In the following, θn,mdenotes either a textual probability or a structural
probability. It corresponds to P (node with value n/his parent has the value m).

The derivative of L is:
∂L

∂θn,m
=
∑

d∈D

∑

( s
i
d/s

i
d = n and pa(s

i
d) = m)

1
θn,m

+
∑

( w
i
d/w

i
d = n and sel(w

i
d) = m)

1
θn,m

=
∑

d∈D

number of times a node with value n has his parent with value m
θn,m

(7)

The learning algorithm then solves ∂L
∂θn,m

= 0 with the constraint
∑
n
θn,m = 1.

Using the Lagrange multipliers, we solve:

∂(L− λm(
∑
n
θn,m − 1)

∂θn,m
= 0 (8)

Let Nn,m the number of times a node with value n has his parent with value
m for all the documents of the training set, we solve:

Nn,m
θn,m

= λm (9)

So:

θn,m =
Nn,m∑
i

Ni,m
(10)

The complexity of the algorithm is O(
∑
d∈D

|sd| + |wd|). In a classical struc-

tured document, the number of node of the structural network is smaller than
the number of words of the document. So the complexity is quasi-equivalent
to O(

∑
d∈D

|wd|) which is the classical learning complexity of the Naive Bayes

algorithm.
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Remark
Let us consider what happens to the model for a classical flat document. The
corresponding belief network is presented in Fig. 4. The probability of the doc-
ument d derived from Eq. (4) is:

P (d|θ) =
|wd|∏

i=1

P (wid|sel(wid) = document, θ) (11)

document
<document>

This document is a flat document.
</document>

This documentflataisdocument

Fig. 4. A flat document (in XML format) an the associated belief network constructed
using the previous hypothesis

This is the equation of a Naive Bayes model, we can conclude that for flat
documents, our model is strictly equivalent to Naive Bayes.

4.4 Extending the Model to Unknown DTDs

We now show that the model could be easily extended to more complex cat-
egorization situations. As an example, we consider the categorization of XML
documents with unknown DTDs (we don’t know the values of the tags).

Up to now, we have made the hypothesis of a unique DTD in the corpus.
This is convenient for controlled collections like e.g. an editor scientific journals.
In many situations (e.g. documents gathered from the web), documents may
follow different DTDs so that with our approach, one will have to learn different
structures. One may also have to classify documents with DTDs not represented
in the training set. We will consider here a simple instance of the latter problem
where it is supposed that all the document in the training set follow the same
DTD and documents in the test set do have other DTDs. We make an addi-
tional -homogeneity- hypothesis: all DTDs carry similar structural information
(documents are more or less of the same type), but that tags may have different
names, some may be missing and some may be added. Within this framework,
we propose an extension of our model to enable the classification of documents
with new DTDs.

Suppose that we have learned θ using a train set of documents with DTD1
exactly as part 4.3). We want to compute the probability of a document d which
use an other unknown DTD2. We will not try to make an a priori correspondence
between the two DTDs but we rather consider that the labeling information is
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Label : PART
Text : "This is the second paragraph"

Label : PART
Text :"This is the first paragraph "

Label : PART
Text : "This is the first section."

Label : PART
Text : "This document is an

example of structured document "

Label : PART
Text : "The second section is
composed of one single paragrah"

Label : PART
Texte : "This is the third paragraph"

Label : DOCUMENT
Text :

Fig. 5. The document presented in Fig. 1 with a different DTD. DTD2 corresponds to
the tags {Document, PART}

missing in DTD2. This XML document contains the textual information, the or-
ganization information and no label information -label ”‘Part”’ in (Fig. 5) (See
part 3 for the definition of textual information, label information and organi-
zation information). We will score a document with DTD2 against the models
learn with DTD1, i.e. we will try to classify this new document using the avail-
able knowledge on the document structure which is embodied in the BN models
learned from DTD1. This makes sense under the homogeneity hypothesis. Al-
ternatively, one could think of DTD1 as a reference DTD against which series
of documents must be matched.

The likelihood of a document with no label information can be computed
by summing over all possible labellings of the document parts into the set of
allowed labels in Λ:

P (d|θ) =
∑

s1d,s
2
d,... ,s

|sd|
d ∈Λ

|sd|∏

i=1

P (sid|pa(sid), θ)
|wd|∏

i=1

P (wid|sel(wid), θ) (12)

This model has a higher complexity that the one presented in part 4.2.
Alternatively, instead of summing over all allowed segmentations, one might
compute the best segmentation of a document with unknown labels into the
labels of a given DTD, i.e. compute the score of the most probable structure for
this document according to the reference DTD. This can be done with a Viterbi
like algorithm as for HMMs except that we deal here with structures instead of
sequences. This corresponds to computing:

P (d|θ) = max
s1d,s

2
d,... ,s

|sd|
d ∈Λ

|sd|∏

i=1

P (sid|pa(sid), θ)
|wd|∏

i=1

P (wid|sel(wid), θ) (13)

The most probable segmentation with respect to a reference DTD could also be
used for transforming a DTD2 document into a DTD1 document. This might be
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useful for comparing series of XML documents. However, document segmentation
involves further developments and has not been tested here.

5 Experiments

We now present the experiments made with our model. Using a generative model
for the task of categorization is easy. Let us consider C = {c1, ..., c|C|} the
set of all classes with probabilities P (ci). For each ci, we will learn the model
parameters denoted θci

over all the documents of the training set within topic
ci. We consider that each document may have only one label and assume that:

P (d|ci) = P (d|θci) (14)

So, the class cd of a document d will be:

cd = argmaxc∈CP (c)P (d|θc) (15)

5.1 The webKBXML Corpus

There are still few labeled XML corpus available for text categorization and
whose documents do have a non trivial structure like in ([10,18]).

The webKB collection [2] became a reference corpus in the Machine Learn-
ing community for the classification of structured collections. It is composed of
8,282 pages which were manually classified into the categories: student, faculty,
staff, department, course, project and other. For each class the data set contains
pages from the four universities: Cornell, Texas, Washington, Wisconsin, and
miscellaneous pages collected from other universities. In our work, we only use
the 6 topics: student, faculty, staff, department, course, project.

We thus used the HTML webKB collection and transformed the pages into
XML documents using a DTD with the following tags: website, section, text,
link, title, sectiontitle, highligthed. Figure 6 represents the transformation of an
HTML document to the corresponding XML document. This is more like a real
XML corpus than the original WebKB, e.g., tags here do not specify the depth
of a section like in HTML.

We call the constructed corpus webKBXML. This corpus is available at
http://www-connex.lip6.fr/˜denoyer/corpus/wekbxml.tar.gz The corpus
has been preprocessed with Porter Stemmer, and words that do not appear in
at least 5 documents are eliminated. The vocabulary size is about 8000. There
are sites from 4 universities in WebKB, we used a leave one out methodology for
training the models: training is performed on 3 sites and test on the 4th, this is
repeated 4 times.

5.2 Results

We have used a Naive Bayes model as a baseline. Results appear in Fig. 7.
The BN model achieves a mean 3% improvement with regard to Naive Bayes
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<html> <head>
<title>CS414 Home Page</title>
</head>

<body>
<h1> The first section </h1>
  The first secion is composed of <b> two </b> paragraphes

<h2> first paragprah </h2>
  <a href="....">This is a link </a>

<h2>Second paragraph</h2>
 This is the second paragraph

<h1>This is the second section</h1>

  This thext is in <i> italic</i>
.
.
.
.

<website>
<title>CS414 Home Page</title>

<section>
  <sectiontitle> The first section </sectiontitle>
 <text>   The first secion is composed of <text>
 <highlighted> two <highlighted>
 <text> paragraphes<text>

 <section>
   <sectiontitle> first paragprah </sectiontitle>
   <link>This is a link </link>
 </section>

  <section>
    <sectiontitle>Second paragraph</sectiontitle>
   <text> This is the second paragraph</text>
  </section>
</section>

<section>
  <sectiontitle> This is the second section</sectiontitle>
 <text>  This thext is in </text>
 <highlighted> italic</highlighted>
</section>
.
.
.
.

Fig. 6. Left: The original HTML document (truncated) Right: The corresponding XML
file (truncated)

for micro-average, the No Tag BN Model (the model from section 4.4) which
handles a more difficult task achieves a 2% improvement. The results are very
encouraging even the gain is small, it is significant and superior to that obtained
on similar evaluation [5]. Note that the small size of the database penalizes the
BN models compared to Naive Bayes since they have more parameters. Superior
improvements should be obtained with larger databases.

The conclusion is that structure does indeed contain information, even for
informal documents like those from WebKB. The proposed models allow us to
take advantage of this structural information at a low increase in the complexity
compared to flat classification models like Naive Bayes. The experiments show
that even when the DTD tags are unknown, one can take advantage of the
structure of the document in separate parts. Our generative models improve
a baseline generative model (Naive Bayes) and similar ideas could be used to
improve baseline discriminant models like SVM.

              course department      staff    faculty    student    project Micro Macro
Naive Bayes 88.11% 100.00% 2.17% 76.32% 82.08% 66.67% 78.09% 69.22%
Model BN 89.34% 100.00% 0.00% 80.92% 86.02% 68.97% 81.12% 70.88%
Model BN No Tags 90.16% 100.00% 0.00% 76.32% 85.66% 66.67% 80.29% 69.80%

Fig. 7. The micro and macro average classification rate
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6 Conclusion and Perspectives

We have presented new models for the classification of structured documents.
These models are generic and can be used to classify any XML document pro-
vided they have been trained on a representative corpus. Tests have been per-
formed on a small but representative collection and encouraging results have
been obtained. Further developments are needed in order to build models able
to handle the whole variety of classification tasks needed for general XML col-
lections. We are currently working on such extensions and on the evaluation on
larger databases.
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Abstract. The self-organizing feature map (SOFM) algorithm can be general-
ized, if the regular neuron grid is replaced by an undirected graph. The training 
rule is furthermore very simple: after a competition step, the weights of the
winner neuron and its neighborhood must be updated. The update is based on
the generalized adjacency of the initial graph. This feature is invariant during
the training; therefore its derivation can be achieved in the preprocessing. The
newly developed self-organizing neuron graph (SONG) algorithm is applied in 
function approximation, character fitting and satellite image analysis. The re-
sults have proven the efficiency of the algorithm.

1   Introduction 

The history of the artificial neural networks begins with the famous work of W.
McCulloch and W. Pitts in 1943. They described firstly the artificial neuron. F.
Rosenblatt worked out the perceptron model in 1958. K. Steinbuch published his
study about the learning matrix in 1961, which was the first work of the competitive
learning and the “winner-takes-all” algorithm [1]. In 1969 was firstly published the
“Perceptrons: An Introduction to Computational Geometry” from M. Minsky and S.
Papert, which edition was revised in 1972 [2]. They introduced and used consequently
the word “connectionism”. Among others T. Kohonen worked at this time on linear
associative memory (LAM) models. The Instar and Outstar learning methods are
dated also in this year [1]. One year later Ch. von der Malsburg published his pioneer-
ing work in self-organization and a special retina model, although his study had bio-
logic focus [3]. S. Grossberg has written an article about the short-term, long-term
memories, and feature detectors in 1976 [4]; later the adaptive resonance theory
(ART) models were created thereafter [1,5]. T. Kohonen published the famous “Self-
Organization and Associative Memory” in 1984 [6]. D. M. Kammen compared and
described the various neural network types from a biologic aspect, but the main idea 
of the book was the self-organization [9]. In 1991 G. A. Carpenter and S. Grossberg
edited a book containing the most important documentations about the ART models.
The book is a principal study collection about the self-organization [8]. The first book 
of T. Kohonen about the SOM was revised and updated in 1995 [7]. 
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2 Self-Organizing Feature Map (SOFM)

The self-organizing feature map is an unsupervised, competitive learning algorithm
for a neuron grid of regular topology.

Fig. 1. Rectangular grid topology for SOFM [10]

The data (input) points are described with the following vectors:

[ ]1 2, , ,
T n

nξ ξ ξ= ∈x �
(1) 

The neurons, which build a regular, rectangular or hexagonal grid, have their cor-
responding coordinate vectors:

[ ]1 2, , ,
T n

i i i inµ µ µ= ∈m �
(2) 

The algorithm, developed by T. Kohonen [6,7] has two main steps:

1. selecting the winner neuron
2. updating the weights of the winner and its neighboring neurons.

The winner selection is performed by the evaluation of the condition

{ }minc i
i

− = −x m x m (3) 

The condition can be reformulated for better practical realization in form of

{ }arg min i
i

c = −x m (4) 

In the above equation c is the identifier of the winner, ⋅ is a function, which gives

the similarity between the neuron and the analyzed data point. In the easiest way the 
similarity can be defined by any geometric distance norm, e.g. Euclidean distance. 

The update is achieved in two phases: in ordering and in tuning phase. Both phases
use the same algorithm, but the control parameters are different. Ordering is responsi-
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ble for the rough “positioning” of the neurons, while the tuning phase adjusts their fi-
nal weights.

The update is formulated as follows:

[ ]( 1) ( ) ( ) ( )i i ci it t h t t+ = + −m m x m (5) 

where t and 1t +  are discrete time steps (epochs), ( )cih t  the time-dependent
neighborhood function. The most important features of this neighborhood function are

1. ( ) 0 ifcih t t→ → ∞ , which means: neighborhood should converge to zero during
the computations 

2. ( )( ) ,ci c ih t h t= −r r , i.e. ( )cih t  is a function, which depends not only on the al-

ready mentioned discrete time step, but also on a distance value. In this case 
, n

c i ∈r r . With the increase ofc i−r r , ( ) 0cih t → , which means ( )cih t is a dis-

tance dependent, monotonically decreasing function. 

In the praxis ( )cih t can be realized by the use of an ( )tα function as follows 

( ) if ( )
( )

0 if ( )
c

ci
c

t i N t
h t

i N t

α ∈
=  ∉

(6) 

where 0 ( ) 1tα≤ ≤  and ( )cN t  is the neighborhood function, e.g. as defined in
Fig. 2. 

Fig. 2. A possible neighborhood function ( ( )cN t ) for SOFM [10]

3  Self-Organizing Neuron Graph (SONG) 

The current development is a generalization of the SOFM method. Not only a regu-
larly spaced neuron grid, but also other configurations can be used with the new algo-
rithm. The basic idea is to create an undirected graph, where the neurons are in the
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nodes and the edges represent the connections between the neurons. The graph can be
defined by a coordinate matrix of the neurons (as in Eq.2) and by an adjacency matrix
( A ). This matrix is defined as

1 if there is a connection from node to node

0 otherwiseij

i j
= 


A

(7) 

The matrix is a square, symmetric matrix, where the rows mean the From nodes
and the columns the To nodes. Given n  neurons in the graph in two dimensions, the
size of the coordinate matrix is 2n× , and size of the adjacency matrix isn n× . Fur-
ther definitions and descriptions can be found in [11,12, 13]. Practical “recipes”,
hints, and applications are documented in [14, 15, 16]. 

The A  matrix expresses direct connections therefore the notation 1A  is intro-
duced. Adjacency can be generalized, where the matrix contains values, which means
the number of the minimal connections between the nodes. This general adjacency
matrix is the nA , where the whole matrix is filled except the main diagonal (which

remains zero). In our algorithm this full adjacency is not required, so ankA  is com-

puted, where k n< . 
The matrix kA  can be generated using efficient methods, e.g. by the use of the k-th

power of the original adjacency matrix. The elements ofkA are calculated as fol-

lows: k k
ij=A A ,  where k  ∈ ,  and k

ij k=A  if 0k
ij ≠A  and 0s

ij =A  where

1,2, , 1s k= −� . [17, 18, 19]. This matrix power method produces a matrix contain-
ing the minimal ways (maximum k ) between the graph nodes. Because the topology
in the neuron graph is fixed, the adjacency and its generalization don’t change (in-
variant), therefore the calculation of kA  needs to be executed only once in the pre-
processing step. The meaning of the generalized adjacency is shown in Fig. 3. 

The algorithm of the SONG method can be summarized using pseudo codes:

for t=0 to max_epochs
 alpha(t); 
 d(t); 

for i=0 to number_of_points 
for j=0 to number_of_neurons 
  winner_selection; 
endfor 
for j=0 to number_of_neurons 
  weight_update; 
endfor 

 endfor 
endfor 
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Fig. 3. The kA  matrix for a simple graph. The letter R is represented as a graph (left upper pic-

ture), for which the full adjacency matrix is calculated (right upper picture). Supposing the
second neuron as winner, its row in the colored adjacency matrix (left bottom picture) is high-
lighted. The neuron graph can also be colored (right bottom picture) to show the neighborhood

The above code is a cycle, which is called twice, once in the ordering and once in
the tuning phase. The algorithm of the self-organizing neuron graph has the same
training rule as the Kohonen’s SOFM algorithm. In the update step ( )cih t  is modified: 

( ) if ( )
( )

0 otherwise

k
ci

ci

t d t
h t

α <
= 



A (8) 

where ( )d t  is the time dependent, decreasing distance function. Using this modified
training function for the winner’s neighborhood, only the row of the winner (c) must
be used in the matrix. 

The selection of the winner (Eq.3, Eq.4) and the weight update (Eq.5) are the same
formulas, as at SOFM. 

In the realization of the SONG algorithm, ( )tα  and ( )d t  were linear decreasing
functions with given start and end parameter values. 
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4 Results

The use of the developed algorithm is shown in three tests. The first test is a function
approximation, the second is finding characters from data samples, and the last is a
test using a high-resolution satellite imagery.

The function approximation is tested using the sinc( )x  function. The function was
applied to generate 400 training points. The neuron graph was a linear graph having
50 neurons with direct connections (“neuron chain”). The initial graph was placed
horizontally at 0.5y = . There were 100 cycles in the ordering phase starting with the 

maximal (50) neighborhood value and finishing with 1. This last value means, that the 
neurons act “alone” as the ordering stops. The starting learning rate is 0.5, which de-
creases to 0.0.

The tuning phase had 2000 cycles with 0.08 starting and 0.0 finishing alpha value.
In the tuning phase the neighborhood was kept constant 1. 

Fig. 4. SONG in approximating the functionsinc( )x

The second test was character fitting. In the test three characters were applied: O,
A and R. The training data set was created by sampling enlarged character images,
where the black pixel coordinates were registered and used to train the neuron graph. 

The main control parameters – starting learning rate ( (0)α ), starting neighborhood

distance ( (0)d ), number of epochs (maxt ) – for ordering and tuning are shown in Ta-
ble 1.
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Table 1. Control parameters in the character fitting test

Ordering Tuning

(0)α  (0)d maxt  (0)α maxt

O 0.5 6 100 0.1 3000 

A 0.01 3 100 0.005 5000 

R 0.01 3 100 0.005 2000 

Fig. 5. The results of the character fitting for O, A and R

The last test with SONG algorithm was executed with a data set derived from satel-
lite imagery. The image of the Pentagon building was captured by the Quickbird sen-
sor in 02. August 2002. (The impact of the attack of 11th September can be seen on the
upper part of the building.) The color image has a ground resolution of about 60 cm.
SONG was applied to detect the place and orientation of the building. 

Firstly the neuron graph was created. The graph is a double pentagon shape with a
correct connection topology, but the graph nodes were compressed in order to achieve
faster initial local coordinates (Fig. 6). 



350 A. Barsi

Fig. 6. The initial neuron graph for the Pentagon test 

During the preprocessing the roof of the building was extracted by a maximum
likelihood classifier based on RGB values. Because the roof has significant dark and
light sides, 4-4 samples were taken with 3854 and 2716 pixels. The classification im-
age was sampled to create the input data set for SONG (Fig. 7). 

Fig. 7. The training data set in the Pentagon test

The neuron graph based self-organization was started with a neighborhood distance
of 6 and a learning rate of 0.01. After 300 iterations the ordering phase finished with
zero alpha value and with direct neighborhood. The 10000 epoch long tuning applied
only direct neighborhood and started with a learning rate of 0.003. Fig. 8 shows, how
the self-organization was performed after 0, 3, 10 cycles and finishing the tuning
phase. 
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5 Conclusion

The developed self-organizing neuron graph (SONG) algorithm generalizes the Ko-
honen-type SOFM method. SONG requires an initial undirected graph, where the
competitive neurons are in the nodes. The SONG training algorithm is based on the
selection of a winner neuron, which is followed by a weight update. The generalized
adjacency is an invariant feature of a graph, which is used in the update procedure.

The effectiveness of the algorithm is demonstrated in three, different test sets. The
described self-organization technique is suitable for function approximation. Using
the SONG algorithm, any neuron graph (or simple chain) can be fitted to the original
data points. The graph can have any number of neurons; even using less neuron, a
function “simplification” can be achieved.

Fig. 8. The steps of the execution after 0, 3, 10 and 10300 epochs
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The formerly known graph representation of the characters can also be used for the
SONG method. The algorithm finds the place of the character in sampled data set,
too.

In the last example the analysis of a satellite image was presented. After a sophisti-
cated preprocessing (using image processing methods), the self-organizing neuron
graph detects the place and position of the Pentagon building.

The developed algorithm can also be used with graphs representing regular grids.
This means that the SONG method can be involved in all cases, where the SOFM
technique: from the data clustering to the robotics. The greatest advantage of the
SONG algorithm is the power to be used in tasks, where the regular grid is a draw-
back. The first experiments have proven that the graph based neural self-organization
is a universal tool in image and pattern analysis.
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Abstract. This paper handles the integration of fuzziness with On-Line Analyti-
cal Processing (OLAP)1 association rules mining. It contributes to the ongoing 
research on multidimensional online data mining by proposing a general archi-
tecture that uses a fuzzy data cube for knowledge discovery. Three different 
methods are introduced to mine fuzzy association rules in the constructed fuzzy
data cube, namely single dimension, multidimensional and hybrid association
rules mining; the third structure integrates the other two methods. To the best of
our knowledge, this is the first effort in this direction. Experimental results ob-
tained for each of the three methods on the adult data of the United States cen-
sus in 2000 show the effectiveness and applicability of the proposed mining ap-
proach. 

1  Introduction 

The amount of data stored in automated databases continues to grow exponentially.
Intuitively, such large amount of stored data contains valuable hidden knowledge,
which could be used to improve the decision-making process of the involved organi-
zations; hence, data mining is necessary. 

Data mining, sometimes referred to as knowledge discovery in databases, is con-
cerned with the nontrivial extraction of implicit, previously unknown and potentially
useful information from data. Discovering association rules is one of the several
known data mining techniques. An association rule describes an interesting correla-
tion among different attributes or items; it is mined out from a set of existing transac-
tions. An example of an association rule could be stated as: “80% of the transactions
that contain bread also contain butter, and 5% of all existing transactions contain
these two items”; 80% is referred to as the confidence and 5% is the support of the
rule. Finally, to motivate for the study presented in this paper, some approaches to
association rules mining are discussed next. 

∗ Contact author; Email: alhajj@cpsc.ucalgary.ca; Tel: (403) 210 9453. The research of this 
author is partially supported by NSERC grant and University of Calgary grant. 

1 OLAP is one of the most popular tools for on-line, fast and effective multidimensional data
analysis.
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1.1 Classical Association Rules Mining: The Importance of Fuzziness

In general, association rules are classified into boolean and quantitative. The former
involves binary attributes and the latter involves attributes that can take on quantita-
tive or categorical values.

Earlier approaches for quantitative association rules mining require discretizing the
domain of quantitative attributes into intervals in order to discover quantitative asso-
ciation rules. But, these intervals may not be concise and meaningful enough for hu-
man users to easily obtain nontrivial knowledge from the discovered rules. In other
words, although current quantitative association rules mining algorithms solved some
of the problems introduced by quantitative attributes, they introduced some other
problems. The major problem is caused by the sharp boundary between intervals.
Explicitly, existing quantitative mining algorithms either ignore or over-emphasize
elements near the boundary of an interval. The use of sharp boundary intervals is also
not intuitive with respect to human perception. Some work has recently been done on
the use of fuzzy sets in discovering association rules among quantitative attributes in
flat tables.

For instance, Hong et al [12] proposed an algorithm that integrates fuzzy set con-
cepts with Apriori mining algorithm to find interesting fuzzy association rules from
given transaction data. Gyenesei [8] presented two different methods for mining fuzzy
quantitative association rules, namely without normalization and with normalization.
The experiments of Gyenesei showed that the numbers of large itemsets and interest-
ing rules found by the fuzzy method are larger than the discrete method defined by
Srikant and Agrawal [24]. Chan and Au [6] utilized adjacent difference analysis and
fuzziness in finding the minimum support and confidence instead of having them
supplied by a user; they determine both positive and negative associations. Ishibuchi
et al [15] illustrated fuzzy versions of support and confidence that can be used for
evaluating each association rule; the authors employed these measures of fuzzy rules
for function approximation and pattern classification problems. Finally, the approach
developed by Zhang [26] extends the equi-depth partitioning with fuzzy terms. How-
ever, it assumes fuzzy terms as predefined.

1.2 OLAP Mining: The Motivation and Contributions

All of the above mentioned approaches assume a flat relational table structure. In this
paper, we apply the same concepts of fuzziness to OLAP data mining, where the basic
structure is a  data cube2. A cube is a set of data organized similar to a multi-
dimensional array of values representing measures over several dimensions. Hierar-
chies may be defined on dimensions to organize data on more than one level of ag-
gregation. There are several reasons for using this structure. For instance, given a
large database with a large number of attributes, users are usually interested only in a
small subset of the attributes. Another reason is to help in generating association rules
online by prestoring itemsets. In addition, the constructed data cube does not contain
only raw data related information, but also the summarized data.  

2 In the OLAP framework, data are stored in data hypercubes (simply called cubes). 
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OLAP mining integrates online analytical processing with data mining; this sub-
stantially enhances the power and flexibility of data mining and makes mining an
interesting exploratory process. So, online association rules generation is considered
an important research area of data mining. In other words, OLAP is attractive in data
mining because the data is organized in a  way that facilitates the “preprocess once
query many” concept, i.e., the mining process is improved by eliminating the need to
start with the raw data each time mining is required. Some approaches have already
been developed to tackle the problem. For instance, the approach described in [21]
reduces the retrieval time of itemset data. On the other hand, pruning the database
removes data, which is not useful [20]. Hidber [13] developed an algorithm to com-
pute large itemsets online. Relue et al. [22] designed a  specialized structure, called
Pattern Repository, to provide runtime generation of association rules.

Han [10] proposed a model to perform data analysis on multidimensional data by
integrating OLAP tools and data mining techniques. Then, he improved his work by
integrating several data mining components to the previous architecture [11]. Later
on, Han and Fu [9] introduced an Apriori based top-down progressive approach for
multiple-level association rules mining from large transactional databases; their
method first finds frequent data items at the top-most level and then progressively
deepens the mining process into frequent descendants at lower conceptual levels.
Kamber et al [16] proposed a data cube model for mining multidimensional associa-
tion rules; their model combines the cube data structure with OLAP techniques, like
multidimensional slicing and layered cube search. Further, efficient algorithms were
developed by either using an existing data cube or constructing a data cube on the fly.
Performance analysis showed that OLAP based data mining outperforms the direct
extension of table-based Apriori algorithm. Finally, Agarwal and Yu [1] proposed an
OLAP-style algorithm to compute association rules. They achieved this by preproc-
essing the data effectively into predefined itemsets with corresponding support values
more suitable for repeated online queries. In other words, the general idea behind their
approach is to use a traditional algorithm to pre-compute all large itemsets relative to
some support threshold, say s. Then, association rules are generated online relative to
an interactively specified confidence threshold and support threshold, greater than or
equal to s. Although these algorithms improved the online generation of association
rules in response to changing requirements, it is still an open problem.

As a result, all of the studies reported so far on OLAP mining use data cubes with
binary attributes, whereas most real life databases include quantitative attributes.
Motivated by this, we developed a novel approach for online association rules mining.
We contribute to the ongoing research on multidimensional online data mining by
proposing a general architecture that constructs and uses a fuzzy data cube for knowl-
edge discovery. The idea behind introducing fuzzy data cubes for online mining is to
allow users to query a given database for fuzzy association rules for different values
of support and confidence. For this purpose, we present three different methods to
mine fuzzy association rules in the constructed fuzzy data cube. The first method is
dedicated to one-dimensional fuzzy association rules mining. The second method is
concerned with multi-dimensional fuzzy association rules mining. The last method
integrates the two previous methods into a  hybrid fuzzy association rules mining
method. To the best of our knowledge, this is the first attempt to utilize fuzziness in
OLAP mining. Experimental results obtained for each of the three methods on the
adult data of the United States census in 2000 show the effectiveness and applicability
of the proposed mining approach.
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The rest of this paper is organized as follows. Section 2 introduces the basic termi-
nology used in the rest of the paper, including a brief overview of OLAP technology;
introduces fuzzy data cube architecture; and describes fuzzy association rules. Section
3 presents the three proposed fuzzy data cube based mining methods, namely one-
dimensional, multi-dimensional and hybrid. Experimental results for the adult data by
a census of the United States in 2000 are reported in Sect. 4. Section 5  includes a
summary and the conclusions.

2 OLAP Technology and Fuzzy Data Cube Construction

Data warehouses provide solutions to extract massive amounts of data from heteroge-
neous data sources, to clean and transform the extracted amounts of data in order to
load them in large repositories that are constituted by a set of materialized views. Due
to the increasing importance of data warehouses, many techniques have been devel-
oped to analyze data in large databases efficiently and effectively. Among the many
available tools, OLAP is one of the most popular tools for on-line, fast and effective
multidimensional data analysis [7]. It is a  technology that uses a  multidimensional
view of aggregated data to provide fast access to strategic information for further
analysis. It facilities querying large amounts of data much faster than traditional data-
base techniques. Using OLAP techniques, raw data from large databases is organized
into multiple dimensions with each dimension containing multiple levels of abstrac-
tion. Such data organization provides users with the flexibility to view data from
different perspectives.

Basically, OLAP includes three stages: (1) selecting data from a data warehouse,
(2) building the data cube, and (3) on-line analysis using the cube. Many data cube
computation algorithms exist to materialize data cubes efficiently [7, 27]. Also, many
OLAP operations exist to manipulate and analyze a data cube, including roll-up, drill-
down, slice and dice, pivot, rotate, switch, push, etc [3]. In this study, we will take
advantage of these widely accepted and used techniques to combine them with fuzzy
association rules mining techniques.

Fuzzy Data Cube

Assocation
Rules

Mining System

Meta
Data

OLAP Server

Data
Warehause

Data
Sources

Fig. 1. The architecture of OLAP-based fuzzy association rules mining system

So, our target is to integrate fuzziness with OLAP association rules mining. To
achieve this, we constructed a model that builds a fuzzy data cube first, and then util-
izes the fuzzy data cube in mining fuzzy association rules. The architecture of the
proposed OLAP-based fuzzy association rules mining system is shown in Fig. 1. In
general, the proposed architecture consists of three main parts: (1) data warehouse, (2)
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fuzzy data cube and OLAP server, and (3) fuzzy association rules mining system. The
major task of an OLAP server is to compute user’s OLAP instructions, such as creat-
ing data cube, drilling, dicing, pivoting, etc. Finally, the fuzzy association rules min-
ing system is responsible for the extraction of fuzzy association rules from the con-
structed fuzzy data cube.

The rest of this section is organized as follows. The fuzzy data cube is presented in
Sect. 2.1. Fuzzy association rules are introduced in Sect. 2.2; they are recognized as a
convenient tool for handling attributes with quantitative values in a  human under-
standable manner.

2.1 Fuzzy Data Cube

Consider a quantitative attribute (interchangeably called item), say x. It is possible to
define some fuzzy sets, with a  membership function per fuzzy set, such that each
value of x qualifies to be in one or more of the fuzzy sets specified for x. We decide
on fuzzy sets by employing GAs to optimize their membership functions as described
in Sect. 3. In the rest of this section we define both the degree of membership and the
fuzzy data cube.

Definition 1  (Degree of Membership). Given an attribute x  and let
},...,,{ 21 l

xxxx fffF =  be a set of l fuzzy sets associated with x. Membership function of

the j-th fuzzy set in xF , denoted j
xf

µ , represents a mapping from the domain of x into

the interval [0,1]. Formally, ].1,0[: →xf
Dj

x
µ

If 1)( =vj
xf

µ  then value v of x totally and certainly belongs to fuzzy set j
xf . On the

other hand, 0)( =vj
xf

µ  means that v is not a member of fuzzy set j
xf . All other values

between 0 and 1, exclusive, specify a “partial membership” degree.
According to Definition 1, given an attribute x, one of its values v, and one of its

fuzzy sets, say j
xf ; the degree of membership of v in j

xf is based directly on the

evaluation of )(vj
xf

µ .  The obtained value falls in the interval [0,1], with the lower

bound strictly indicates “not a member”, while the upper bound indicated “total mem-
bership”. All other values specify a degree of “partial membership”.

The concept described in Definition 1 is used in building a fuzzy data cube as fol-
lows. 

Definition 2 (Fuzzy Data Cube). Consider a data cube with n dimensions, and given
an association rules mining task involved with dimensions d1, d2, …, dn of the data
cube. For this purpose, the task-relevant data is pre-computed and materialized from a
data warehouse into an n-dimensional fuzzy data cube. Each dimension of the cube

contains 1
1

+∑
=

k

i
il  values, where 

il  is the number of membership functions (fuzzy sets) 

of attribute xi in dimension X and k is the number of attributes in dimension X. The 
last term in the above formula, i.e., “+1” represents a special “Total” value in which
each cell stores the aggregation value of the previous rows. These aggregation values
show one of the essential features of the fuzzy data cube structure.
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A three-dimensional fuzzy data cube that complies with Definition 2 is shown in
Fig. 2; each dimension has two attributes and the number of membership functions of
each attribute varies between 2 and 3.
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Fig. 2. An example 3-dimensional fuzzy data cube

2.2  Fuzzy Association Rules

An association rule is the correlation between data items; it is classified as either
binary or quantitative. Binary association rules are defined as follows. 

Definition 3 (Binary Association Rule). Let I={i1, i2, …,im} be a set of binary attrib-
utes and T={t1, t2, .., tn} be a set of transactions. Each transaction ti∈T is represented as
a binary vector with

mk
it

kt ki
i 1,,

otherwise0

itemcontainsif1
][ =





=

An association rule is defined as an implication of the form X Y where X⊂I, Y⊂I
and .φ=YX ,

Definition 4 (Support and Confidence). An association rule X Y holds in T with
support and confidence defined as )Pr( YX 3  and )|Pr( YX , respectively. 

Definition 4 simply states that the support of an association rule is the fraction of
transactions that contain both X and Y, and the confidence is the fraction of transac-
tions containing X, which also contain Y.  

An association rule is interesting if and only if its support and confidence are
greater than some user-supplied thresholds. Association rules that comply with Defi-
nition 3 are often referred to as boolean association rules. Boolean association rules
are rather restrictive in many different aspects because they are defined over binary
data and hence some recent efforts have been put into the mining of quantitative asso-
ciation rules. 

Quantitative association rules are defined over quantitative and categorical attrib-
utes. In [24], the values of categorical attributes are mapped into a set of consecutive
integers and the values of quantitative attributes are first partitioned into intervals 
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using equi-depth partitioning, if necessary, and then mapped to consecutive integers
to preserve the ordering of the values/intervals. As a result, both categorical and quan-
titative attributes can be handled in a  uniform fashion as a  set of <attribute, integer
value> pairs. With the mappings defined in [24], a  quantitative association rule is
mapped into a set of boolean association rules. After the mappings, the algorithm for
mining boolean association rules is then applied to the transformed data set.

However, as we have already illustrated above in Sect. 1, the interval in quantita-
tive association rules may not be concise and meaningful enough for human experts to
obtain nontrivial knowledge. Fuzzy sets provide a  smooth transition between mem-
bers and non-members of a set. Fuzzy association rules are also easily understandable
to humans because of the linguistic terms associated with the fuzzy sets.

To elaborate on fuzzy association rules, consider again a database of transactions
T, its set of attributes I, and the fuzzy sets associated with quantitative attributes in I.
Notice that each transaction ti contains values of some attributes from I and each
quantitative attribute in I has at least two corresponding fuzzy sets. The target is to
find out some interesting and potentially useful regularities, i.e., fuzzy association
rules with enough support and high confidence. We use the following form for fuzzy
association rules [18]. 

Definition 5 (Fuzzy Association Rules). A fuzzy association rule is defined as:
If  X={x1, x2, …, xp} is A={f1, f2, …, fp} then  Y={y1, y2, …, yq} is B={g1, g2, …, gq}, 
where X, Y are itemsets, i.e., sets of attributes, which are disjoint subsets of I, and A
and B contain the fuzzy sets associated with corresponding attributes in X and Y, re-
spectively, i.e., fi is the set of fuzzy sets related to attribute xi and gj is the set of fuzzy
sets related to attribute yj. 

As it is the case with binary association rules, “X is A” is called the antecedent of
the rule while “Y is B” is called the consequent of the rule. For a rule to be interesting,
it should have enough support and high confidence. 

3   OLAP-Based Mining of Fuzzy Association Rules 

In this section, we describe our approach to OLAP mining of fuzzy association rules.
We present three methods for fuzzy association rules mining, within a single dimen-
sion, multiple dimensions and hybrid, respectively. These methods are described next
in this section, together with their corresponding algorithms. 

3.1 Single Dimension Method

Single dimension association rules mining concentrates on the correlation within one
dimension by grouping the other dimension. Shown in Fig. 3 is an example of such a 
cube with two dimensions involved in the single dimension association rules mining
process. This cube has been created by the OLAP server and serves as the input fuzzy
data cube for the online mining process. One of the dimensions is referred to as trans-
action dimension and the other dimension is the set of attributes associated with the 
transaction dimension.
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By grouping attributes in the transaction dimension, a  transaction table can be
transformed into a  set-based table in which items sharing the same transactional at-
tribute are merged into one tuple. Note that there is no point in partitioning attributes
in the transactional dimension into fuzzy sets because the mining process is per-
formed in the non-transactional dimension as illustrated in Table 1.
Proposition 1: Given a tuple xi in the relational table, if attribute yj has membership
degree )( j

n yµ  in the fuzzy set n
jf , then the sharing rate, denoted sr, of the fuzzy set

(yj, 
n
jf ) to attribute xi in the data cube is )( j

n yµ . 
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Fig. 3. An example 2-dimensional fuzzy data cube

Table 1. The transaction table generated from Fig. 3 

After the fuzzy data cube is constructed, the process of association rules mining
starts by identifying large itemsets. An itemset is large if it is a combination of items
that have a support over a predefined minimum support. The mining process and
hence identifying large itemsets is performed based on the sum of sharing rates, de-
noted SR, and introduced in terms of the degree of membership in the fuzzy sets. If
more than one membership function intersect with the real values of an attribute, then
all the cells related to these functions are updated. This way, each cell in Fig. 3 stores 
an SR value.

To generate fuzzy association rules, all sets of items that have a support above a
user specified threshold should be determined first. Itemsets with at least a minimum 
support value are called frequent or large itemsets. The following formula is used in
calculating the fuzzy support value of itemset Y and its corresponding set of fuzzy sets

F, denoted FSupport(Y, F):
Totalsum

fxFfSR
FYFSupport

Xinxallfor

n
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n
jYy fyi j

n
jj
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3.2 Multidimensional Methods

Multidimensional association rules mining deals with the correlations among dimen-
sions of an n-dimensional fuzzy cube; an example 3-dimensional fuzzy data cube is
shown in Fig. 2. In this study, we developed two different methods for mining multi-
dimensional association rules. The first is presented in Sect. 3.2.1; it mines multidi-
mensional rules without repetitive items within one dimension. The second is intro-
duced in Sect. 3.2.2; it combines the method presented in Sect. 3.2.1 with the single
dimension method presented in Sect. 3.1 into a hybrid method.

3.2.1 Multidimensional Rules without Repetitive Items
In this method, the correlation is among a set of dimensions, i.e., the items forming a
rule come from different dimensions. Therefore, apart from one-dimension fuzzy data
cube, here each dimension should be partitioned at the fuzzy set level.

Proposition 2. Given a  fuzzy data cube with 3  dimensions, if attributes xi, yj and zk

have membership degrees )( i
m xµ , )( j

n yµ  and )( k
o zµ  in fuzzy sets m

if , n
jf  and

o
kf , respectively, then sr of all fuzzy sets of the corresponding cell is computed as 

)( i
m xµ . )( j

n yµ . )( k
o zµ . 

Proposition 2 may be generalized for n-dimensions. This way, the frequency for
each itemset can be directly obtained from one cell of the fuzzy cube. In a way similar
to the single dimension case, each cell stores the product of the membership grades of
different items, one item per dimension. As the example data cube shown in Fig. 2
has three dimensions, each cell stores the product of the membership grades of three
items, one from each of the three dimensions. Finally, the fuzzy support value of each

cell is calculated as follows: 
sumTotal

SR
FSupport =

3.2.2   Hybrid Rules
This method is based on a hybrid structure, which combines single and multidimen-
sional rules without repetitive items within one dimension. In this case, each candi-
date itemset can be written as multisinglehybrid LLL 3= , where single L  and multiL are the items
from one dimension and multi-dimensions, respectively. 

The reason for using this new method is to provide the opportunity for one dimen-
sion to dominate over others. This dominating dimension corresponds to the one re-
ferred to as non-transactional dimension in the single dimension method. The motiva-
tion is that instead of looking for all possible associations, we look for rules contain-
ing specific items in a fuzzy data cube. Then, the problem is reduced into how to
efficiently identify itemsets which are relevant to our data requirements, and then
construct association rules that satisfy our needs. This way, we avoid considering data
and rules that do not meet the current data requirements.

To illustrate this, consider the 3-dimensional fuzzy data cube shown in Fig. 2. If
the three dimensions X, Y and Z are assumed to represent the transaction, the domi-
nating (non-transaction) and the other dimension, respectively, then we can obtain a
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rule including the triplet (y1, y2, z1). In this case, the fuzzy support value of such a rule

is calculated as: 
Totalsum

fyfxFfSR
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3.3   The Employed Algorithms

Three algorithms, namely Algorithm 1, Algorithm 2 and Algorithm 3 have been de-
veloped for the above described three methods, respectively. These algorithms are
given next in this section and require large itemsets in constructing one-dimension,
multidimensional and hybrid fuzzy association rules, respectively. All the three algo-
rithms invoke Function 2 when it is required to generate candidate itemsets. However,
each algorithm invokes a different function to decide on intermediate frequent item-
sets because fuzzy support is calculated differently for each case.  

Algorithm 1 invokes Function 1 to decide on intermediate frequent itemsets. Algo-
rithm 2 invokes Function 4, which also returns frequent k-itemsets generated from
given candidate itemsets, but within the context of multidimensional fuzzy cube.
Algorithm 3 performs the hybrid fuzzy association rules mining process. Finally, each
of the three algorithms invokes Function 3 to construct fuzzy association rules within
its own context.

Function 1. gen_frequent_one_dim(k, Ck) 
;φ=kL

For each candidate I=(Y, F) ∈ Ck
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FYFSupport
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If (FSupport(Y, F) > minsup) then }{ILL kk 3=

Return Lk; 

Function 2. gen_candidate(k, Lk-1) //Generate candidate k-itemsets Ck from Lk-1

;φ=kC

For each itemset I1 ∈ Lk-1

For each itemset I2 ∈ Lk-1

If (each of )( 21 II −  and )( 12 II − contains a single element) then
c=Join(I1, I2);
If c has infrequent (k−1) subset then Delete c else Add c to Ck; 

Return Ck; 

Function 3. gen_association_rules(L)
φ=R ; 

For each frequent itemset Li in L
For each non-empty proper subset S of Li, that is )( SLi ≠

FConfidence((Li−S) S)=
)(

)(

SLFSupport

LFSupport

i

i

−
; 

If (FConfidence ≥ minconf)  
Generate an interesting rule, say r=``(Li−S) S’’; 

}{rRR 3= ; 
Return R; 
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Function 4. gen_frequent_multi_dim(k, Ck) 
;φ=kL

For each candidate I=(W, F) ∈ Ck

;
sumTotal

SR
 = FSupport(W,F)

If(FSupport > minsup) then }{ILL kk 3= ; 
Return Lk; 

Algorithm 1 (One-Dimensional Fuzzy Association Rules Mining):
Input: A two dimensional fuzzy data cube FC[X, Y], each cell with SR, a predefined
minimum support value minsup and a predefined minimum confidence value minconf. 
Output: A set of fuzzy association rules. 
1. k=1; φ=L ; 
2. C1={all the distinct values in non-transaction dimension};
3. L1= gen_frequent_one_dim (1, C1);
4. While ( φ≠kL ) 

kLLL 3= ; k=k+1; 
Ck=gen_candidate(k, Lk-1);
Lk= gen_frequent_one_dim (k, Ck);

5.  R= gen_association_rules(L);

Algorithm 2 (Multidimensional Fuzzy Association Rules Mining):
Input: A n-dimensional fuzzy data cube FC[d1,d2,…,dn], each cell with SR, a prede-
fined minimum support value minsup and a predefined minimum confidence value
minconf. 
Output: A set of fuzzy association rules. 
1. k=1; φ=L ; 
2. C1,d

i
={all the distinct values in dimension di};

3
n

i
d i

CC
1

,11
=

= ; 
3. L1= gen_frequent_multi_dim (1, C1);
4. While ( φ≠kL ) 

kLLL 3= ; k=k+1; 
Ck=gen_candidate(k, Lk-1);
Lk= gen_frequent_multi_dim (k, Ck);

5. R= gen_association_rules(L);

Algorithm 3 (Hybrid Fuzzy Association Rules Mining):
Input: A n+2-dimensional fuzzy data cube FC[d1, d2, …, dn+2], each cell with SR, a 
predefined minimum support value minsup and a predefined minimum confidence
value minconf. 
Output: A set of fuzzy association rules. 
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1. φ=L ; 
2. Generate all frequent itemsets singleL  from two-dimensional cube;
3. If )( φ=singleL  then exit; 
4. m=1; 
5. While (1)

mmultiL ,  = gen_frequent_multi_dim (m, Cm);
 If )( , φ=mmultiL  then exit; 

s=1; 
 Repeat s=s+1; 

=+msC Merge single,sL  and mmultiL , ; 
Generate candidate (s+m)-hybrid itemsets msC + ; 
Generate frequent itemsets

msL +  from msC + ; 

msLLL += 3 ; 
Prune any itemset in single,sL  and its extensions if it is not in msL + ; 
Prune any itemset in mmultiL , and its extensions if it is not in msL + ; 

Until ( φ=+msL  or φ=single,sL );
m=m+1; 

5. Generate association rules, R= gen_association_rules(L);

4  Experimental Results 

We performed some empirical tests in order to evaluate the performance of the pro-
posed approach. All of the experiments were conducted on a Pentium III, 1.4GHz
CPU with 512 MB of memory and running Windows 2000. As experimental data, we
constructed the fuzzy data cube using 12 attributes and 100K transactional records
from the adult data of United States census in 2000. 

Three sequences of tests were carried out, one sequence for each of the three meth-
ods presented in Sect. 3. In all the experiments conducted in this study, three different
cases were considered as the per attribute number of fuzzy sets (FS) is concerned,
namely 2, 3, and 4 fuzzy sets, denoted FS2, FS3 and FS4, respectively. Finally, each 
set of experiments consists of two tests to evaluate our approach with respect to the 
following dimensions: 1) number of large itemsets generated for different values of
minimum support, and 2) number of association rules generated for different values of
minimum confidence. 

The first set of experiments was carried out to test the performance of Algorithm 1
on a 2-dimensional fuzzy data cube with 8 attributes used to construct the non-
transaction dimension; the results are shown in Figs. 4 and 5. Figure 4 compares the
number of large itemsets obtained for different values of minimum support. A phe-
nomenon that can be deduced from the curves plotted in Fig. 4 is that the difference
between the number of frequent itemsets for different numbers of fuzzy sets is in-
versely proportional to the value of minimum support, i.e., when the support value is
very small, the difference is very large.  
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Fig. 4 Number of frequent itemsets vs
minimum support on 2-dimensional
fuzzy data cube

Fig. 5 Number of association rules vs
minimum confidence on 2-dimensional
fuzzy data cube

The curves plotted in Fig. 5 show the change in the number of association rules for
different values of minimum confidence and for different numbers of fuzzy sets. In a
way similar to that in Fig. 4, as the number of fuzzy sets increases, the number of
association rules decreases faster until a particular confidence level (close to 0.5). 
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Fig. 6 Number of frequent itemsets vs
minimum support on 3-dimensional
fuzzy data cube

Fig. 7 Number of association rules vs
minimum confidence on 3-dimensional
fuzzy data cube

In the second set of experiments, we applied Algorithm 2 on a 3-dimensional fuzzy
data cube; each dimension has 4 quantitative attributes. The results are shown in
Figs. 6 and 7. The curves plotted in Fig. 6 show the change in the number of large
itemsets, for different numbers of fuzzy sets, as the value of minimum support in-
creases. The numbers of association rules produced for different values of minimum
confidence are given in Fig. 7. In this case, each itemset of a given rule is coming
from different dimensions. Here, it is worth mentioning that the same interpretation
about Figs. 4 and 5 is valid for Figs. 6 and 7, respectively.
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Fig. 9. Number of hybrid association rules
vs minimum confidence on 3-dimensional
fuzzy data cube

The last set of experiments is dedicated to the hybrid method. The results are
shown in Figs. 8 and 9. Figure 8 shows the change in the number of large itemsets as
the value of minimum support increases. The curves plotted in Fig. 9 reflect the de-
crease in the number of association rules as the minimum confidence value increases.
The same statements mentioned for Figs. 4 and 5 are also valid for Figs. 8 and 9,
respectively.  

As the results obtained from all the three methods are consistent, it is anticipated 
that our approach presented in this paper is equally effective regardless of the number
of fuzzy sets utilized in the process.  Finally, one of the rules obtained as a result of
the mining process can be stated as follows:  

IF age is medium AND income is very high AND education level is medium
THEN marital status is divorced is high. 

5  Summary and Conclusions  

OLAP is one of the most popular tools for on-line, fast and effective multidimen-
sional data analysis. However, the research done so far on using OLAP techniques for
data analysis have concentrated mainly on binary attributes, whereas, in general most
databases that exist in real life include quantitative attributes. Moreover, the use of the
fuzzy set theory in data mining systems enhances the understandability of the discov-
ered knowledge when considering quantitative attributes and leads to more general-
ized rules. In order to tackle this bottleneck, we have proposed in this paper a general 
architecture that utilizes a fuzzy data cube for knowledge discovery in quantitative
attributes. Also, we presented three different methods for the online mining of fuzzy
association rules from the proposed architecture. One of the methods deals with the
mining of fuzzy association rules in the case of 2-dimensional fuzzy data cube. The
other two methods handle the mining process in multidimensional fuzzy data cube. 
We have already tested the last two methods on a 3-dimensional fuzzy data cube. The
experiments conducted on adult data of the United States census in 2000 showed that
the proposed approach produces meaningful results and has reasonable efficiency.
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The results of the three methods are consistent and hence encouraging. Currently, we
are investigating the possibility of combining the approach presented in this paper
with the adjacency lattice developed in [1].
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Abstract. Identifying and expressing data patterns in form of association rules 
is a commonly used technique in data mining. Typically, association rules dis-
covery is based on two criteria: support and confidence. In this paper we will 
briefly discuss the insufficiency on these two criteria, and argue the importance 
of including interestingness/dependency as a criterion for (association) pattern 
discovery. From the practical computational perspective, we will show how the 
proposed criterion grounded on interestingness could be used to improve the ef-
ficiency of pattern discovery mechanism. Furthermore, we will show a prob-
abilistic inference mechanism that provides an alternative to pattern discovery. 
Example illustration and preliminary study for evaluating the proposed ap-
proach will be presented.  

1   Introduction 

In data mining, an association rule is typically expressed in form of A-> B. But the 
definition of an association rule may vary slightly among different disciplines and 
applications. For example, in philosophical logic [1] an association rule for two bi-
nary-valued logic variables A -> B with 80% certainty could mean 20% of the in-
stances in its “frame of discernment” bear a relationship of (A: True B: False). In 
other words, the certainty factor is a measure of the “truthfulness” of a rule in the 
world. While in uncertain reasoning A -> B with 80% certainty means 80% chance B 
will happen if A happens; i.e., Pr(B|A) = 0.8. Yet in data mining an association rule A 
-> B could be associated with two measures: support and confidence; where support is 
a measure of significance of the presence of (A B) in the sample population of inter-
ests, while confidence is a measure of antecedence/consequence relationship much 
like uncertain reasoning. An example of such an association rule in data mining could 
be 80% of the movie goers for “The Lord of the Ring” went on to buy the book, and 
such a population accounts for 20% of the entire sample population.  

Support and confidence are two measures widely used in data mining with the ob-
jective of detecting data patterns that exhibit antecedence/consequence relationships. 
However, these two measures also present conceptual and computational challenges. 
Let’s consider the case of the above example. Let A=1 be the moviegoers watching 
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“The Lord of the Ring”, and B=1 be the buyers of the book. Ideally, from the perspec-
tive of the utility of an association rule, we want both Pr(A=1 ∩ B=1) and 
Pr(B=1|A=1) to be high. Consider the case where Pr(A=1) = Pr(B=1) = 0.8, and 
Pr(A=1 ∩ B=1) = 0.64, we can easily see that the antecedence/consequence relation-
ship Pr(B=1|A=1) = 0.8 is quite misleading since A and B are independent of each 
other in the event level (because Pr(B=1|A=1) = Pr(B=1) = 0.8). Even subtler, an 
association rule A -> B manifests an antecedence/consequence relationship that sug-
gests a time precedence relationship; i.e., B happens after A. But let’s suppose the 
population is the English literature students who have an assignment on writing cri-
tiques about the story. Let’s assume C=1 represents the English literature students 
with such an assignment. It is then no surprise to expect that the antece-
dence/consequence relationships are indeed C -> A and C -> B. And since watching 
the movie prior to reading the book could save time on getting an idea about the story, 
it is natural that students may watch the movie first! But from the observed data, if we 
do not know about C=1, we may end up concluding A -> B, thus a fallacy on the situa-
tion. This situation is referred to as spurious association [2] that has been known for a 
long time in the philosophy community. It is well known that a fallacy due to spurious 
association can only be disproved; while we may never be able to prove the truthful-
ness of an association rule that manifests an antecedence/consequence relationship. 
Nevertheless, it is possible to examine the “interestingness” of an association about 
whether the events in a data pattern are independent of each other or not [3], [4]. 

The objective of this paper is to investigate information-statistical criteria for dis-
covering data patterns that exhibit interesting association. Our primary goal is to in-
troduce an information-statistical measure that bears an elegant statistical convergence 
property for discovering association patterns. The proposed approach is more than just 
adding another constraint. We will show how this could lead to reduction in the com-
putational cost based on probabilistic inference of high order patterns from low order 
patterns.  

2   Problem Formulation and Analysis 

Let X = {x1, x2, ..., xn} be a set of n categories, and D = {D1, D2, … Dn}  be the do-
main set of the corresponding categories. A domain Di is a mutually exclusive set of 
items of category xi, including a null value, if necessary, to indicate no item selection 
from the category. For the sake of discussion, we will assume each domain carries m 
items; i.e., |D1| = |D2| = … = |Dn| = m . Note that this formulation extends beyond 
the Boolean values in the typical case that is based on support-confidence approach 
[5]. 

An item set transaction is represented by Di x Dj x … Dk ; where {Di, Dj, … Dk} is 
a subset of D. Let T = {t1 … tn}  be the set of all possible transactions. An association 
pattern is a transaction with at least two items. Let A = {a1 …. av}  be the set of all 
possible association patterns. It is not difficult to find out the number of all possible 
association patterns v = ∑k= 2

 n mk(n,k) = (m+1)n – mn – 1 where (n,k) = n!/k!(n-k)!. 
Consider a case of 11 categories (i.e., n = 11) and m = 4, the number of possible as-
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sociation patterns is 511 – 45 . In other words, the number of association patterns grows 
exponentially with the number of categories [6].  

A k-tuple association pattern (k > 1) is an item set of k categories. This k-tuple as-
sociation pattern will also be referred to as a pattern of kth-order. For a given k-tuple 
association pattern, there are ∑i= 1

 k-1(k,i) possibilities on deriving an association rule. 
Since we have already mentioned the issue of spurious association, this paper will 
only focus on discovering significant association patterns rather than association rules. 
Even if our focus is to discover significant association patterns, we need to answer a 
fundamental question: what properties are desirable for a significant association pat-
terns? In other words, what association patterns should be considered significant?  

In this research, an association pattern ai consisting of items {i1, i2, … ip}  is con-
sidered α-significant if it satisfies the following conditions: 

 
1. The support for ai, defined as Pr(ai), is at least α; i.e., Pr(ai) ≥ α. (C1) 
2. The interdependency of {i1, i2, … ip}  as measured by mutual information 
measure MI(ai) =  Log2 Pr(i1, i2, … ip)/Pr(i1)Pr(i2)… Pr(ip)  is significant.  (C2) 
  
As reported elsewhere [7], [8], mutual information measure asymptotically con-

verges to χ2. A convenient way to determine whether MI(ai) is significant is to com-
pare the mutual information measure with χ2 measure; i.e., MI(ai) is significant if 
MI(ai) ≥ β(χ2) γ; where β and γ are some scaling factors, and due to Pearson, χ2 = (oi – 
ei)2/ei.  

It should be noted that there were previous attempts to extend beyond support-
confidence approach for data mining. For example, Brin/Motawani/Silverstein [9] 
proposed a concept to incorporate correlation into association rules so that the rules 
exhibit dependency property. The approach proposed in this research is different in 
the sense that our emphasis is on discovering association patterns in the event level. It 
can be shown that even if there is no association in the variable level, association 
could exist in the event level. Our approach by focusing on the event level could help 
to detect significant patterns that may otherwise be missed if data mining is conducted 
on the variable level. 

In other words, to determine whether any one of the (m+1)n – mn – 1  association 
patterns is significant or not, we test it against the above two conditions. Clearly this is 
computationally prohibitive if we have to test all the patterns against the two condi-
tions above. Fortunately the famous a priori property [10], [11] allows us to prune 
away patterns in a lattice hierarchy that are extensions of a pattern, but did not survive 
the test against the first condition (C1) just mentioned. 

3 State-of-the-Art: A Priori and Mutual Information Measure 

An association pattern is basically a collection of items. Suppose there is a 2-tuple 
association pattern a1 = {d1, d2}; where d1 is an item element of the set D1, and d2 is 
an item element of the set D2. We can consider an association pattern as an event in a 
probability space with random variables x1 assuming the value d1, and x2 assuming 
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the value d2; i.e., Pr(a1) = Pr(x1:d1 ∩  x2:d2). An extension ea1 of a pattern a1 is a 
pattern consisting of an item set D’  that is a proper superset of {d1, d2}; i.e., {d1, d2} 
⊂ D’ . It is not difficult to observe the property: Pr(a1) ≥ Pr(ea1) since Pr(a1) = ∑D’ – 

{d1 d2}  Pr(ea1). Therefore, if a1 is not α-significant because Pr(a1) < α, ea1cannot be 
α-significant, thus facilitating a pruning criterion during the process of identifying 
significant association patterns – the essence of a priori property. 

On the other hand, if the mutual information measure of a1 is not significant, it 
does not guarantee the extension of a1 not significant. Consider ea1= {x1 x2 x3}, if 
Pr(x1:d1 ∩  x2:d2 ∩ x3:d3)/Pr(d3) > Pr(x1:d1 ∩  x2:d2), Pr(x1:d1 ∩  x2:d2 ∩ x3:d3) 
> Pr(x1:d1)Pr(x2:d2)Pr(x3:d3), and Pr(x1:d1 ∩  x2:d2) > Pr(x1:d1)Pr(x2:d2), then 
MI(ea1) > MI(a1). Furthermore, it is possible that an association pattern satisfies 
(C1), but fails (C2) (mutual information measure). Therefore, (C2) provides a com-
plementary pruning criterion for discovering significant association patterns. 

In the process of deriving significant association patterns, we need one pass on all 
the transaction records to obtain the marginal probabilities required for mutual infor-
mation measure. To identify second order (2-tuple) association patterns, we need to 
permute every pair of items in a transaction record and keep track the frequency in-
formation in the same first pass [12]. The frequency information is then used to derive 
the joint probability information needed for mutual information measure and for de-
termining α-significant. At the end of the pass, we can then determine what association 
patterns – as well as the patterns that are the extensions – to discard, before the com-
mencement of the next pass for identifying third-order patterns. 

In each pass, the complexity is proportional to number of transaction records. In 
many applications such as on-line shopping, the number of transaction records tends 
to be very large. In such a case, the computational cost for deriving significant asso-
ciation patterns could be high even the complexity is linear with respect to the number 
of transaction records. A fundamental question is whether we could deduce high order 
association patterns from low order patterns without the need of repetitively scanning 
the transaction records. This is particularly so should the number of transaction re-
cords be large. To answer this question, we explore a novel model abstraction process 
that permits probabilistic inference on high order association patterns. 

4   Model Abstraction for Probabilistic Inference 

Let’s consider a case of 11 discrete random variables (categories) {x1, … x11} and the 
domain of each variable consists of 4 states; i.e., xi can assume a value from a set {1 2 
3 4} for i = 1 .. 11. Let’s further assume (x1:1 x2:1), (x1:1 x3:1), and (x2:1 x3:1) have 
been identified as significant association patterns. We want to know whether the ex-
tension (x1:1 x2:1 x3:1) is a significant association pattern. A naïve approach is to 
conduct another scanning pass to obtain the frequency information for α-significant 
test and mutual information measure. 

At the time (x1:1 x2:1), (x1:1 x3:1), and (x2:1 x3:1) are determined as significant 
association patterns, we would have already obtained the information of all marginal 
probabilities Pr(xi) (where i = 1.. 11), and the joint probabilities Pr(x1:1, x2:1),  
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Pr(x1:1 x3:1), and Pr(x2:1 x3:1). Let’s assume Pr(x1:1) = 0.818, Pr(x2:1) = 0.909, 
Pr(x3:1) = 0.42, Pr(x1:1∩ x2:1) = 0.779, Pr(x1:1 x3:1) = 0.364, and Pr(x2:1 x3:1) = 
0.403. Pr(x1:1 ∩  x2:1 ∩ x3:1) is the only missing information needed for determin-
ing whether (x1:1 x2:1 x3:1) is a significant association pattern. Suppose the value of 
α used for α-significant test is 0.2, if (x1:1 x2:1 x3:1) is a significant association pat-
tern, it must satisfy the following conditions: 
 
Pr(x1:1) = 0.818     ∑x2 x3  Pr(x1:1 ∩ x2 ∩ x3) = 0.818 
Pr(x2:1) = 0.909    ∑x1 x3  Pr(x1 ∩ x2:1 ∩ x3) = 0.909  
Pr(x3:1) = 0.42     ∑x2 x3  Pr(x1 ∩ x2 ∩ x3:1) = 0.42 
Pr(x1:1∩ x2:1) = 0.779    ∑ x3  Pr(x1:1 ∩ x2:!  ∩ x3) = 0.779  
Pr(x1:1∩ x3:1) = 0.364    ∑ x2  Pr(x1:1 ∩ x2 ∩ x3:1) = 0.364 
Pr(x2:1∩ x3:1) = 0.403    ∑ x1  Pr(x1 ∩ x2:1 ∩ x3:1) = 0.403 
Pr(x1:1∩ x2:1∩ x3:1) ≥ 0.2   Pr(x1:1 ∩ x2:1 ∩ x3:1)  - S = 0.2  

where S is a non-negative slack variable 
∑x1 x2 2 x3  Pr(x1 ∩ x2 ∩ x3) = 1 

 
Although the domain of each variable x1, x2, and x3 consist of 4 states, we are in-

terested in only one particular state of the variable; namely, x1 = 1, x2 = 1, and x3=1. 
We can define a new state 0 to represent the irrelevant states {2, 3, 4}. In other words, 
the above example consists of only 23 = 8 joint probability terms rather than 43 = 64 
joint terms, thus reducing the number of dimensions. In the above example, there are 
eight equality constraints and nine unknowns (one for each joint probability term and 
a slack variable). It is an underdetermined algebraic system that has multiple solu-
tions; where a solution is a vector of size = 9. Among all the solutions, one corre-
sponds to the true distribution that we are interested in. As discussed in our previous 
research [13], the underdetermined algebraic system provides a basis for formulating 
an optimization problem that aims at maximizing the likelihood estimate of the statis-
tical distribution of the data.  

Although the probabilistic inference approach just demonstrated offers an alterna-
tive to scanning the transaction records, there are three related questions about its 
utility. First, under what circumstances probabilistic inference approach is more at-
tractive in comparing to a straightforward scanning? Second, how feasible and expen-
sive is it computationally on solving the optimization problem? Third, how accurate is 
the estimate of the joint probability information (for example, Pr(x1:1 ∩ x2 ∩ x3) in 
the above case)? 

To answer the first question, we first note that probabilistic inference is applied 
only to the high order association patterns that we are interested in. But unless the 
order of association patterns is relatively low, the process of probabilistic inference 
has to be applied one-at-a-time to each association pattern that we are interested in. 
Therefore, probabilistic inference approach will have a distinct advantage over a 
straightforward scanning when (1) the number of transaction records is large, (2) each 
transaction record consists of a large number of categories, and (3) only few high 
order association patterns are of interests. 

As we reported elsewhere [13], the problem of probabilistic inference formulated 
as an optimization problem under the principle of minimum biased information can be 
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solved quite efficiently. In practice, we can solve an optimization problem with 300 
some variables within a minute using a 450MMX HZ personal computer. For data 
mining problems, 300 some variables translates to the 8th-order association patterns 
(i.e., trunc(Log2300)). In practice, it is highly unlikely to have significant association 
patterns with an order of seven or above. 

The third question is perhaps the most challenging one. From the perspective of 
computational geometry, probabilistic inference is a search process in a high dimen-
sional probability sub-space defined by the (in)equality constraints [13]. The error 
percentage defined by the normalized distance between the estimated optimal joint 
probability and the true joint probability increases as the order of association patterns 
increases. This is because the joint probability (support) of the association patterns 
decreases as the order increases, thus increasing the error sensitivity. As a result, when 
the estimated joint probability of an association pattern is used in mutual information 
measure to determine its significance, the asymptotic convergence of mutual informa-
tion measure towards chi-square distribution will need to be calibrated. As reported 
elsewhere [7], [8], mutual information measure of two random variables (x1 x2) has 
the following asymptotic convergence property: I(x1: x2) -> χ2 (K-1)(J-1)(1- α)/2N; where 
K and J are the number of states of x1 and x2 respectively, N is the sample population 
size, and α is the significance level. The calibration for adjusting the error sensitivity 
of the joint probability as it is used in calculating the mutual information measure of a 
high order association pattern MI(x1 x2 .. xn) in the event level is shown below: 
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 where MI(x1,x2…xn) = Log 2Pr(x1 x2 … xn)/Pr(x1)Pr(x2)…Pr(xn)  
  N = sample population size 
  χ2 = Pearson chi-square test statistic defined as (oi – ei) 2/ei  

      with oi = observed count = N Pr(x1 x2 .. xn) 
               ei = expected count under the assumption of independence  

   = N Pr(x1)Pr(x2)...Pr(xn) 

  E
)

= Expected entropy measure of estimated probability model  
  E’ = Maximum possible entropy of estimated probability model 
  O = order of the association pattern (i.e., n in this case) 

Referring to the previous example, the optimal solution that maximizes the likelihood 
estimate under the assumption of minimum biased information is [Pr(x1:0 ∩ x2:0 ∩ 
x3:0) = 0.035, Pr(x1:0 ∩ x2:0 ∩ x3:1) = 0.017, Pr(x1:0 ∩ x2:1 ∩ x3:0) = 0.091, 
Pr(x1:0 ∩ x2:1 ∩ x3:1) = 0.039, Pr(x1:1 ∩ x2:0 ∩ x3:0) = 0.039, Pr(x1:0 ∩ x2:0 ∩ 
x3:1) = 0, Pr(x1:0 ∩ x2:1 ∩ x3:0) = 0.415, Pr(x1:1 ∩ x2:1 ∩ x3:1) = 0.364]. The 

expected entropy measure of estimated probability model E
)

= -∑x1 x2 2 x3  Pr(x1 ∩ x2 ∩ 
x3) Log2 Pr(x1 ∩ x2 ∩ x3) =2.006223053. The maximum possible entropy of esti-
mated probability model E’ is the case of even distribution; i.e., E’ = -∑x1 x2 2 x3  Pr(x1 
∩ x2 ∩ x3) Log2 Pr(x1 ∩ x2 ∩ x3) = 3. 

There is an interesting observation about the heuristics of the above equation. Let’s 
consider the case of second-order association patterns; i.e., o=2. When the expected 
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entropy measure of estimated probability model is identical to that of maximum likeli-
hood estimate, Pr(x1, x2) Log2Pr(x1, x2)/Pr(x1)Pr(x2) → χ2/2N. If we now sum up all 
possible association patterns defined by (x1, x2) to examine the mutual information 
measure in the variable level (as opposed to the event level), we will obtain the as-
ymptotic convergence property: I(x1: x2) -> χ2/2N as discussed earlier. 

5   Modified a Priori Algorithm 

Based on the methods discussed in the previous sections, below is an algorithm that 
combines a priori property with mutual information measure for identifying significant 
association patterns: 
 
Step 1: 
Conduct a scanning pass to derive the marginal probabilities Pr(xi = dk) (i = 1..n) for 
all possible dks, and the joint probabilities Pr(xi = dl, xj = dm) (i<j, i=1..n-1, j=2..n) 
for all possible dls and dms by checking each transaction one at a time. 

Remark: This can be easily achieved by creating a bin as a place holder of fre-
quency count for each unique xi and (xi xj) [14],[15], and discard the bin (xi xj) when 
its frequency count at the time of k% completion of transaction record scanning is less 
than N(α  - 1 + k/100) --- a condition that guarantees the frequency count to be less 
than the threshold α defined for α-significant.  
 
Step 2: 
Rank all w (≤  n(n-1)/2) association patterns (xi, xj) survived in (i) step 1, and (ii) the 
test due to (C2) about mutual information measure, in the descending order of the 
corresponding joint probabilities, and put in a collection set AS. 
 
Step 3: 
Select w’ (≤ w) association patterns from the top of AS, and enumerate each associa-
tion pattern (referred to as a source pattern) with a new item Ij from a cate-
gory/attribute variable not already in the association pattern that satisfies the following 
condition: 

Every second-order association pattern formed by Ij and an item in its source 
pattern is a significant association pattern in AS. For example, suppose the 
source pattern is (x1:d1, x2:d2), it can be enumerated to (x1:d1, x2:d2, xj:Ij) 
if both (x1:d1, xj:Ij) and (x2:d2, xj:Ij) are significant association patterns. 

 
Step 4: 
Based on the number of newly enumerated patterns and the order of the patterns, de-
termine according to the scenario discussed in the previous section whether the joint 
probabilities for the newly enumerated patterns should be derived from a new pass of 
transaction record scanning or probabilistic inference described earlier. In either case, 
proceed to derive the joint probabilities for the newly enumerated patterns and test 



376         B.K. Sy 
 

 

against the condition (C1) in Sect. 2. If a pattern does not pass the test, discard it from 
the list for further processing. 
 
Step 5: 
For each newly enumerated association pattern survived in step 4, test against the 
condition (C2) (mutual information measure) in section 2. If a pattern passes the test, 
insert the newly enumerated significant association pattern into a temporary bin TB in 
the descending order of joint probabilities of the patterns in TB is preserved. 
 
Step 6: 
Insert the items in TB to the top of AS. If the computational resources are still avail-
able, empty TB and go to step 3. Otherwise stop and return AS. 

6   Preliminary Study and Result Discussion 

In order to better understand the computational behavior of the proposed approach 
discussed in this paper, a preliminary study was conducted using a dataset about dif-
ferent brands of cereals. This dataset was originally published in the anonymous ftp 
from unix.hensa.ac.uk, and re-distributed as cereal.tar.gz/cereal.zip by [16].  

This dataset is chosen because it is relatively small to allow an exhaustive data 
analysis to establish a “ground truth” for the purpose of evaluation. This dataset con-
sists of 77 records. Each record consists of 11 categories/attributes. The number of 
possible second-order association patterns, therefore, is 42(11x10)/2 = 880. In this 
preliminary study, we set α = 0.2 for α-significant test. 57 out of 880 association pat-
terns survived the test due to condition (C1). Among the 57 association patterns, 15 
failed the test due to (C2) (mutual information measure).  

Based on the extension of the 42 second-order significant association patterns, 
third-order association patterns were derived and 25 of the third-order patterns sur-
vived the test due to (C1). Among the 25 association patterns, 19 passed the test due 
to (C2). Based on the 19 third-order significant association patterns, three significant 
association patterns of fourth-order were found. This completes the construction of the 
“ground truth” for evaluation. 

To evaluate how effective is the proposed algorithm presented in section 5, apply-
ing step 1 of the algorithm produced the same set of second-order association patterns. 
In step 2, we chose w = 1; i.e., only the most probable significant association pattern 
(Pr(x9:2, x10:3) = 0.779) was used for enumeration of third-order association pattern 
candidates. Following the condition stipulated in step 3, eight candidates of third-
order association patterns were found. Among the eight candidates, five of the 19 
actual third-order significant association patterns were found. In other words, we were 
able to find 26% (5/19) of the third-order significant association patterns using only 
2% (1/42) of the candidate set for enumeration. 

To understand better the behavior of probabilistic inference, we repeated step 4 ex-
cept that probabilistic inference is applied on the same eight candidates rather than 
scanning the dataset. The following results were found. 
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Table 1. Comparison between using probabilistic inference vs exhaustive scan 
 

Case Association pattern Mutual 
information MI 

Adjusted  
chi-square C 

MI > C ? Ground 
truth 

1 x1:3   x9:2   x10:3 0.315 0.208 Yes No 
2 x3:1   x9:2   x10:3 -0.005484 0.003804 No No 
3 x3:2   x9:2   x10:3 0.135 0.085 Yes Yes 
4 x4:3   x9:2   x10:3 0.221 0.135 Yes Yes 
5 x6:2   x9:2   x10:3 0.391 0.311 Yes Yes 
6 x7:2   x9:2   x10:3 0.178 0.143 Yes No 
7 x7:3   x9:2   x10:3 0.218 0.194 Yes Yes 
8 x9:2   x10:3 x11:3  0.211 0.139 Yes Yes 

  
When the seven cases where MI > C in table 1 are used to enumerate fourth-order 

patterns, 11 such patterns are obtained. Among the 11 fourth-order patterns, two of the 
three true significant association patterns are covered.  

When the probabilistic inference was applied again, only one of the two true fourth-
order significant association patterns was found. This leads to a 50% false-negative 
error rate. Among the nine cases that were not significant association patterns, prob-
abilistic inference process drew the same conclusion in six cases, yielding a 33% 
false-positive error rate. This results in a weighted error rate of (2/11)0.5% + 
(9/11)0.333% = 36%, or a 64% accuracy rate.  

As also noted in the study, the condition stipulated in step 3 plays an essential role 
in maintaining the enumeration space small. 42 second-order significant association 
patterns were found. An exhaustive enumeration of 42 second-order patterns will yield 
at least 42x(11-2)x4 – 42 = 1470  third-order association pattern candidates. In our 
study we used only one of the 42 patterns for an enumeration. This results in (1x(11-
2)x4) 36 possible third-order pattern candidates while the condition stipulated in step 
3 restricted the enumeration to only eight third-order pattern candidates. 

7   Conclusion 

This paper discussed new criteria based on mutual information measure for defining 
significant association patterns, and a novel probabilistic inference approach utilizing 
model abstraction for discovering significant association patterns. The new criteria are 
proposed to address the interestingness, defined by interdependency among the attrib-
utes, of an association pattern. The novel probabilistic inference approach is intro-
duced to offer an alternative approach to deduce the essential information needed for 
discovering significant patterns without the need of an exhaustive scan of the entire 
database. The preliminary study has showed interesting results. Our follow-up study 
will focus on applying the proposed approach to real world data sets. 
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Abstract.  Hidden Markov Models (HMM) are nowadays the most successful 
modeling approach for speech recognition. However, standard HMM require 
the assumption that adjacent feature vectors are statistically independent and 
identically distributed. These assumptions can be relaxed by introducing neural 
networks in the HMM frame work. These neural networks particularly the 
Multi-Layer Perceptrons (MLP) estimate the posterior probabilities used by the 
HMM. We started in the frame work of this work, to investigate smoothing 
techniques combining MLP probabilities with those from others estimators with 
better properties for small values (e.g., a single Gaussian) in the framework of 
the learning of our MLP. The main goal of this paper is to compare the per-
formance of speech recognition of an isolated speech Arabic databases obtained 
with (1) discrete HMM, (2) hybrid HMM/MLP approaches using a MLP to es-
timate the HMM emission probabilities and (3) hybrid FCM/HMM/MLP ap-
proaches using the Fuzzy C-Means (FCM) algorithm to segment the acoustic 
vectors.  
 
Keywords: Arabic speech recognition, fuzzy clustering, statistical learning, ar-
tificial neural networks, MLP probability smoothing  

1   Introduction 

Significant advances have been made in recent years in the area of speaker independ-
ent speech recognition. Over the last few years, connectionist models, and Multi 
Layer-Perceptron (MLP) in particular, have been widely studied as potentially power-
ful approaches to speech recognition [2, 11, 17]. Hidden Markov Models (HMM) are 
nowadays, the most successful modeling approach for speech recognition. However, 
standard HMM require the assumption that adjacent feature vectors are statistically 
independent and identically distributed. These assumptions can be relaxed by intro-
ducing neural network in the HMM framework. These neural networks estimate the 
posterior probabilities used by the HMM. Among these, the hybrid approach using a 
MLP to estimate HMM emission probabilities has recently been shown to be particu-
larly efficient for handwriting recognition [7], audiovisual recognition [28], it has 
already been successfully applied for speech recognition in American English [27] 
and French [6]. This is the reason why we were interested in testing the same ap-
proach on a speaker independent isolated Arabic speech recognition for small [14], 

P. Perner and A. Rosenfeld (Eds.): MLDM 2003, LNAI 2734, pp. 379−388, 2003.
 Springer-Verlag Berlin Heidelberg 2003



medium [15] and large vocabulary [16] and compared with state of the art traditional 
models. 

In this report, we present experimental and theoretical results using a framework 
for training and modeling isolated Arabic  speech  recognition systems based  on   the 
theoretically optimal Maximum A Posteriori (MAP) criterion. This is in constrast to 
most state of the art systems which are trained according to a Maximum Likelihood 
(ML) criterion. Although the algorithm is quite general, we applied it to a particular 
form of hybrid system combining HMM and Artificial Neural Network (ANN) in 
particular, Multi Layer-Perceptron (MLP) in which MLP targets and weights are it-
eratively re-estimated to guarantee the increase of the posterior probabilities of the 
correct model, hence actually minimizing the error rate. More specifically, this train-
ing approach is applied to a transition based model that used local conditional transi-
tion probabilities (i.e., the posterior probability of the current state given the current 
acoustic vector and the previous state) to estimate the posterior probabilities of se-
quences. 

We develop also, a method based on concepts of fuzzy logic for clustering and 
classification of acoustic vectors: Fuzzy C-Means (FCM) algorithm, and demonstrate 
its effectiveness with regard to K-Means traditional algorithm [18, 20]. 

When the MLP are trained to least mean square or entropy criteria, it can be shown 
that large values of probabilities will be better estimated that small values [1]. As a 
consequence, we started in the framework of this work, to investigate smoothing 
techniques combining MLP probabilities with those from others estimators with better 
properties for small values (e.g., a single Gaussian) [18]. 

2   Databases 

Two speech databases have been used in this work: 
1) The first one, referred to as DB1 contained about 30 speakers saying their 

last name, first name, the city of birth and the city of residence. Each word 
should be marked 10 times. The used training set in the following experi-
ments consists of 1200 sounds (1000 sounds for training and 200 for cross 
validation used to adapt the learning rate of the MLP [6]). 

2) The second database, referred to as DB2, contained the 13 control words (i.e. 
View/new, save/save as/ save all) so that each speaker pronounces each con-
trol word 10 times. The used training set in the following experiments con-
sists of 3900 sounds (3000 sounds for training and 900 for cross validation) 
saying by 30 speakers. 

The data test set by 8 speakers (4 men and 4 women) pronounce the sequence "last 
name – first name – city of birth – city of residence", 5 times for the first set and pro-
nounce 5 times, the control words selected with hazards. 

3   Acoustic Features 

Speech recordings were sampled over the microphone at 11 kHz. After pre-emphasis 
(factor 0.95) and application of a Hamming windows, two sets of acoustic features 
have been used: The log RASTA-PLP (RelActive SpecTrAl processing – Perceptral 
Linear Predictive) features [8] and the MFCC (Mel-scale Frequency Cepstral Coeffi-
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cients) [5]. These parameters were computed every 10 ms on analysis windows of 
30 ms. 

Each frame is represented by 12 components plus energy (MFCC \ log 
RASTAPLP + E). The values of the 13 coefficients are standardized by their standard 
deviation measured on the frames of training. The feature set for our hybrid 
HMMMLP system was based on a 26 dimensional vector composed of the cepstral 
parameters (log RASTA-PLP or MFCC parameters), the  cepstral parameters, the 
 energy and the  energy. Nine frames of contextual information were used at the input 
of the MLP (9 frames of context being known as yielding usually the best recognition 
performance) [1]. 

4   Clustering Algorithm 

In general, a purely acoustic segmentation of the speech cannot suitably detect the 
basic units of the vocal signal. One of the causes is that the borders between these 
units are not acoustically defined. For this reason, we were interested to use the auto-
matic classification methods which based on fuzzy logic in order to segment the 
acoustic vectors. Among the adapted algorithms, we have chooses the Fuzzy C-means 
(FCM) algorithm which already successfully used in various fields and practically in 
the image processing [9, 25, 29]. 

FCM algorithm is a method of clustering which allows one piece of data to belong 
to two or more clusters. The use of the measurement data is used in order to notice the 
speech data by considering in spectral domain only. However, this method is applied 
for searching some general regularity in the collocation of patterns focused on finding 
a certain class of geometrical shapes favored by the particular objective function. The 
FCM method [4] is frequently used in pattern recognition. It is based on minimization 
of the following objective function, with respect to U, a fuzzy c-partition of the data 
set, and to V, a set of K prototypes: 

 ∑∑
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The criteria in this iteration will stop when εijij
ij

uu ˆmax −  where ε  is a termi-

nation criterion between 0 and 1. 

5   Hybrid HMM-MLP Models 

Our discussion of neural networks for speech will be focused on MLP, which are the 
most common ANN (Artificial Neural Networks) architecture used for speech recog-
nition. However, all of the basic conclusions about the utility of these structures for 
estimating probabilities or local costs for an HMM will also hold for order structures 
such as a Recurrent Neural Network (RNN) [26], or a Time-Delay Neural Network 
(TDNN) [13]. The diagram of the training and recognition processes of our hybrid 
HMM-MLP system is shown in Fig. 1. 
 

 
 

Fig. 1. Diagram of the training and recognition processes of the hybrid HMM-MLP system 
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5.1   MLP as Statistical Estimators 

For statistical recognition systems, the role of the local estimator must be to approxi-
mate probabilities. In particular, given the basic HMM equations, we would like to 
estimate something like the probability p(xn/qk), that is, the probability of the observed 
data vector given the hypothesized HMM state. However, HMM are based on a very 
strict formalism that is difficult to modify without losing the theoretical foundations 
or the efficiency of the training and recognition algorithms. Fortunately, ANN can 
estimate probabilities, and so can be fairly easily integrated into an HMM – based 
approach. In particular, ANN can be trained to produce the posterior probability 
p(qk/xn), that is, the posteriori probability of the HMM state given the acoustic data, if 
each MLP output is associated with a specific HMM state. This can be converted to 
emission probabilities using Bayes’ rule (cf. figure 2). 

It has been experimentally observed that, for systems trained on a large amount of 
speech, the outputs of a properly trained MLP do in fact approximate posterior prob-
abilities, even for error values that are not precisely the global minimum. Thus, emis-
sion probabilities can be estimated by applying Bayes’ rule to the MLP outputs. In 
practical system, we actually compute: 

)(

)()\(
)\(

n

kkn
nk xp

qpqxp
xqp =                                       (4) 

That is, we divide the posterior estimates from MLP outputs by estimates of class 
priors, namely the relative frequencies of each class as determined from the class la-
bels that are produced by a forced Viterbi alignment of the training data. The scaled 
likelihood of the left hard side can be used as an emission probability for the HMM, 
since, during recognition, the scaling factor p(xn), is a constant for all classes and will 
not change the classification. 
 

 

 

 

 

 

 

 

 

Fig. 2.  Structure of hybrid HMM-MLP model 
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5.2   Disadvantages of HMM and Motivations of MLP 

Among the numerous advantages of the MLP and the disadvantages of HMM, we can 
mention: [1, 14, 18, 20] 

 
Disadvantages of  HMM Advantages of  MLP 

 
  Ignore correlation between acoustic 

vectors. 
 

 MLP can extract local and high-level 
correlations between the successive 
acoustic vectors. 

 Requirements for distributional 
assumptions (e.g., uncorrelated features 
within an acoustic vector). 

 Highly parallel structures. 

 Poor discrimination.  Discriminant learning. 
 

 1st order Markov model assumption 
for phone or subphone states. 

 No assumptions about the underlying 
statistical distribution of the input data. 

5.3   MLP Probability Smoothing 

When the MLP are trained to least mean square or entropy criteria, it can be shown 
that large values of probabilities will be better estimated that small values [1]. As a 
consequence, we started in the framework of this work, to investigate smoothing 
techniques combining MLP probabilities with those from others estimators with better 
properties for small values (e.g., a single Gaussian). 

Theoretically, this should be done through a weighted sum of the different likeli-
hood’s or posteriori probabilities. This however, can lead to problems when trying to 
combine the scaled likelihood’s obtained (after division by the priors) at the output of 
the MLP with (unscaled) likelihood’s obtained (e.g., from standard Gaussian or stan-
dard discrete likelihood’s). To avoid this problem, we simply multiplied these differ-
ent estimates. Although the theoretical motivations of this are still not clear. This con-
sistently led to significant improvements of the HMM-MLP performance (at least for 
the task considered here). If qk represents a HMM state and xn the current acoustic 
vectors, the probability actually used for the hybrid HMM-MLP approach was given 
by: 

( )
)/(.
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/

)/( knd
k

nkMLP
kn qxP

qP
xqP

qxP =                                   (5) 

Where PMLP(.) and Pd(.) respectively represent the probabilities given by the MLP and 
a standard discrete likelihood estimator. In this case, the scaling factor P(xn) remains a 
multiplicative factor (independent of qk and does not affect the dynamic programming 
(when using minus log probabilities as local distances). In the experiments reported 
here, this consistently leads to an (absolute) improvement of about 2 % at the word 
level.  
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6   Recognition Results 

6.1   Discrete HMM  

In this case, the acoustic features were quantified into 4 independent codebooks ac-
cording to the k-means algorithm: 
 

- 128 clusters for the MFCC / log RASTA-PLP coefficients, 
- 128 clusters for the first time derivative of cepstral vectors, 
- 32 clusters for the first time derivative of energy, 
- 32 clusters for the second time derivative of energy. 

 
The models of words in 10 states, strictly left-to-right were used to model each basic 
unit (words). Note that only the choice of 10 states per model was selected in an em-
pirical manner. 
 
6.2   Discrete MLP with Entries Provided by the K-Means Algorithm  

10-states, strictly left-to-right, word HMM with emission probabilities computed from 
an MLP with 9 frames of quantified acoustic vectors at the input, i.e., the current 
acoustic vector preceded by the 4 acoustic vectors on the left context and followed by 
the 4 acoustic vectors on the right context. Each acoustic vector was represented by a 
binary vector composed of 4 fields (representing the 4 acoustic features – see discrete 
HMM) respectively containing 128, 128, 32, and 32 bits. In each field, only one bit 
was "on" to represent the current associated cluster. Since 9 frames of acoustic vectors 
were used at the input of the MLP, this resulted in a (very sparse) binary MLP input 
layer of dimension 2.880 with only 36 bits "on" (we do not have to compute the 0's 
during the forward calculation of the MLP). In the experiments reported below, we 
restricted ourselves to MLP with binary inputs only since it was not possible to train 
MLP with continuous inputs given the excessive CPU time required for training on 
standard computers. A hidden layer of variable size, an output layer made up of as 
many neurons than there are HMM states. The number of neurons of the hidden layer 
was chooses so as to satisfy the following heuristic rule [12]: 

Number of hidden neurons = (a number of entry neurons * number of output neurons)1/2 

6.3   Discrete MLP with Entries Provided by the FCM Algorithm 

For this last case, we compare the performance of the basis hybrid model with that of 
an hybrid HMM-MLP model using in entry of the network an acoustic vector com-
posed of real values which were obtained by applying the FCM algorithm. We pre-
sented each cepstral parameter (log RASTA-PLP/MFCC, log RASTAPLP/ MFCC, E, 
E) by a real vector which the components definite the membership degrees of the pa-
rameter to the various classes of the "code-book". The topology of the MLP is similar 
to model 2, nevertheless that the entry layer is made up of a real vector with 2880 real 
components corresponding to the various membership degrees of the acoustic vectors 
to the classes of the "code-book ". 
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These three types of models were compared within the framework of an isolated 
words recognition. Figure 3 summarizes the various results obtained of the models 
using only the acoustic parameters provided by a log RASRA-PLP analysis owing to 
the fact that MFCC coefficients did not give good results for the considered task. All 
the tests of the three models were carried out on the DB1 in first then on the DB2 and 
finally on DB1 + DB2 set. 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fig. 3.  Recognition rates for the three types of models. 

7   Conclusion & Perspectives 

These preliminary experiments have set a baseline performance for our hybrid 
FCM/HMM/MLP system. Better recognition rates were observed for speakers not 
having taken part in the training for an isolated words recognition. From the effec-
tiveness view point of the models, it seems obvious that the hybrid models are more 
powerful than discrete HMM. 

However, the recognition rates obtained are at least good that we do not hope for it. 
We thus envisage:  

- To improve the performance of the suggested system, it would be important 
to use other techniques of parameters extraction and to compare the recogni-
tion rate of the system with that using the log RASTA-PLP analysis. We 
think of using the LDA (Linear Discriminate Analysis) and CMS (Cepstral 
Mean Substraction) owing to the fact that these representations are currently 
considered among most powerful in ASR. 

 
- Although the FCM algorithm improved the performance of the suggested 

system nevertheless, this algorithm suffers from some defects also raised by 
the traditional classification methods (k-means, dynamic clouds, etc.) who 
are the need for knowing a priori, the number of clusters, the sensitivity to 
the choice of the initial configuration as well as convergence towards local 
minima. We tried in a former work to apply a new method of the speech 
segmentation and which a makes it possible to mitigate the principal raised 
defects. A comparison of performance was already carried out with that of 
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the FCM algorithm and which gave very promising results [19, 21, 22]. We 
think of integrating this method in the proposed ASR system. 

 
- It appears also interesting to use the continuous HMM with a multi-Gaussian 

distribution and to compare the performance of the system with that of the 
discrete HMM. 

 
- In addition, for an extended vocabulary, it is interesting to use the phonemes 

models instead of words, which facilitates the training with relatively small 
bases. 
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Abstract. We propose a method for recovering a 3D object from an
unorganized image sequence, in which the order of the images and
the corresponding points among the images are unknown, using a
random sampling and voting process. Least squares methods such that
the factorization method and the 8-point algorithm are not directly
applicable to an unorganized image sequence, because the corresponding
points are a priori unknown. The proposed method repeatedly generates
relevant shape parameters from randomly sampled data as a series of
hypotheses, and finally produces the solutions supported by a large
number of the hypotheses. The method is demonstrated on synthetic
and real data.

Keywords: shape recovery, unorganized image sequence, hough
transform, random sampling, voting

1 Introduction

We propose a method for recovering 3D objects from an unorganized image
sequence, in which the order of the images is not organized and the correspond-
ing points among the images are not determined, using a random sampling and
voting process. This process is based on the concept underlying the Hough trans-
form [1,2,3], which clusters sample points that lie on straight lines and estimates
the parameters of the straight lines. In shape recovery, the clustering of sample
points and the estimation of parameters correspond to the detection of point
trajectories in the spatiotemporal space and the recovery of 3D objects. If a
sequence of images is organized, least squares methods such as the factorization
method [10] and the 8-point algorithm [11] is suitable. However, these methods
are not directly applicable to an unorganized image sequence. In shape recovery
from a cloud of unorganized sample points in a space, the neighborhood rela-
tion is used to describe the topology in a local region on the sample points [4].
and the combinatorial methods [5] yield an organized structure using Voronoi
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tessellation, Delauney triangulation, and Gabriel graph. In classical variational
methods, sample points are pre-organized before model fitting. Recently, Osher’s
group proposed a method to reconstruct surfaces from unorganized points [6].

For the organization of sample points, we employ algebraic constraints which
describe geometrical configurations between cameras and 3D objects [7,8]. In this
paper, the algebraic constraints, called the epipolar constraint and the trifocal
tensor [9], are used to organize sample points. We also show that the searching
of the nullspaces of matrices which are derived from unorganized sample points
to recover 3D objects from an unorganized image sequence. This property is
based on the algebraic property that points in a space are described by systems
of homogeneous equations. The Hough transform estimates the parameters of
straight lines by detecting the nullspaces of the subspaces spanned by sample
data.

2 Hough Transform and Nullspace Search

We review the Hough transform as a technique for organizing a point set, and
show that this technique achieves the detection of the nullspaces spanned by
sample points. Setting ξ to be the homogeneous coordinates of point x on the
two-dimensional plane, a set of points {xi}ni=1 on a straight line satisfies a�ξi =
0, where a is a given vector on the unit semisphere. This expression shows
that vector a lies in the nullspace spanned by {ξi}ni=1. If sample points {ξi}ni=1
are given, estimation of a is achieved by solving an overdetermined system of
homogeneous equations Ξa = 0, for Ξ = [ξ1, ξ2, . . . , ξn]�, that is, vector a lies
in the nullspace of matrix Ξ.

The Hough transform classifies sample points {ξi}ni=1 into {ξij}m n(i)
i=1j=1, and

estimates a collection of the parameters {ai}mi=1. The classified sample points
and estimated parameters satisfy the relations ||a�

i ξij ||2 ≤ ε, i = 1, 2, . . . ,m, j =
1, 2, . . . , n(i), for a small positive constant ε. From these relations, setting

Ξi = [ξi1ξi2, . . . , ξin(i)]
�, (1)

each ai lies in the nullspace of matrix Ξi. Therefore, the Hough transform
determines the nullspaces spanned by sample points by clustering sample points.
This fact enables us to search a collection of nullspaces for unorganized sample
points.

3 Points, Lines, and Perspective Projection

We summarize the geometry between 3D points and their perspective projec-
tions as well as 3D lines, and derive the linear equations for the geometry. The
expressions derived in this section are used in formulating the shape recovery
problem in Sect. 4. Let υ = (X,Y, Z,W )� be a 3D point and ξ = (x, y, z)� be
a perspective projection of υ onto an image in homogeneous coordinates. The
relationship between a 3D point υ and its perspective projection ξ can be writ-
ten as λ ξ = Pυ, where λ is an arbitrary nonzero scalar and P is a 3 × 4 matrix
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called the perspective projection matrix [8]. Eliminating the scale factor λ, we
obtain a pair of linear equations

(xp3 − zp1)
�υ = 0, (yp3 − zp2)

�υ = 0, (2)

where p�
i , i = 1, 2, 3, are rows of the matrix P . Since a 3D point provides two

linear equations in eq. (2), we can uniquely solve the system of equations in υ,
if we observe at least two projections of the same 3D point.

Let us turn our attention to the perspective projection of lines. Setting ξ1
and ξ2 to be two distinct points on an image plane, the 2D line passing through
these two points is computed by λψ = ξ1 × ξ2 up to a scale factor. Then we
obtain the following relation:

λψ = Pυ1 × Pυ2 =




(p2 ∧ p3)�

(p3 ∧ p1)�

(p1 ∧ p2)�



 [υ1 ∧ υ2
]
, (3)

where ∧ is the exterior product In eq. (3), a 6 × 1 vector ρ = υ1 ∧ υ2 expresses
the 3D line passing through the two 3D points υ1 and υ2 [12]. The coordinates
of ρ are called the plücker coordinates of the 3D line. Equation (3) is rewritten as
λψ = P lρ, where P l is the 3×6 matrix defined by P�

l = [p2∧p3 p3∧p1 p1∧p2 ].
Therefore, P l models perspective projection of lines. Eliminating the scale factor
λ, we obtain a pair of linear equations

(ap1 ∧ p2 − cp2 ∧ p3)
�ρ = 0, (bp1 ∧ p2 − cp3 ∧ p1)

�ρ = 0, (4)

where ψ = (a, b, c)� expresses a straight line on an image plane. Since a 3D line
provides two linear equations in eq. (4), we can uniquely solve the system of
equations in ρ, if we observe at least three projections of the same 3D point.

4 Problem Formulation

In this section, we formulate the recovery of a 3D object from an image sequence
as the nullspace search, using linear algebra. For the achievement of 3D recovery,
we must perform both of the determination of the correspondences among images
and the estimation of 3D positions. For solving the two problems, we search
nullspaces 1 of given data points, and then we call the formulation the nullspace
search. From this formulation, the relationship between the 3D recovery and the
nullspace search becomes clear.

4.1 Estimation of 3D Positions

Each perspective projection of a 3D point υ provides a pair of linear equations.
Such pairs of linear equations in υ derive a set of homogeneous linear equations
1 Precisely, the basic vector spanning a nullspace should be used instead of the term

“nullspace”.
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Ξυ = 0, where Ξ is a matrix containing the entries of perspective projection
matrices and the coordinates of perspective projections of the same 3D point. If
we observem 3D points {υi}mi=1 from n pinhole cameras represented by {P j}nj=1,
we have m sets of homogeneous linear equations

Ξiυi = 0, i = 1, . . . ,m. (5)

A set of perspective projections of the same 3D line also gives a set of homo-
geneous linear equations Ψρ = 0, where Ψ is a matrix containing the entries of
perspective projection matrices and the coordinates of perspective projections
of the same 3D line. If we observe m 3D lines {ρi}mi=1 from n pinhole cameras
represented by {P j

l }nj=1, we have m sets of homogeneous linear equations

Ψ iρi = 0, i = 1, . . . ,m. (6)

Solutions of eqs. (5) and (6) yield the 3D positions of spatial points and lines
of a 3D object, respectively. To avoid the trivial solutions υi = 0 and ρi = 0,
the coefficient matrices Ξi and Ψ i are rank-deficient, i.e., the ranks of Ξi and
Ψ i are at most 3 and 5, respectively. This means that each solution is in the
nullspace of each coefficient matrix, and then υi ∈ N (Ξi) and ρi ∈ N (Ψ i) hold,
where N (A) = {x : Ax = 0}.

Therefore, we generally formulate the estimation of 3D positions as follows.

Problem 1. Setting Ai to be a M × N matrix such that M > N , solve the
overdetermined set of homogeneous equations

Aixi = 0, i = 1, . . . ,m. (7)

This problem is solved by searching the solution xi in the nullspace of the matrix
Ai. Since the vector spanning the nullspace is defined up to a scale factor, the
normalization of the length of the vector is required, that is, ||xj || = 1. From
this normalization, the vectors to be estimated are distributed on the (N − 1)-
dimensional unit sphere.

4.2 Determination of Correspondences

Since we do not predetermine the correspondences among the images, we do not
know the entries of the coefficient matrices Ξi and Ψ i. Therefore we need to
determine the entries of Ξi and Ψ i for solving Problem 1.

The ranks of Ξi and Ψ i are at most 3 and 5, respectively. Except for some
degenerate configurations, each solution is in the one-dimensional nullspace, and
then dim(N (Ξi)) = 1 and dim(N (Ψ i)) = 1 hold. These geometrical properties
of Ξi and Ψ i lead to the following problem for the determination of correspon-
dences.

Problem 2. Let ai be a N -dimensional homogeneous vector. From given data
{ai}ki=1, find M ×N matrices {Aj}mj=1, M > N such that

A�
j = [a1(j)a2(j) . . .aM(j)], s.t. dim(N (Aj)) = 1. (8)
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Since the resultant rows of Aj correspond to each other, the construction of the
matrices Aj in Problem 2 is equal to the determination of the correspondences
among images.

The formulation includes many model detection problems in computer vision,
e.g., line detection in an image since a subset of sample points which lies on one
line has the same form as eqs. (5) and (6).

5 Nullspace Search by Voting

In the formulation in Sect. 4, Problem 1 is an inverse problem, since it is solved
by fitting a model to given data points. This problem can be solved by the
LSMs, and then its solution can be uniquely obtained. Problem 2 is also an
inverse problem. The difference between Problems 1 and 2 is that the solution
of Problem 2 is not uniquely determined. Indeed there are many combinations
for the selection of the vectors {ai} in Problem 2. This corresponds to the fact
that the correspondences among images are not determined without the help of
other information such as pixel intensity. For solving the 3D recovery problem,
we adopt a voting process which is the main concept underlying the Hough
transform [1,2]. The Hough transform can detect multiple lines on an image
from given data points using voting. Since line detection is an inverse problem,
the Hough transform is capable of solving an inverse problem. Furthermore, since
line detection can be formulated in the form of Problems 1 and 2, the idea of
the Hough transform for line detection can be applied to the 3D recovery task
from a sequence of images.

Using the idea of the Hough transform for line detection, we develop a voting
scheme for 3D recovery. As mentioned above, the nullspaces to be estimated are
distributed on the (N−1)-dimensional unit sphere. For searching the nullspaces,
our voting scheme repeatedly generates hypotheses onto the (N−1)-dimensional
unit sphere, and then the solution is accepted by selecting the hypothesis sup-
ported by a number of given data. This hypothesis generation is based on the
following proposition.

Proposition 1. Let A be a M ×N matrix with M > N and B be any N ×N
matrix which is obtained by selecting N rows from A. If rank(A) = N − 1, then

rank(B) = N − 1, (9)

or equivalently

dim(N (B)) = 1, (10)

and the matrices A and B share a one-dimensional nullspace.

Proposition 1 enables us to generate hypotheses onto a nullspace on the
(N − 1)-dimensional unit sphere from sampled data points as follows:
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Procedure: Nullspace Search
1. Randomly select N homogeneous vectors {ai(1),ai(2), . . . ,ai(N)} from

{ai}ki=1.
2. If the matrix B such that B� = [ai(1),ai(2), . . . ,ai(N)] has a one-

dimensional nullspace, vote 1 to the nullspace of B.

If this hypothesis generation is iterated until an appropriate number, the
nullspaces are estimated by detecting peaks of the vote on the (N − 1)-
dimensional unit sphere. Therefore, the estimation of 3D positions can be solved
by this iteration.

In Procedure Nullspace Search, the computation of the nullspaces of given
matrices is required. In our implementation, we adopted the singular value de-
composition (SVD) for this purpose. If matrix A has only a zero singular value,
then the nullspace of A is spanned by the right singular vector associated with
the zero singular value. Therefore, setting σ1 ≥ . . . ≥ σN to be the singular
values of the sampled N ×N matrix B and v1, . . . ,vN to be the corresponding
right singular vectors, if the relationship σ1 ≥ . . . > σN = 0 holds, the nullspace
to be generated is the vector vN .

These properties of matrices derive the following algorithm for nullspace
search.

Algorithm
1. Repeat the following steps from Step 2 to Step 6 until a predefined number.
2. Randomly select N homogeneous vectors {ai(1),ai(2), . . . ,ai(N)} from

{ai}ki=1.
3. Construct the N ×N matrix B such that B� = [ai(1),ai(2), . . . ,ai(N)].
4. Compute the SVD of B and let σ1 ≥ . . . ≥ σN be its singular values and
v1, . . . ,vN be the corresponding right singular vectors.

5. If the smallest singular value is not equal to 0, that is, σ1 ≥ . . . ≥ σN > 0,
then go to Step 2.

6. Add 1 to the accumulator of the right singular vector vN associated with
the smallest singular value σN .

7. Detect the vectors whose values of the accumulators are larger than a pre-
defined constant.

6 Multilinear Constraints for Searching Correspondences

In this section, we consider the 3D recovery problem. We use multilinear con-
straints [9] among images for searching correspondences. Using the multilinear
constraints, we can reduce the computational cost of the algorithm. We use the
bilinear constraint for points and the trilinear constraint for lines.

6.1 Bilinear Constraint

Two perspective projections of the same 3D point derive the 4 × 4 matrix con-
taining the entries of perspective projection matrices and the coordinates of the
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projections as described in Sect. 2. Setting Ξi to be the 4 × 4 matrix and ξji
and ξj

′
i′ to be the two perspective projections of the same 3D point, if the 4 × 4

matrix Ξi is a singular matrix, the singular condition is written in the following
bilinear form

ξj�i Fξ
j′
i′ = 0, (11)

where F is a fundamental matrix containing only the entries of perspective
projection matrices [8]. This means rank(Ξi) ≤ 3 iff ξj�i Fξ

j′
i′ = 0. Therefore,

if we determine whether eq. (11) holds for a selected pair of points before the
SVD computation, we omit the SVD computation for a meaningless pair of
points, i.e., if a selected pair of points does not satisfy eq. (11), we continue to
select another pair of points.

6.2 Trilinear Constraint

In the case of lines, there are no constraints for perspective projections between
two images. Three perspective projections of the same 3D line are required.
Setting Ψ i to be a 6 × 6 matrix containing a selected triplet of lines on three
different images and ψji , ψ

j′
i′ and ψj

′′
i′′ to be the selected lines, if the 6×6 matrix

Ψ i is a singular matrix, the singular condition is written in the following trilinear
form

ψji ×




ψj

′�
i′ T 1

1ψ
j′′
i′′

ψj
′�
i′ T 2

1ψ
j′′
i′′

ψj
′�
i′ T 3

1ψ
j′′
i′′



 = 0, (12)

where T 1
1, T

2
1 and T 3

1 are trifocal tensors containing only the entries of perspec-
tive projection matrices. Determining whether eq. (12) holds, we omit the SVD
computation for a meaningless triplet of lines.

7 Experiments

7.1 Synthetic Data

We evaluated the performance of our algorithm, using two synthetic data “Sphere
Object” and “Grid-Object”, shown in Figs. 1 and 2, both of which are digitized
in 256 × 256 pixels. We measured 30 views of the spherical object and 20 views
of the grid-object, respectively. Spatial configurations between each 3D object
and the cameras we used are shown in Figs. 1b and 2b, respectively.

Sphere Object: We predetected grid points on the spherical object on the im-
age sequence and inputted the homogeneous coordinates of the grid points into
our algorithms. Figure 1c shows the reconstructed result of our algorithm. In
this experiment, the number of iterations was 106 times and the threshold for
detecting peaks in the accumulator space was 10. The result shows our algo-
rithm works well, and works for synthetic data. Since the spherical 3D object
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(a) (b) (c)

Fig. 1. Figures (a) and (b) show an example of input images of “Sphere Object” and
3D positions of both of the spherical object and the cameras, respectively. Figure (c)
shows the reconstructed result of our algorithm
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Fig. 2. Figures (a) and (b) show an example of input images of “Grid-Object” and
3D positions of both the grid-object and the cameras, respectively. Figures (c) and (d)
show the reconstructed results of our algorithm for 3D points and 3D lines, respectively

produces a similar pattern over an image sequence, it is difficult to determine
correspondences among the images. Our algorithm also works well in this case.

For the evaluation of the efficiency of the algorithm, which uses the multi-
linear constraint, two algorithms were tested for the same spherical object. One
algorithm did not use the multilinear constraint, as described in Sect. 5, and
the other algorithm used the constraint, as explained in Sect. 6. The following
table shows the execution time of the two algorithms. In the table, Algorithms 1

Type Time (s)
Algorithm 1 60.06
Algorithm 2 5.62

and 2 indicate the former and latter algorithms, respectively. In the experiment,
the tests were executed on an UltraSPARC-II 297MHz processor. For both the
algorithms, the number of iterations and thresholds for peak detection are the
same as in the above experiment. As observed in the table, Algorithm 2 is about
eleven times as fast as Algorithm 1. This experimental result shows that the
multilinear constraint efficiently works in our algorithm.

Grid-Object: In the previous experiment, we recovered sparse feature points on
the 3D spherical object. In this experiment, we used edge points on the images
of the 3D grid-object as the inputted data, that is, we carried out our algorithm
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for dense data. Figure 2c shows the reconstructed result of our algorithm. The
result shows our algorithm works well for dense edge points. Therefore, it is
possible to apply our algorithm to a 3D object on which curve segments appear.

Next, we predetected straight lines on the images of the 3D grid-object,
and then inputted the parameters of the straight lines to our algorithm. Fig-
ure 2d shows the reconstructed result of our algorithm. Unlike the recovery of
3D points, the nullspaces to be estimated are distributed on the five-dimensional
unit sphere, since a 3D line is expressed by the six-dimensional homogeneous co-
ordinates. In the previous and these experiments, we showed that our algorithm
described in Sect. 5 was applied to both the 3- and 6-dimensional cases. The
results reveal that our algorithm works well in any dimension.

7.2 Real Data

We also evaluated the performance of our algorithm, using real data “Model
House”, shown in Fig. 3, which are digitized in 768 × 576 pixels. This image
sequence was created at Visual Geometry Group, University of Oxford. In the
experiment, we first predetected corner points on the images using SUSAN corner
detector [13], and second, manually selected a part of the detected points because
of the removal of the points which do not correspond to actual corners on the
images.

In the experiment, in order to confirm the ability to organize image data, we
assumed that the consecutive images in the sequence were not known. Thus, we
inputted the images at random, as shown in Fig. 3. Figure 4 shows the recon-
structed result of our algorithm for the image sequence “Model House”. In this
experiment, the number of iterations was 107 and the threshold for detecting
peaks in the accumulator space was 55. In Fig. 4b, we connected the recon-
structed corner points with straight lines to show the relationship between the
reconstructed points and the 3D house object. The algorithm recovered the spa-
tial points on the 3D house object. The result shows our algorithm works well
and also works for real data. Furthermore, since we assumed that the order of
images was unknown, the result shows that the algorithm organizes image data.

Fig. 3. The figures show the image sequence “Model House”. This image sequence is
arranged at random. We inputted the images in this order in the experiment in order
to confirm the ability to organize image data, that is, we assumed that the consecutive
images in the sequence were not known
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Fig. 4. Figure (a) shows the reconstructed result for the image sequence “Model
House”. In Figure (b), the wireframe model of the house object is superimposed on the
result

8 Conclusions

In this study, we first formulated the recovery of a 3D object from an image
sequence without predetecting correspondences among images as the nullspace
search. The formulation includes many model detection problems in computer
vision, e.g., line detection and conic detection in an image. For the achievement of
the nullspace search, we developed the algorithm based on the random sampling
and voting process, which is the main concept underlying the randomized Hough
transform. Furthermore, using bilinear and trilinear constraints, we developed
an efficient algorithm for the 3D recovery task.
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Abstract. Driver Systems for autonomous vehicles are the nucleus of many 
studies done so far. In this light, they mainly consist of two major parts: the 
recognition of the environment (usually based on image processing) as well as 
any learning aspects for the driving behaviour. The latter is the nucleus of this 
research whereby learning aspects are understood that way that the driving be-
haviour should be optimised over time, therefore the most appropriate actions 
for each possible situation should be self-created and lastly offered for selec-
tion. The current research bases the learning aspects on means of Reinforce-
ment Learning which is in sharp contrast to other research studies done before 
being mainly based on explicit modelling or neural nets. 

1   Introduction 

The research presented in this paper deals with the concept and the implementation of 
a system which, based on experience over time, is able to autonomously learn to steer 
different vehicles and to optimise itself to various possible road courses. This shall be 
done a different way than researched in many other works before as described further 
below.  

Basically, this research extracts significant situation information out of the video 
images from a connected video camera and firstly clusters the images according to 
their situations they describe. Any new incoming image is then being classified into 
such situation cluster. Such situation clustering and image classification is being done 
by means of pattern matching leading to the ability to recognize the situation a vehicle 
is in, respectively determine a similar situation a vehicle has been in before. 

Next to the determination of previous similar situations a vehicle has been in, the 
corresponding steering command set (for steering wheel, brake and accelerator), 
therefore the corresponding action, is being stored and is accessible as well. Based on 
such available information, an evolutional learning algorithm is being built on top. In 
specific, any issued action is being memorized and rated at a later time triggered by 
an explicit reward or punishment. After a series of such ratings, any action can be 
classified into a more or less appropriate action for corresponding situation. Since 
such evolutional learning algorithm also handles several possible actions for a situa-
tion it can therefore pick the best action from many possible. Lastly the evolutional 
learning algorithm also permanently enhances the set of possible actions by issuing 
randomly  modified  ones  also  allowing  their  evaluation.  Such way it automatically 
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enhances it’s situation-action state-space and - over a series of valuations - facilitates 
it’s convergence.  

All in all, the main targets of this research are:  
 

- Self-tuning of the system to any combination of environment and vehicle, 
therefore true learning of driving skills  

- Autonomous exploration of new actions for situations, therefore autono-
mous optimisation  

- Transparency of the relationship between situations and actions for analy-
sis and further optimisation  

 
In order to achieve such goals a system is being build based on Pattern Matching 

and Reinforcement Learning. The Pattern Matching part is responsible for identifying 
the situation the vehicle is currently in and for retrieving a list of possible actions for 
this situation. The Reinforcement Learning part is responsible for judging the appro-
priateness of issued actions. An initial image processing part is responsible for ex-
tracting situation descriptions out of incoming images from a connected video cam-
era. 

2   General Structure 

The general structure is being show in Figure 1 and consists of then two main parts: 
Pattern Matching and Reinforcement Learning, enhanced by an auxiliary part called 
Intelligent Image Processing which extracts situation descriptions out of the incoming 
video stream.  

As displayed, the system gathers all input purely out of the video information com-
ing from a connected camera. The camera digitises the current scene and permanently 
renders Single Images to the system. Consequently, no ultrasonic sensors, no informa-
tion from a speedometer or a compass system, no stereo cameras or no information 
from a GPS system are being required. 

2.1    Intelligent Image Processing  

The first part of this research converts the video information from the Single Images 
into patterns, respectively Abstract Complete Situation Descriptions (ACSD’s). Such 
conversion process is a reduction process and in addition to the requirement of the 
reduction to the relevant value-containing information, the calculation of such 
ACSD’s has to be very quick. Therefore, this part combines traditional edge finding 
operators [14] with a new technique of Bayes prediction for each part of the video 
image. Such way, the algorithm of this part is able to build itself a knowledge base of 
what to look for and optimise processing time for such task.  

Consequently, this first part is referred to as Intelligent Image Processing (IIP).  
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2.2   Pattern Matching  

A second part performs the actual Pattern Matching. The ACSD’s from the Intelligent 
Image Processing are being permanently stored for further reference by a pattern-
recognition algorithm. The algorithm used in this project is an advanced variant of the 
well known nearest neighbour algorithm which allows searching within approximate 
10.000 Patterns in several milliseconds. In the end, the pattern recognition algorithm 
is utilized such way, that based on the current situation, vehicle behaviours of previ-
ous similar situations are being retrieved and appropriate steering commands are be-
ing calculated.  

As mentioned above, other researches successfully implemented such capabilities 
by using neural networks as well but are therefore limited to implicit knowledge being 
build between the neural elements. Our approach stores the knowledge explicitly in a 
database which allows detailed analysis of behaviour and, most important, the further 
implementation of a learning system on top in order to further improve any behaviour. 
These parts of the research are implemented now and a video may be shown of run-
ning the system on a driving simulator.  

2.3    Reinforcement Learning  

A third part deals with the implementation of learning by interaction. Instead of 
choosing a fixed model based approach the system will improve its behaviour itself 
over time simply based on rewards and punishments (respectively rewards only since 
punishments can be issued as negative rewards). Those rewards, however, will only 
be received after some time since it is usually not possible to instantly judge the ap-
propriateness of every single issued action.  

Therefore, one major task of this third part is to cope with such delayed rewards 
and to distribute them over previous issued actions, usually with decreasing impact 
since the earlier an action has been the smaller the influence on any current situation 
usually was.  

A second major task of this part is to weigh between exploration and exploitation. 
Once a certain behaviour has been learned the system could use the existing knowl-
edge (therefore exploit the learned behaviour) but would then be deprived of any 
further optimisation. If the system, on the other hand, always tries to find new actions 
in every situation (therefore explore new behaviour) it receives additional important 
rewards for further optimisation, however risks that too much optimisation will 
worsen the behaviour of the overall system, respectively endanger the convergence of 
the learning system.  

Therefore this part has to deal with the trade-off between exploration and exploita-
tion. Those requirements span the area of Reinforcement Learning which combine the 
classical ways of dynamic programming and supervised learning [1,2].  
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Fig. 1. Structure of the system 

3   Related Work 

Up to now the visual control of systems for autonomous vehicle driving with learning 
components have been implemented in several ways. [3] describes a short direct con-
nection between image processing and one soft computing learning method using a 
neural network. This approach provides good results but only as long as input pictures 
of the scene are similar to the training pattern. In [4] this approach got enhanced by a 
multiple neural network but could not completely solve the dependency problem of 
the taught training patterns. Further developments then included a GPS system [5] to 
support orientation or enhanced the approach with object-oriented vision in order to 
distinguish between road following and obstacle detection [6]. In all those variations, 
however, neural networks with their inherent dependency on training patterns are 
embedded. Also, as a major difference to the presented research, the established 
knowledge on vehicle driving is stored within the neural net but not explicitly avail-
able, e.g. for optimisation or further evolutional learning processes. 

A completely different approach is being followed by using explicit modelling, 
therefore trying to rebuild a model of both environment as well the vehicle and deriv-
ing proper actions from it. The basic idea of such a model is to try to understand in-
teraction between vehicle and environment and to predict consequences of any behav-
iour thus allowing vice-versa to determine a suitable behaviour in a given situation. 
The major problem lies in the fact that any model is only a model and can only ap-
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proximate, but not exactly rebuild, the true environment or vehicle. And the bigger 
the difference is between the model and the real environment/vehicle, the more inap-
propriate calculated behaviours may become. Also, any such model needs to be 
shaped up and tuned with parameters. Usually there are no versatile models so any 
change of e.g. vehicle or environment requires a corresponding tuning of the model. 
This means in other words, any tuned model is valid only for a certain environment or 
vehicle and invariant to any changes of those. [7] describes an early success with 
international attention of a vehicle system using a real-time vision system BVV2 [8]. 
Further developments stayed with the aspect of modelling (e.g. [9]), thus always in 
need for loading the system with many parameters for the modelling process.  

The presented approach is a study of avoiding both neural networks or similar ap-
proximation methods as well as models. It gathers all information purely from incom-
ing images. It derives a Situation Description of the scene by means of Image process-
ing and develops a driving behaviour by a standard optimisation technique. With 
reference to the need for machine learning capabilities the current research follows 
the basic principles of Reinforcement Learning e.g. [2] and focuses on a way of com-
bining such area of research with pattern recognition algorithms.  

In this light, the presented research focuses on the optimisation of behaviour 
(therefore the relationship between actions and situations) while the topic of image 
processing is an important part but not the major point of interest of this work. 

4   Concept of Subsystem Intelligent Image Processing 

The needed output from the Subsystem Intelligent Image Processing is a parametric 
description of the road course visible in the incoming Single Image which further 
will be referred to as the Abstract Complete Situation Description (ACSD). The 
course of a road is best described by the extraction of the road marks, respectively 
its edges (the Road Mark Edges). In order to find those, a typical initial approach 
would be to scan any Single Image horizontally for big contrast or colour differ-
ences since the road marks are supposed to be in sharp optical contrast to the tar of 
the road. However, even if Road Mark Edges are being indicated by contrast differ-
ences in a Single Image, it cannot be necessarily concluded that vice versa all con-
trast differences in any Single Image do represent Road Mark Edges. Consequently, 
pure scanning for contrast differences is not good enough. 

The Subsystem Intelligent Image Processing therefore includes a possibility to 
use pre-build knowledge on some characteristics of road marks and therefore can 
weigh the probability on whether a contrast difference might result out of a Road 
Mark Edge or not. This is being achieved by once analysing road courses and their 
possible orientations depending on their position within the Single Image and stor-
ing the results in a statistics database. Such analysis and building up of the statistics 
database is being done prior to the runtime of the System. 

During the runtime of the System, a first pass then scans for horizontal contrast 
differences and memorises all locations where the colour values of two neighbour-
ing pixels from the Single Image with some specific filtering exceed a certain 
threshold and therefore represent a possible candidate of a Road Mark Edge. In a 
second pass, all those candidates are tried to be connected to a chain with each other 
– according to information out of the statistics database which indicate the expected 
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orientation of the road course in this location within the Single Image. If a chain can 
be established and fulfils minimum requirements on length and number of intercon-
nection points in between (nodes), the whole chain is being stored as a confirmed 
representation of a Road Mark Edges. Otherwise, the considered candidates of Road 
Mark Edges are being rejected. 

Therefore, the basic idea is to discretely approximate the probability –density 

function )|( ,, yyxxyx PPf ∆+∆+  where yxP , is the event that the pixel at (x , y) is on a 

Road Mark Edge and yyxxP ∆+∆+ , is the event that the pixel at (x +∆ x , y + ∆ y) is 

also on a Road Mark Edge. This function is quite smooth in the near region of the 
road image but depends obviously on (x, y). Therefore, the Single Image is sepa-
rated into Tiles and a separate function fx,y is estimated for each Tile. One connec-

tion between yxP ,  and yyxxP ∆+∆+ , is called a Chaining Vector. So, this function can 

not only be utilised for describing the statistical properties of Road Mark Edges but 
also for defining a search strategy, i.e. all the Chaining vectors belonging to the 
position (x, y) can be searched in the order of their probability thus optimising the 
search speed. 

 
 

 

 
Part of original incoming video image 

 

 
Road Mark Edges build without Chaining Vectors (vertically compressed) 

 
 

 
Road Mark Edges build with Chaining Vectors (vertically compressed) 

Fig. 2. Rebuilding the road mark edges with/without chaining vectors 

 
More details on concept, implementation as well as experimental results are being 

described in [10] and [11]. 
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5   Concept of Subsystem Pattern Matching 

Main task for this subsystem is, as described before, to locate similar situations.  
Therefore, any Abstract Complete Situation Description (ACSD) ever experienced is 
stored in a database. The more ACSD’s have been calculated based on the Single 
Images the larger this database gets. At the same time, any calculated ACSD is also 
forwarded to a module called Pattern Matching / Situation Recall. This module scans 
the database for similar ACSD’s experienced before using an Approximate Nearest 
Neighbour (ANN) algorithm [15]. As a result the most similar ACSD’s are being 
identified. 

 
 

 

Fig. 3. Retrieval of similar situations via pattern matching 

 
Such way, the system locates several similar situations in comparison to the actual 

situation. Along with every stored situation description (ACSD) the steering com-
mands (actions) issued at any such situation have been recorded as well (acceleration 
a; steering wheel angle ϕ). Therefore, any situation recall results in a list of several 
similar experienced situations, each with many different possible actions. All those 
actions together are further treated as possible actions for the current situation. 

At this time, however, it is not clear which of those actions is the best one for the 
current situation. Therefore it has to be decided which of the possible actions shall be 
performed: the most similar, the most similar (weighed), the best? Ideally the latter is 
the case (therefore the “best”) but this pr erequisites a criterion on how to determine 
the best and a possibility to establish optimisation of this criterion. This is being done 
by the subsystem Reinforcement Learning being described further below. The Rein-
forcement Learning sections also deals with the questions, whether the best possible 
action retrieved is good enough, therefore whether new (better) actions need to be 
build and offered for selection. 
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Fig. 4. Retrieval of actions for the actual situation 

6   Concept of Subsystem Reinforcement Learning 

This subsection is responsible for providing learning capabilities, respectively perma-
nently updates a quality criterion on which action is the best for a situation. Also, it 
permanently probes for new actions and tests them regarding appropriateness.  
Therefore, every situation, respectively ACSD from the subsystem Pattern Matching 
is now being enhanced with a quality value q(a, ϕ) for each action (acceleration a and 
Steering Wheel angle ϕ).  

A Situation Recall in the subsection Pattern Matching therefore results in similar 
situations (ACSD's) and for each of those ACSD's different possible actions; each of 
those possessing a quality value q(ACSD, a, ϕ).  

 

 

Fig. 5. Enhancement of every possible action with a cumulated rating q 

Those quality values q(ACSD, a, ϕ) are now being updated based on rewards and 
punishments according to the future success of their actions. Such update is being 
done in retro-perspective by the implementation of a Reinforcement Learning algo-
rithm ([1],[2]) according to the following formula  

 

              Q(ACSDt,at,φt) = r(ACSDt – γ.q(ACSDt+1,at+1φt+1       (1) 
 

with r  as the reward and γ  as the discount factor. 
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The rewards and punishments are being self-created by the system based on devia-
tions from the centre of the lane, respectively based on time measurements for driving 
along certain road sections. After a series of updates of the q-values of many possible 
actions for a situation, a 2 dimensional curve converges which allows to choose the 
best action for a situation. 

 

 

Fig. 6. Exploration modes selects (a,  ϕ with highes q-value 

In order to ensure convergence many actions have to be chosen as the basis for the 
q-value update. That means it is necessary, that the system autonomously explores 
new actions, therefore optimises itself on it's own.  

This is being achieved by randomly changing from exploitation mode (location of 
best action, therefore action with highest q-value as described so far) to exploration 
mode in which random actions are being created and issued. Such new actions are 
also being rated according to Reinforcement Learning and lead this way to a continu-
ous exploration of new actions for each situation. 

Further details to the actual concept are being described in [12] and [13]. 

7    Experimental Results 

7.1    Results Intelligent Image Processing 

Results of the subsystem Intelligent Image Processing are discussed in [10] and [11] 
and Fig. 2 gives an impression of the rebuilding of the road mark edges. Since the 
topic of image processing is an important part but not the major point of interest of 
this work further discussion are not being included at this point. 



 A Learning Autonomous Driver System on the Basis of Image Classification         409 

 

7.2   Results Pattern Matching 

The quality of the subsystem Pattern Matching can be shown twofold. Firstly, the 
following image shows a series of images where the first image on the top is the in-
coming Single Image coming from the attached video camera. All remaining images 
are the ones classified by the Pattern Matching algorithm as similar ones. If consid-
ered that those classified images are only some out of a pattern database with several 
thousand record entries which contain all various types of images it can be seen that 
all images classified as similar are truly similar to the first image. 

Incoming Singe Image

Classified as ‚similar‘

 

Fig. 7. Retrieval of similar situations based on pattern matching 

From a pure image comparison point of view this might not be astonishing but in 
our case it needs to be noted that this has been achieved in addition to speed optimisa-
tion (search time for finding those 8 similar images out of a database of around 5.000 
images can be done in less than 5 ms on any ordinary PC) and adaptation to road 
situations (the further course of the road to the left or right has higher priority on the 
classification of similarity than any objects on or next to the road which would dis-
tract ordinary algorithms on image retrieval). 

The second way to demonstrate the results of the Subsystem Pattern Matching is 
the display of the confusion matrix. The Table below displays such matrix indicating 
the statistics of finding the proper course type (e.g. a left curve). It can be seen that in 
average 61,0 % of all classifications were correct and even the hit-rates for curves are 
up to 45.3%, respectively 50.5%. At a first glance this result looks not very impress-
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ing but is has to be considered that almost all errors stem from quantization e.g. con-
fusing a very slight left curve with a straight road etc. 

 
Table 1. Confusion matrix for retrieval of similar situations 

 
 True Road Type   

 Left Straight Right   

Left 235 324 71 37,3%   

Classified as:        Straight 220 1335 185 75,7%   

Right 64 305 261 41,4%   

 45,3% 68,0% 50,5% 61,0%  
 

In order to test first driving skills based on the pattern matching algorithm a pattern 
database with only appropriate steering commands for different situations has been 
build up. Such way, the Reinforcement Learning Process with its challenge to weigh 
the appropriateness of issued Steering Commands is skipped at the moment but the 
difficulties of retrieving similar situations in comparison to the actual one and there-
fore first driving by pattern matching can be tested. Such way several test runs have 
been performed. 

In Detail the parameters for the tests were as follows:   
- Overall processing interval: 100 ms  
- No. of entries in Pattern database: approx. 5.400  

 
The tests then let the vehicle drive each time for approx. 5 minutes along a curvy 

and partial unknown road course. The results of such tests are listed below and can 
also be shown via video. 

Average results of tests:  
- Time of autonomous driving : 300 sec  
- Calculated Steering Commands: 3000 (10 per second)  
- Number of major errors (road course left completely): 1  
- Number of errors (crash barrier scratched): 4  

 
If it is assumed that at each conducted error is the result of around 10 steering 

commands (the actual one and the previous 9 ones) the failure rate amounts to (5 · 10) 
/ 3000 equals 1.6 %. Noting that the autonomous driving is purely done on pattern 
matching since both Reinforcement Learning as well as intelligent calculation of 
Steering Commands are still outstanding the results shown above are promising. 

7.3    Results Reinforcement Learning 

As described before the Reinforcement Learning system builds itself a database of 
different situations, each situation itself referring to several different possible actions. 
Every such action indicates, by means of a quality value q, the appropriateness of this 
action at the corresponding situation. The algorithm for selection an appropriate ac-
tion for a certain situation therefore locates the action with the highest q-values and 
issues the associated action. This mode is referred to as the exploitation mode. In 
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exploration mode the algorithm also locates the action with the highest q-value but 
deviates in some situations (triggered by random generator) the action to some extend 
and also issues this 'new' action. 

Every action being issued, never mind whether determined/calculated in exploita-
tion mode or in exploration mode, is then being rated according to the reinforcement 
learning update procedure. 

The result of our experiments can be best displayed with two short videos of 30 
seconds duration each. 
In both videos, the Reinforcement Learning System classified 1.543 situations and in 
total 3.196 actions. The actions stored are partially proper actions for the correspond-
ing situation but partially wrong ones (e.g. steering to the right in left curve).  

Video 1 shows a driving sequence when the q-values have not converged yet, and 
many 'wrong' actions are chosen. The driving behaviour is quite bumpy and on a 
straight road section the driving system stopped one time. After the recording of 
Video1 a phase of autonomous driving has been performed in which the system re-
ceives it's rewards and punishments thus allowing the q-values to converge. Video 2 
shows a driving sequence with such converged q-values based on which the driving 
behaviour is much smoother than in Video 1. 

8    Summary 

Pattern Matching allows autonomous driving with knowledge being directly accessi-
ble (for further optimisation). Reinforcement Learning allows autonomous optimisa-
tion of behaviours based on self-created rewards and punishments, even if delayed. 
Combining both techniques allow learning and optimising of the visual steering of an 
autonomous vehicle.  
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Abstract. In this paper, we develop an algorithm for the learning of
the boundary and the medial axis of random point sets, employing the
principal curve analysis. The principal curve analysis is a generalization
of principal axis analysis, which is a standard method for data analysis
in pattern recognition.

1 Introduction

In this paper, we develop an algorithm for the learning of the boundary of random
point sets, employing the principal curve analysis. The principal curve analysis
is a generalization of principal axis analysis, which is a standard method for data
analysis in pattern recognition.

For the vector space method of data mining, each datum is expressed as a
point in the higher dimensional Euclidean space. Symbolic expressions of these
point sets are required for the visual interface for the data mining systems.
Furthermore, these data are sometimes transformed as a point distribution in
lower dimensional vector spaces, usually tow or three dimensional spaces, for
the visualization of data distribution on CRT. Therefore, the extraction of the
symbolic features of random point sets in two and three dimensional is a basic
process for the visual interpretation of random point sets for the visualization
of the data space.

For the tele-surgery by robots, we are required to detect the geometric infor-
mation of deformable organs in the human body while surgery. If we measure de-
formable objects using multi-directional camera systems, we obtain a noisy cloud
of sample points which distribute around the surface of the deformable object.
For the tracking and computation of geometric parameters of deformable objects
from the cloud of sample points, we are required to estimate the boundary of
object which lies in the cloud of sample points.

Computational geometry provides combinatorial methods for the recovery of
boundary curves as polygonal curves. These algorithms are based on Voronoi tes-
sellation, Delaunay triangulation, Gabriel graphs, crust, α-shape, and β-skeleton
[1–3]. The reconstructed curves by these methods are piecewise linear. Further-
more, the solutions are sensitive against noise and outlayers, since these methods
construct polygons and polyhedrons using all sample points.

P. Perner and A. Rosenfeld (Eds.): MLDM 2003, LNAI 2734, pp. 413–424, 2003.
c© Springer-Verlag Berlin Heidelberg 2003
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In this paper, we introduce method for the estimation of the boundary of
a random point set. we first develop an algorithm for the detection of a closed
curve from a planar random point set. Furthermore, we also develop a procedure
for the estimation of the boundary curve of a random point set using Delaunay
triangulation and mathematical morphology for random point sets.

2 Mathematical Preliminary

Setting A to be a finite closed set in the n-dimensional Euclidean space R2, the
Minkowski addition and subtraction of sets are defined as

A ⊕ B =
⋃

x∈B,y∈B

(x+ y), A � B = A ⊕ B. (1)

The inner and outer boundary of point set A with respect to radius λ are defined
as

∆+
λA = (A ⊕ λB) \ A, ∆−

λA = A \ (A � λB) (2)

for the unit desk such that B = {x|x ≤ 1}, where λA = {λx|x ∈ A} for
λ > 0. We call Aλ = ∆+

λA
⋃
∆−
λA the boundary belt of A with respect to λ.

Geometrically, we have the relation

lim
λ→+0

Aλ = ∂A, (3)

where ∂A is the boundary curve of set A.
Setting {pi}ni=1 to be a point set in Rn, the region

Vi = {x||x− pi| ≤ |x− pj |, i �= j} (4)

is called Voronoi region with respect to the generator pi. The hyperplane

Fi = {x||x− pi| = |x− pj |} (5)

is the Voronoi face. Setting pi and pj to be the generators of Voronoi regions
sharing a face, a geometric graph which connect all pairs of generators in the
face-sharing region is called Dalaunay triangulation. The Voronoi tessellation
and the Dalaunary triangulation are dual figures each other.

Regression model fitting for planar sample points {(xi, yi)�}ni=1 for x1 <
x2 < · · · < xn is achieved, for example [9], by minimizing the criterion

J(f) =
n∑

i=1

ρ(|yi − f(xi)|) + λ

n−1∑

i=1

∫ xi+1

xi

∣∣∣∣
d2f(τ)
dτ2

∣∣∣∣
τ=x

dx, (6)

where ρ(τ) is a positive symmetry function.



Detecting the Boundary Curve of Planar Random Point Set 415

3 Principal Axes and Curves

Let X be a mean-zero point distribution in R2. The major principal component
w maximizes the criterion

J(w) = Ex∈X|x�w|2 (7)

with respect to |w| = 1, where Ex∈X expresses the expectation over set X.
Line x = tw is a one-dimensional linear subspace which approximates X. A
maximization criterion

J(P ) = Ex∈X|Px|2 (8)

with respect to rankP = 1, determines a one dimensional linear subspace which
approximates X. If X is not a mean-zero point distribution in R2 and the cen-
troid of X is not predetermined, the maximization criterion

J(P , g) = Ex∈X|P (x− g)|2 (9)

with respect to rankP = 1, determines a one-dimensional linear manifold which
approximates point distribution X. If g = 0, P is computed using PCA [6]. In
the previous papers [7, 8], we extend the idea of PCA for g �= 0. This mechanism
automatically estimates g and P , even if many clusters exist in a space [7, 8].

For the partition of X into {Xi}Ni=1 such that X = ∪Ni=1Xi, vectors gi and
wi which maximize the criterion

J(w1, · · · ,wN , g1, · · · , gN ) =
N∑

i=1

Ex∈Xi |(x− gi)�wi|2 (10)

determine a polygonal curve [4], l = gi + twi. Furthermore, for an appropriate
partition of X into {X}Ni=1, such that X = ∪Ni=1Xi, vector gi and orthogonal
projector P i, which maximize the criterion

J(P 1, · · · ,PN , g1, · · · , gN ) =
N∑

i=1

Ex∈Xi |P i(x− gi)|2 (11)

with respect to rankP i = 1, determine a piecewise linear curve, Ci = {x +
gi|P ix = x}. This piecewise linear is called the principal curve [4].

4 Curve Detection

Set D and S to be a random point set and the vertices of polygonal curve,
respectively, and the distance between point x ∈ S and y ∈ D is defined as
d(x,D) = miny∈D d(x,y) for the Euclidean distance in a plane.

The initial shapes S and C are a line segment whose direction is equivalent
to the major component w1 of a random point set and a regular triangle whose
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vertices are determined from the principal components w1 and w2. For a se-
quence of vertices 〈v1,v2, · · ·vn〉 of a polygonal curve, we define the tesselation
as

Vα = {x|d(x,vα) < d(x,vi), d(x,vα) < d(x, eij), α �= i},
Eαα+1 = {x|d(x, eαα+1) < d(x,vi), d(x, eαα+1) < d(x, eii+1), α �= i},

where eii+1 is the edge which connects vi and vi+1. The minimization criterion
of reference [5] is expressed as

I =
∑

vk∈C

F (vk,D) + λ
∑

vk∈P

1∑

i=−1

v�
i−1ivii+1

|vi−1i||vii+1| (12)

for
F (vk,D) =

∑

x∈Ek−1k

d(x,vk) +
∑

x∈Vk

d(x,vk) +
∑

x∈Ekk+1

d(x,vk).

Using this criterion, we obtain an algorithm for the detection of the principal
curve [5] where IK is the value of I with K vertices.

1. Set the vertices of the initial curve as S.
2. Move all vertices vi i = 1, 2, · · · ,K, to minimize IK .
3. Generate the new vertex vK+1 on the curve S.
4. If |IK−IK−1| ≤ ε for a positive constant ε, then stop, else set S := S∪{vK+1}

and go to 2.

This incremental algorithm preserves the topology of the initial curve, since the
algorithm generates new vertices on the curve. This geometrical property leads
to the conclusion that this algorithm reconstructs closed or open curves, if the
initial curve is closed or open, respectively. As the initial curves for closed curves,
we adopt a triangle using the direction of principal axes of point distribution.

5 The Boundary Curve of Random Point Set

The principal curve and principal surface enable us to extract the medial mani-
fold of a random point set. This mathematical property implies that it is possible
to extract the principal boundary using our method, if we have the boundary
cloud of a random point set. In the following, we develop an algorithm for the
extraction of the principal boundary of a random point set by introducing some
definitions for the distribution of a random point set.

Definition 1. For a point p in a random point set V, we call pδ = {x| |p−x| <
δ, p ∈ V, ∀x ∈ R2} the effective region of point p with respect to radius δ.

As the union of the effective region of each point, we define the effective region
of a random point set.
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Definition 2. For a random point set V, we call V =
⋃
p∈V pδ the effective

region of point set V with respect to radius δ.

If points in V are sampled from a connected region in R2, V becomes a
connected region in R2, selecting an appropriate δ. Therefore, we introduce a
method for the selection of a suitable radius for the estimation of the connected
region from a random point set. Using this estimated connected region, we de-
velop an algorithm for the construction of the boundary of a random point set.

Setting E to be the set of edges of the Delaunay triangulation D constructed
from the points in random point set V, we set δ = mediane∈E |e|, if points
distribute uniformly in a region. Then, we define the boundary set as

Vγ = Vγ

⋂
V, Vγ = V \ {V � γD(δ)}, (13)

where γ > 1 is a constant and D = {x||x| ≤ δ} is the set of all points in the
circle with radius δ. We call Vγ the γ-boundary of random point set V. We
extract the principal manifold from the γ-boundary.

Definition 3. The principal boundary of a random point set is the principal
manifold of the point in the γ-boundary of a random point set.

We also call this principal manifold extracted from random point set V the
γ-surface of V.

Using these definitions, we have the following algorithm for the construction
of the principal boundary of a random point set.

1. Construct Delaunay triangulation D from random point set V.
2. For the collection of all edges E of D, detect the median length, and set it

as δ.
3. Compute the effective region of random point set V.
4. Compute γ-boundary of random point set V.
5. Compute γ-surface of random point set V.

The construction of the Delaunay triangulation using all points in V is in
practice an time-consuming process for a large number of points even if we use
an optimal algorithm. Furthermore, we only need the lengths of the Delaunay
triangles for the construction of the effective region of the neighborhood of a
random point set. Therefore, we replace steps 1 and 2 of the algorithm to the
following random sampling process.

1. Select a finite closed subset S of R2.
2. Compute Delaunay triangulation for points in S

⋂
V.

3. Compute the median of length of edges of Delaunay triangles with respect
to subset S.

4. Repeat steps 1 to 3 until the predetermined number of times.
5. Select the maximum length.
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6 Topology of Planar Point Set

The algorithm proposed in the previous section reconstructs closed or open
curves, if the initial curve is closed or open, respectively. Therefore, if we evaluate
the number of data points in the tessellations yielded by the algorithm, we can
also detect the topology of point clouds on a plane. If the distribution of sample
points in a region Eii+1 is space, we can conclude that the principal curve of a
random point set is open. Then, we obtain an extension of the algorithm derived
in reference [5].

Algorithm C

1. First phase:
(a) Set the vertices of the initial curve as a closed curve such that C :=

{v1,v2,v3}.
(b) Move all vertices vi i = 1, 2, · · · ,K to minimize IK .
(c) Generate the new vertex vK+1 on the curve C.
(d) If |IK − IK−1| ≤ ε for a positive constant ε, then stop, else set C :=

C ∪ {vK+1} and go to 1(b).
2. Condition evaluation:

After an appropriate number of iterations, evaluate the topological condition
of the curve. If the topology of the initial shape derives a contradiction of
the tessellations, then go to 3, else go to 1 (b).

3. Second phase:
(a) Select the new initial point set as an open curve such that S := {v1,v2}.
(b) Move all vertices vi i = 1, 2, · · · ,K to minimize IK .
(c) Compute vK+1.
(d) If |IK − IK−1| ≤ ε for a positive constant ε, then stop, else set S :=

S ∪ {vk+1} and go to 3(b).

The criterion defined by eq. (12) does not depend on the dimensions of a space.
Therefore, the method extracts the principal curve of a random point set in a 3-
space. Algorithm C detects the medial set of a random point set as the principal
curve. This geometrical property yields the definition of the curve skeleton of a
random point set, following the definition of the curve skeleton in the discrete
2-space.

Definition 4. A polygonal curve derived by Algorithm C is the curve skeleton
of a random point set on a plane and in a space.

7 Numerical Examples

In Fig. 1, we show in (a) and (b) synthetic random point sets and in b (c) and
(d) γ-boundaries extracted by the algorithm. Furthermore, (e) and (f) show the
boundary curves of the generator figures estimated by extracting the principal
curves from γ-boundaries of the point sets. We can conclude that the extract
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Fig. 1. (a) and (b) are synthetic random point sets. (c) and (d) are their γ-boundary.
And (e) and (f) are boundary curves of random point sets detected as the principal
curves of the γ-boundary
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Fig. 2. Initial curves and final curves. (a) A closed initial curve detects the closed
principal curve (b). (c) An open initial curve detects the open principal curve (d). (e) A
closed initial curve detects the closed principal curve (f). The initial point distributions
of (a) and (c) are the same
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the boundary curve of a random point by our algorithm is a similar boundary
curve of a random point set which human beings extract.

Figure 2 shows the two-dimensional version of topology detection of random
point sets. (a), (c), and (e) show the original random point sets and the initial
curves superimposed on them. As shown in (b) and (d), starting from a closed
curve, if a segment of a polygonal curve appears in the region in which the point
distribution is sparse, we conclude the principal curve of random point set is
open.

8 Conclusions

We have defined the boundary curve of a random point set and developed an
algorithm for the detection the boundary curve using the Delaunay triangulation
and the principal curve analysis. Numerical examples promised our definition and
extraction algorithms of the boundary curve of a random point set. The method
might be used for the extraction of the symbolic data from random point set in
a plane.

For the data compression of time varying point sets, we are required to detect
the time dependent principal curves of the sequence of time varying point sets.
Setting V(tn) to be the point set at time tn = ∆n for n = 0, 1, 2, · · ·, the
algorithm developed in the previous sections permits us to compute the principal
curve C(tn) from point set V(tn).

If both principal curves C(tn) and C(tn+1) exist in a finite region, that is all
V(tn) for n = 1, 3, · · · remaine in a finite rigion, it is possible to adopt C(tn) as
the initial curve for the computation of C(tn+1). This variation of the algorithm
saves the time for the computation of the principal curves for a sequence of point
sets. In Figs. 3 and 4, we illustrate sequences of the closed and opne principal
curves, respectively of sequences of point sets. The principal curve in each frame
is sequentially computed from the principal curve of the previous frame.

Furthermore, once the polygonal boundary of a random point set is esti-
mated, it is possible to compute the linear skeleton of the polygonal boundary
[10, 11]. Therefore, we adopt the linear skeleton of the polygonal boundary of a
random point set as the linear skeleton of the random point set.

Acknowledgment. We express thanks to Mr. H. Yamagishi for the computa-
tion of principal corves for a time sequence of a random point set as a part of
his undergraduate project at Chiba University in 2002/2003.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Fig. 3. The sequence of the closed principal curves of a sequence of random point sets.
The principal curve in each frame is sequentially computed from the principal curve of
the previous frame
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Fig. 4. The sequence of the open principal curves of a sequence of random point sets.
The principal curve in each frame is sequentially computed from the principal curve of
the previous frame
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Abstract. Most recent document standards rely on structured representations.
On the other hand, current information retrieval systems have been developed 
for flat document representations and cannot be easily extended to cope with
more complex document types. Only a few models have been proposed for
handling structured documents, and the design of such systems is still an open 
problem. We present here a new model for structured document retrieval which
allows to compute and to combine the scores of document parts.  It is based on
bayesian networks and allows for learning the model parameters in the presence
of incomplete data. We present an application of this model for ad-hoc retrieval
and evaluate its performances on a small structured collection. The model can
also be extended to cope with other tasks such as interactive navigation in struc-
tured documents or corpus. 

1  Introduction 

With the expansion of the Web and of large textual resources like e.g. electronic li-
braries, appeared the need for new textual representations allowing interoperability
and providing rich document descriptions. Several structured document representa-
tions and formats were then proposed during the last few years together with descrip-
tion languages like e.g. XML. For electronic libraries, Web documents, and other
textual resources1, structured representations are now becoming a standard. This al-
lows for richer descriptions with the incorporation of metadata, annotations, multime-
dia information, etc. Document structure is an important source of evidence, and in
the IR community some authors have argued that it should be considered together
with textual content for information access tasks [1]. This is a natural intuitive idea
since human understanding of documents heavily relies on their structure. Structured
representations allow capturing relations between document parts as it is the case for
books or scientific papers. Information retrieval engines should be able to cope with
the complexity of new document standards so as to fully exploit the potential of these
representations and to provide new functionalities for information access. For exam-
ple, users may need to access some specific document part, navigate through complex 
documents or structured collections; queries may address both metadata and textual
content. On the other side, most current information retrieval systems still rely on

1 See for example the DocBook standard [18]
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simple document representations like e.g. bag of words and completely ignore the
richer information allowed by structured representations.

Extending information retrieval systems so that they can handle structured docu-
ments is not trivial. Many questions for designing such systems are still open, e.g.
there is no consensus on how to index these documents, nor on the design of efficient
algorithms or models for performing information access tasks. Furthermore, this need
being quite recent there is a lack of textual resources for testing and comparing exist-
ing systems and prototypes. The goal of this paper is to propose a new generic system
for performing different IR tasks on collections of structured documents. Our model is
based on bayesian networks (BN), probabilistic inference is used for performing IR
tasks, BN parameters are learned so that the model may adapt to different corpora. In
the paper, we consider ad-hoc retrieval and focus on the BN model. For simplifica-
tion, we will only consider the case of hierarchical document structures, i.e. we make
the hypothesis that documents may be represented as trees. This encompasses many
different types of structured documents. For all other cases (e.g. Web sites), this will
be an approximation of the reality which allows to keep inference model complexity
down to a reasonable level.

The paper is organized as follows: Sect. 2 makes a review of the literature on struc-
tured documents and IR, Sect. 3  describes a  general BN model for information re-
trieval and a particular instance of this model we have developed for document part
retrieval in a  web site, the last section discusses experiments on a  test collection
which has been built using the Hermitage museum web site.

2 State of the Art

One of the pioneer work on document structure and IR, is that of Wilkinson [24] who
attempted to use the document division into sections of different types (abstract, pur-
pose, title, misc., ...) in order to improve the performances of IR engines. For that he
proposed several heuristic for weighting the relative importance of document parts
and aggregating their contributions in the computation of the similarity score between
a query and a document. Doing this way, he was then able to improve a baseline IR
system.

A more recent and more principled approach is the one followed by Lalmas and
co-workers [10]–[13]. Their work is based on the theory of evidence which provides a
formal framework for handling uncertain information and aggregating scores from
different sources. In this approach, when retrieving documents for a  given query,
evidence about documents is computed by aggregating evidence of sub-document
elements. Paragraph evidence is aggregated to compute section evidence which in
turn will allow computing the document relevance. They also make use of confidence
measures which come with the evidence framework in order to weight the importance
of document part score in the global aggregated score. The more confident the system
is in a document element, the more important this element will be in the global score.
In [12], tests were performed on a small home made collection.

Another important contribution is the HySpirit system developed by Fuhr et al. [5].
There model is based on a  probabilistic version of datalog. When complex objects
like structured documents are to be retrieved, they use rules modeling how a  docu-
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ment part is accessible from another part. The more accessible this part is, the more
will it will influence the relevance of the other part.

A series of papers describing on-going research on different aspects of structured
document storage and access, ranging from database problems to query languages and
IR algorithms is available in the special issue of JASIST [1] and in two SIGIR XML-
IR workshops2. There is also the recent INEX initiative for the development and the
evaluation of XML IR systems. The first meeting of INEX was held in December 
2002 and proceedings are available on line3. 

Since Inquery [2],[22], bayesian networks have been shown to be a theoretically
sounded IR model, which allows to reach state of the art performances and encom-
passes different classical IR models. The simple network presented by Croft, Callan
and Turtle computes the probability that a query is satisfied by a document4. This
model has been derived and used for flat documents. Ribeiro and Muntz [20] and
Indrawan et al. [6] proposed slightly different approaches also based on belief net-
works, with flat documents in minds. An extension of the Inquery model, designed for
incorporating structural and textual information has been recently proposed by
Myaeng et al. [16]. In this approach, a document is represented by a tree. Each node
of the tree represents a structural entity of this document (a chapter, a section, a para-
graph and so on). This network is thus a tree representation of the internal structure of
the document with the whole document as the root and the terms as leaves. The rele-
vance information goes from the document node down to the term nodes. When a new
query is processed by this model, the probability that each query term represents the 
document is computed. In order to obtain this probability, one has to compute the
probability that a section represents well the document, then the probability that a 
term represents well this section and finally the probability that a query represents
well this term. In order to keep computations feasible, the authors make several sim-
plifying assumptions. Other approaches consider the use of structural queries (i.e.
queries that specifies constraints on the document structure). Textual information in
those models is boolean (term presence or absence). Such a well known approach is
the Proximal Nodes model [17]. The main purpose of these models is to cope with
structure in databases. Results here are boolean: a document match or doesn't match
the query. 

Corpus structure has also been used for categorization, mainly for improving per-
formance when dealing with small quantities of positive examples in the training sets.
Some authors make use of specialized classifiers for each category [3],[8], others
introduce constraints between different sets of parameters [14]. These investigations
have shown that taking into account some type of structure present in the dataset may 
prove beneficial for the retrieval performances. 

Our work is an attempt to develop a formal modeling of documents and of infer-
ences for structured IR. In this sense, our goal is similar to that of Lalmas et al. [10].
Our formal modeling relies on bayesian networks instead of evidence theory in [10]
and thus provides an alternative approach to the problem. We believe that this ap-
proach allows casting different access information tasks into a unique formalism, and
that these models allow performing sophisticated inferences, e.g. they allow to com-
pute the relevance of different document parts in the presence of missing or uncertain

2 http://www.haifa.il.ibm.com/sigir00-xml/ and http://www.info.uta.fi/sigir2002/html/ws6.htm. 
3 See http://qmir.dcs.qmw.ac.uk/XMLEval.html for more details. 
4 More precisely, the probability that the document represents the query
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information. Compared to other approaches based on BN, we propose a  general
framework which should allow adapting to different types of structured documents or
collections. Another original aspect of our work is that model parameters are learned
from data, whereas none of the other approaches relies on machine learning. This
allows adapting the model to different document collections and IR tasks.

3 A  Model for Structured Information Retrieval

We first describe below (Sect. 3.1) how Bayesian networks can be used to model and
retrieve documents or document parts, we then present the general lines of our model
(Sect. 3.2) and describe in details the particular implementation we have been using
for our experiments (section 3.3).

3.1 Bayesian Networks for Structured Documents Retrieval

Bayesian networks [7],[9],[15],[19] are a  probabilistic framework where conditional
independence relationships between random variables are exploited, in order to sim-
plify or/and to model decision problems. They have been used in different contexts,
with many real world applications with an emphasis on diagnosis problems. For tex-
tual data, the seminal work of Turtle & Croft [22] raised interest in this framework,
and since that, simple BN have been used for IR tasks (see Sect. 2). Bayesian net-
works provide a  formal framework which allows representing the relations between
document parts as conditional dependence (or independence). They also allow per-
forming sophisticated inferences on the relevance of document parts for a given query
and allowing to model different combinations of evidence. Note that strong simplify-
ing assumptions are needed with textual data, since documents are represented in very
large characteristic spaces.

Let us now present using a simple illustrative case how BN could be used to model
and perform inference on structured documents. We will suppose that for retrieving
documents, P(d/q) is used as the relevance score of document d  with respect to
query q.

Consider the simple document of Fig. 1a, composed of two sections and three para-
graphs. A simple way to take into account the structure of d is to decompose the score
P(d/q) as follows:

∑=
32121 ,,,,

32121 )/,,,,,()/(
pppss

qpppssdPqdP

Where s and p are random variables associated respectively to sections and para-
graphs. Suppose now that each random variable (node) in this network can take two
values (R = relevant/ ¬R = irrelevant with respect to a given query). To compute the
joint probability values P(d,s1,s2,p1,p2,p3). We need 26-1 values for this simple docu-
ment, and summations with up to 25 terms in order to compute P(d/q), P(s1/q), ... This
is clearly infeasible with documents with many structural entities. 

BN make use of conditional independence assumptions in order to simplify these
computations. Let us proceed with our example. 
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In our model, BN are used to represent documents, one specific BN being associ-
ated to each document. Each node of a  BN document model is a  boolean variable
which indicates whether or not the information associated to this node is relevant to
the query. The structure of the BN is directly derived from the document structure.
Different BN may be considered for modeling a  document. Figures 1b,c show two
different models for the simple document of Fig. 1a.

Let us first focus on the d, s and p nodes. Figure 1b represents a model where the
relevance of a part is conditioned on the relevance of its subparts, section relevance is
computed from the relevance of its paragraphs and document relevance from its sec-
tions. Figure 1c represents a  model where the dependences are in the reverse order,
section relevance depends on document relevance and paragraph relevance depends
on section relevance. Both models are valid, but have different semantics.

Variables ti represent relevance information on textual data, i.e. this is where the
text comes into the model. They can be connected different nodes in the BN, exam-
ples are given in Figs. 1b,c. In Fig. 1b, textual evidence has been inserted at the para-
graph level, whereas in Fig. 1c, it has been considered that textual information is
present at any node in the BN. The choice of a particular model depends on the tar-
geted task and on practical considerations (e.g. the complexity of the computation)5. 

The relevance of a document or document part is computed using the conditional
independence assumptions encoded in the BN. As an example, the probability of
relevance of Sect. 1 with the model 1c is given by:

∑=
21,,

221111 )(),()()()(
ttd

tPtdsPtPtdPsP , 

where P(ti)s are prior probabilities and the summation is over the R, ¬R values of the 
d and ti variables. With such a model, complexity drops from O(2N) where N is the
number of random variables to O(N2Nmax) where Nmax is the maximal number of par-
ents for a given random variable in the Bayesian network. 

3.2   General Model

We will now describe our BN model and in the next section, detail the particular
implementation we have used for our experiments. In our bayesian network, there are
two different kinds of variables, those associated with the relevance of a structural
part and those associated with the relevance of textual data. Both are binary and take
values from the set {R = Relevant to the query, ¬R = Irrelevant to the query }. The
former are computed using inference in the bayesian network, and the latter may be
computed by any probabilistic model as described below and are a priori probabilities 
for our BN. The BN thus propagates relevance probabilities from one node to its de-
scendants. Although the binary scale may appear restrictive, it is used in most infor-
mation retrieval models since it allows for a limited computational cost. 

5 The model in Fig. 1c can be used for passage retrieval or page retrieval in a web site as it will
be shown in our experiments, whereas the other one (b) is more directed towards document
retrieval where information about relevance of paragraphs is used to compute the document
relevance
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(a) (b) 

(c)

Fig. 1. Three different models of the same document. (a) All parts are dependent, (b) and (c)
are two different models  for conditional independences in the document network 

Let T be a variable associated with textual data. In our experiments, text relevance
prior probabilities are computed by the Okapi model [23] as follows: 

P(T) = cosine(T,q) 

Okapi gives scores between 0 and 1 which are used here as probabilities. Okapi 
has been used for simplicity since it is also our baseline model in the experiments, but 
other models could be used as well for computing priors. Note that the same BN
framework could also be used for multimedia documents provided the relevance
probability of content elements is computed by a model adapted to the media type of
this element. 
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For random variables associated with structural parts, we do not use prior prob-
abilities but conditional probabilities such as:

P(A relevance|B1,...,Bn relevance), 

where the Bi are the parents of A in the bayesian network (Fig. 2). In the model used
in our experiments, these conditional probabilities are stored in a simple table for each
node. They are learned from data and the probability estimates are the parameters of 
our BN model, they will be denoted Θ in the following.

This model operates in two modes, training and retrieval, which we now describe. 

Training
In order to fit a specific corpus, parameters are learnt from observations using the
Estimation Maximization (EM) algorithm. An observation O(i) is a query with its as-
sociated relevance assessments (document/part is relevant or not relevant to the
query). EM [4] optimizes the model parameters Θ with respect to the likelihood L of 
the observed data )/(log),( Θ=Θ OPOL  where O = (O(1), ... , O(N)) are the N observa-

tions. 
Observations may or may not be complete, i.e. relevance assessments need not to

be known for each document part in the BN in order to learn the parameters. Each
observation O(i) can be decomposed in two sets of variables O(i) = (E(i), H(i)) where

- E(i) corresponds to structural entities for which we know whether they are 
relevant or not, i.e. structural parts for which we have a relevance assess-
ment. E(i)  is called the evidence and is a vector of 0/1 in our model.

- H(i) corresponds to hidden observations, i.e. all other nodes of the BN. Note
that variables T associated with textual relevance (Okapi a priori) are in this 
set.

Instead of optimizing directly L, EM optimizes the auxiliary function

∑ ∑
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EM attempts to find the parameters maximizing the probability to observe the rele-
vance judgments given in the training set. Optimizing L' is performed in two steps.
The first one is the Expectation step in which we optimize L' with respect to Q -i.e. Q
is estimated while Θ is kept fixed. This corresponds to a simple inference step in our
bayesian network. The second one is the Maximization step where L' is optimized
with respect to Θ. This step is performed by constraint optimization. In the first sec-
tion, we gave the update formula used for our specific application. 

Retrieval
For retrieval, when a new query Q has to be answered, a priori probabilities are first 
computed. For textual variables T, this is done using baseline models as described 
above; for non textual variables, ad-hoc priors will be used. After that, joint probabili-
ties needed for scoring the document can be computed using the learned conditional



432 B. Piwowarski and P. Gallinari

probabilities and the priors. This is done using an inference algorithm suited to our
bayesian network. Documents with highest scores are then presented to the user. If we
are interested into retrieving document parts which correspond to BN nodes, instead
of whole documents, we can proceed in the same way.

Fig. 2. A Web site viewed as a structured document

3.3   Instantiating the Model for Document Part Retrieval

We used an instance of this general model for retrieval on a hierarchically organized
Web site: a part of the Hermitage museum web site in St Petersburg. This test collec-
tion was kindly given to us by M. Lalmas [12] and is one of the very few structured
collection of documents where queries and corresponding relevance assessments are 
provided. This is a single Web site structured in 441 pages. Our goal here, similar to
that of [12] is to retrieve pages relevant to a query, such pages are supposed to pro-
vide good entry points to relevant material on the site. For this particular application,
we consider the Web site as a single document, hierarchically structured as shown in
Fig. 3. 

The structure of our network is directly inspired from the structure of the Web site.
The relevance of each page depends on the relevance of its text and the relevance of
the page that has a link to it. For example, on figure 4, "P2 relevance'' given "P1 rele-
vance'' and "P2 text relevance'' (T2) is independent of other variables. In other words,
"P2 relevance'' is determined by its "text relevance'' and "P1 relevance'' 

As for the conditional probability tables associated to the nodes of this model, we 
will distinguish 2 cases. 

For all nodes except the root P1 the P(Pi/Ti,Pi parent) are learned from the data via
EM as described below.

For the main page P1 there is no other source of information than text to assess a
relevance judgment for the main page. P1 relevance is then: 

P(P1) = P(P1/T1 = R) P(T1 = R) + P(P1/T1 = ¬R) P(T1 = ¬R)

With the conditional probabilities set as follows: 

P(P1/T1 = R) =1 and P(P1/T1 = ¬R) = 0

1. Prehistoric art
a. Paleolithic art 

i. Female figurine 
ii. Anthropomorhpic figurine 

iii. ... 
b. Neolithic art 
c. ... 

2. Antiquity
a. Ancient Italy 
b. ... 

3. ... 
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Fig. 3. A part of the network used for the Hermitage Web site. In this example, four different
pages in three different levels are shown (home page, antiquity, ancient Greece, prehistoric art).
The Hermitage Web site contains 441 pages.

In order to reduce the number of parameters to be learned, different nodes in the
BN do share their parameters. For this application, all nodes within one layer do share
the same conditional probability table. Let θa,b,c

(l) denote the conditional probability
parameters for layer l. 

Under the above shared parameters assumption, we have for the network of Fig. 4:

θa,b,c

(2) = P(P2=a|T2=b,P1=c) = P(P4=a|T4=b,P1=c) 

Where a, b and c may take the values R or ¬R respectively for the current node P2 or 
P4 , the text node T2 or T4 and the parent node P1. Note that except for l = 1, θ(l) is an
array with  23 real values. Besides providing more robust estimators, parameter shar-
ing allows to learn general relationships between structural entities of the Web site. 
We will then learn how the relevance of the homepage influences the relevance of
department pages, and how relevance of department pages influences the relevance of
a specific collection, and so on. Additional constraints may be imposed as described 
in the experiments below (Sect. 4).
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Retrieving Pages: Inference

When retrieving web pages from the site, we compute the relevance P(Pi) for each
page:

{ }∑
≠

=
ikktkp

MMi TTPPPPP
,

)...,,,...,()( 11

where M is the number of nodes in the BN, and the summation is taken over all com-
binations of the binary values (R, ¬R) for all variables except Pi. This formula factor-
izes according to the conditional independence structure of the network:
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It can be efficiently computed if the network structure is simple (inference cost is
linear with respect to the number of web pages), as it is the case with our experiments.

Learning: EM Algorithm 

For learning, EM algorithm leads to the following update rule for the model parame-
ters: 
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where N is the number of observations, and the second sum is restricted to pages 
where P(E(i),P text= b, P parent=c)≠0. K is a normalizing constant that insures that 
probabilities sum to 1:
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4   Experiments 

The test collection contains 441 documents and 15 queries that were randomly split 
into a training and a test set. For comparison, we used as a baseline model Okapi [23]
to compute the relevance of the web pages.  Okapi is one of the best known, top rank-
ing, IR model for ad-hoc retrieval on flat documents, with this model, corpus structure 
is ignored. We also used the model proposed by Lalmas and Moutogianni as de-
scribed in [12], this model takes into account the corpus structure. 

Each document is a single page of the Hermitage web site. The maximum depth
(largest distance between the main page and any other page) of this site is 6 and there 
is an average number of children of 1 (ranging from 0 to 16).
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Fig. 4. Precision-recall curve with Okapi, Lalmas & Moutogianni model and our model (BN).

Different experiments were performed with different settings for the model pa-
rameters. Our model is denoted “BN (depth)” where depth corresponds to the maxi-
mum number of different conditional probabilities tables we learn. For example, with
depth  1, we constrain θ(i)=θ(j) ∀ i, j. (i.e. only one set of parameters is learned for the
whole network), with a depth of 2 we constrain θ(i)=θ(j).for i, j ≥ 2 and so on. 

In our experiments, we performed 9 EM steps in order to learn the parameters:
since our database is small, the EM algorithm converged very fast. 

The first experiment () compares three different models: Okapi, Lalmas’ and ours.
We performed cross-validation on the dataset. The query set was divided into 5 equal
parts (3 queries each), we performed 5 different runs, each time using 3 queries for 
testing and 12 for training. Results were averaged over all runs. This allows our 
bayesian model to optimize its parameters with a sufficient number of queries while
using all the queries for the evaluation. 

In Fig. 4, recall is the ratio between the number of retrieved relevant documents 
and the total number of relevant documents. Precision is the ratio between the number
of retrieved relevant documents and the number of retrieved documents. 

All experiments show that for this dataset, the BN model does improve the baseline
Okapi. This is a nice result since Okapi is a very efficient IR system which has been
tuned over years. It also performed better than Lalmas & Moutogianni model in our
experiments. The increase is significant as can be seen on the figure. For all experi-
ments, the three BN variants do offer similar performances, the BN with a depth of 3 
being slightly better. Overfitting was not observed even when using more parameters
and performing more EM steps.
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Table 1. Effect of feedback Table 1  gives mean precision, R-precision and break-even meas-
ures when using relevance information using the 5, 10 and 15 first documents returned by our
BN model. For one query, R-precision is the precision at rank R where R is the total number of
relevant document. Mean Precision is the mean of precisions over all retrieved documents.
Break-even point is the point in the precision/recall curve where precision is equal to recall. All
values in the table are averages over all test queries.

In a second series of experiments, we introduced feedback in the BN model. We
first use the BN model to rank documents with respect to a query q. We use the
known relevance assessments for the top n retrieved documents as evidence for the 
BN. In a practical situation, this feedback will be provided by the user. Let d'1,…,d'n
denote the top n ranked documents.

We then compute for any document not in the top n its relevance for q, knowing
the relevance of the d's. Stated otherwise, with feedback, we compute for any docu-
ment d not in the top n P(d/q, d'1,…,d'n) instead of P(d/q) without feedback. In the BN, 
this means that inference is performed with a known value (R or I) for the variables
corresponding to d'1,…,d'n . We then perform an evaluation7 using cross-validation as
above. P(d/q, d'1,…,d'n) represents the distribution of the probabilities of relevance 
knowing that the user found d' relevant to his/her need. 

This experiment measures the potential of the model for incorporating evidence
(feedback) during a session. It also measures in some way the ability of the system to
help interactive navigation through the site: when the user provides feedback on some
documents, the system takes this information into account and outputs a list of new
documents. 

7 Note that we removed the query from the evaluation set when all relevant documents were in
the top n documents, since looking for other documents had no sense. We thus indicate in
Table 1 how many queries were used for each evaluation.

# Relevance as-
sessments 

5 10 15 

# queries 13 10 9 

Feedback Yes No Yes No Yes No

Mean precision 0.46 0.32 0.38 0.17 0.39 0.16 

R-precision 0.43 0.25 0.37 0.10 0.36 0.13 

Break-even point 0.47 0.34 0.39 0.19 0.40 0.16 
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When we increase the value of n, fewer documents remain in the test set and he
performance measures decrease. The values above should be compared for a  given
value of n. It shows a clear improvement when using feedback. This demonstrates the
ability of the model to incorporate feedback in a  natural way and to perform tasks
such as interactive navigation in a structured corpus.

5 Conclusion

We have described a  new model for performing IR on structured documents. It is
based on BN whose conditional probability tables are learned from the data via EM.
Experiments on a  small structured document collection have shown that this model
can significantly improve performance compared to a state of the art “flat” informa-
tion retrieval system like Okapi. These results show that even simple structures like
the one we have been dealing with are a valuable source of information for retrieving
documents. Of course, further experiments are needed in order to assess this im-
provement on different types of corpora and on larger collections. The only corpus we
are aware of for XML-IR is the one being built for the INEX initiative. We are cur-
rently participating to this task using a slightly different model than the one described
here, but our results are still too preliminary to be presented here.

The model has still to be improved and developed in order to obtain an opera-
tional structured information retrieval system. Nevertheless results are already en-
couraging and findings are interesting enough to continue investigating this model.
Bayesian networks can handle different sources of information and allows training
which proves to be important for many IR applications.

Acknowledgement. Many thanks to M. Lalmas who gave us the structured collection
we have been using in our experiments.

References

[1] ACM SIGIR 2000 Workshop on XML and Information Retrieval. Athens, Greece. July
28, 2000 – also published in JASIST, Vol 53, n° 6, 2002, special topic issue : XML.

[2] Jamie P. Callan, W. Bruce Croft, and Stephen M. Harding. The INQUERY Retrieval
System. In A. Min Tjoa and Isidro Ramos, editors, Database and Expert Systems Applica-
tions, Proceedings of the International Conference, pages 78–83, Valencia, Spain, 1992.
Springer-Verlag.

[3] Soumen Chakrabarti, Byron Dom, Rakesh Agrawal, and Prabhakar Raghavan. Using
taxonomy, discriminants, and signatures for navigating in text databases. In 23rd Interna-
tional Conference on Very Large Data Bases, Athens, Greece, 1997.

[4] A.P. Dempster, N.M. Laird, and D.B. Rubin. Maximum Likelihood from incomplete data
via de EM algorithm. The Journal of Royal Statistical Society, 39:1–37, 1977.

[5] Fuhr, N. and Rölleke, T. HySpirit –  a Probabilistic Inference Engine for Hypermedia
Retrieval in Large Databases. In: Schek, H.-J.; Saltor, F.;Ramos, I.; Alonso, G. (eds.).
Proceedings of the 6th International Conference on Extending Database Technology
(EDBT), Valencia, Spain, pages 24–38. Springer, Berlin, 1998.

[6] Maria Indrawan, Desra Ghazfan, and Bala Srinivasan. Using Bayesian Networks as Re-
trieval Engines. In ACIS 5th Australasian Conference on Information Systems, pages 259–
271, Melbourne, Australia, 1994.



438 B. Piwowarski and P. Gallinari

[7] Finn Verner Jensen. An introduction to Bayesian Networks. UCL Press, London, England,
1996.

[8] Daphne Koller and Mehran Sahami. Hierarchically Classifying Documents Using Very
Few Words. In ICML-97: Proceedings of the Fourteenth International Conference on
Machine Learning, pages 435–443, San Francisco, CA, USA, 1997. Morgan Kaufmann.

[9] Paul Krause. Learning Probabilistic Networks. 1998.
[10] Mounia Lalmas. Dempster-Shafer’s Theory of Evidence Applied to Structured Docu-

ments: Modelling Uncertainty. In Proceedings of the 20th Annual International ACM
SIGIR, pages 110–118, Philadelphia, PA, USA, July 1997. ACM.

[11] Mounia Lalmas. Uniform representation of content and structure for structured document
retrieval. Technical report, Queen Mary & Westfield College, University of London, Lon-
don, England, 2000.

[12] Mounia Lalmas and Ekaterini Moutogianni. A Dempster-Shafer indexing for the focussed
retrieval of a hierarchically structured document space: Implementation and experiments
on a web museum collection. In 6th RIAO Conference, Content-Based Multimedia Infor-
mation Access, Paris, France, April 2000.

[13] Mounia Lalmas, I. Ruthven, and M. Theophylactou. Structured document retrieval using
Dempster-Shafer’s Theory of Evidence: Implementation and evaluation. Technical report,
University of Glasgow, UK, August 1997.

[14] Andrew McCallum, Ronald Rosenfeld, Tom Mitchell, and Andrew Y. Ng. Improving
Text Classification by Shrinkage in a Hierarchy of Classes. In Ivan Brasko and Saso Dze-
roski, editors, International Conference on Machine Learning (ICML 98), pages 359–367.
Morgan Kaufmann, 1998.

[15] Kevin Patrick Murphy. A Brief Introduction to Graphical Models and Bayesian Networks.
web: http://www.cs.berkeley.edu/~murphyk/Bayes/bayes.html, October 2000.

[16] Sung Hyon Myaeng, Dong-Hyun Jang, Mun-Seok Kim, and Zong-Cheol Zhoo. A Flexi-
ble Model for Retrieval of SGML documents. In W. Bruce Croft, Alistair Moffat, C.J. van
Rijsbergen, Ross Wilkinson, and Justin Zobel, editors, Proceedings of the 21st Annual In-
ternational ACM SIGIR Conference on Research and Development in Information Re-
trieval, pages 138–140, Melbourne, Australia, August 1998. ACM Press, New York.

[17] Gonzalo Navarro and Ricardo Baeza-Yates. Proximal Nodes: A  Model to Query Docu-
ment Databases by Content and Structure. ACM TOIS, 15(4):401–435, October 1997.

[18] OASIS. Docbook standard. http://www.oasis-open.org/specs/docbook.shtml|, 2 2001. 
[19]  Judea Pearl. Probabilistic Reasoning in Intelligent Systems: Networks of Plausible Infer-

ence. Morgan Kaufmann, 1988. 
[20] Berthier A.N. Ribeiro and Richard Muntz. A Belief Network Model for IR. In Proceed-

ings of the 19th ACM-SIGIR conference, pages 253–260, 1996. 
[21] Stephen E. Robertson. The probability ranking principle in IR. Journal of Documentation, 

33:294–304, 1977. 
[22] Howard R. Turtle and W. Bruce Croft. Evaluation of an Inference Network-Based Re-

trieval Model. ACM Transactions On Information Systems, 9(3):187–222, 1991. 
[23] S. Walker and Stephen E. Robertson. Okapi/Keenbow at TREC-8. In E. M. Voorhees and

D.K. Harman, editors, NIST Special Publication 500–246: The Eighth Text REtrieval 
Conference (TREC-8), Gaithersburg, Maryland, USA, November 1999. 

[24] Ross Wilkinson. Effective retrieval of structured documents. In W.B. Croft and C.J. van
Rijsbergen, editors, Proceedings of the 17th Annual International Conference on Re-
search and Development in Information Retrieval, pages 311–317, Dublin, Ireland, July
1994. Springer-Verlag.



Author Index

Alhajj, Reda 353
Antunes, Cláudia 239
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